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Polynomials in number theory

(Continuation)

0.5 Algebraic numbers and minimal polynomials

A complex number α is called algebraic if there exists a non-zero polynomial f ∈ Q[x] such
that f(α) = 0. E.g.,

√
2+

√
3 is algebraic, since f(

√
2+

√
3) = 0, где f(x) = x4−10x2+1.

Obviously, the set of algebraic numbers contains Q.
A non-zero polynomial f ∈ Q[x] of minimal degree such that f(α) = 0 is called a

minimal polynomial of algebraic number α. The degree of this polunomial is called the
degree of α.

It is easy to see that the minimal polynomial of any algebraic number is irreducible in
Q[x]. Moreover, any polynomial h ∈ Q[x] having α as a root, is divisible by the minimal
polynomial. Indeed, let us divide h by the minimal polynomial f with remainder:

h = fq + r,

where q, r ∈ Q[x] and deg r < deg f . Plug in x = α to obtain r(α) = 0. By minimality of
f , we see that r vanishes, i.e., h is divisible by f .

The next fact follows immediately from the above.

Fact 0.7. Any irreducible f ∈ Q[x] is the minimal polynomial for each of its roots.

Problem 0.8. a) Let f ∈ Q[x] be an irreducible polynomial. Prove that f and f ′ are coprime.
b) Let f ∈ Q[x]. Prove that f and f ′ are not coprime iff there exists a non-constant

g ∈ Q[x] such that g2 | f .
c) Prove that an irreducible (in Q[x]) polynomial has no multiple complex roots (and

hence, the number of its complex roots equals its degree).

A non-empty set of complex numbers F is called a number field if it contains some
nonzero number and, along with any numbers a, b ∈ F, it also contains the numbers a+ b,
ab, −a and a−1 (the latter — only if a ̸= 0). In other words, in the field, one can perform all
usual arithmetic operations (addition, multiplication, subtraction, and division by a non-
zero number), obtaining numbers that also belong to the field. (In this project, number
fields are referred to as fields.)

Since most algebraic transformations use exactly the four mentioned operations, many
facts whose proofs boil down to only these operations hold over any field. E.g., denoting by
F[x] the set of polynomials with coefficients from F, it is easy to show that the theorem on
the linear representation of g.c.d. and the fundamental theorem of arithmetic are true in
F[x] (see facts 0.1, 0.2).

It is useful to note here that the procedure of determining the g.c.d. of two polynomials
(by Euclid’s algorithm) does not depend on the field over which we work. This means
that the resulting g.c.d. does not depend on the field (the only restriction is that all the
coefficients of the polynomials must lie in this field).
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Similarly to the definition above, a complex number α is said to be algebraic over a field
F if α is a root of a nonzero polynomial in F[x]. Such a polynomial of minimal degree is
called minimal polynomial of α over the field F. The above facts about algebraic numbers
also carry over to the case of an arbitrary field.

Important (yet basic) examples of number fields are provided by the following fact.

Fact 0.9. a) Let α be the algebraic niumber. Then the set

Q[α] = {f(α) : f ∈ Q[x]}

is a field.
b) Similarly, if α is algebraic over F, then the set

F[α] = {f(α) : f ∈ F[x]}

is a field.

The field F[α] is called the extension of the field F by the algebraic number α.

Proof. We prove the more general statement b).
For arbitrary g(α), h(α) ∈ F[α] it is clear thet g(α) + h(α), −g(α), and g(α)h(α) lie in

F[α]. It remains to show that g(α)−1 ∈ F[α], if g(α) ̸= 0,
Let f ∈ F[x] be the minimal polynomial of α over F; then g is not divisible by f . since

g(α) ̸= 0. Irreducibility of f now implies that gcd(f, g) = 1, and by the theorem on the
linear representation of the g.c.d. there are polynomials a, b ∈ F[x] such that 1 = af + bg.
Substituting α into this equality, we get

1 = a(α)f(α) + b(α)g(α) = b(α)g(α),

i.e., g(α)−1 = b(α) is in F[x].
Remark. Using division by f with a remainder, it is easy to get that each element in

F[α] is represented as g(α), where g ∈ F[x] and deg g < deg f (check this out!).

The next problem can be solved in different ways; one possible solution is based on the
following well-known lemma.

Fact 0.10. Consider a system of homogeneous linear equations, that is — a system of the
form

a11x1 + a12x2 + . . .+ a1nxn = 0,

a21x1 + a22x2 + . . .+ a2nxn = 0,
...

ak1x1 + ak2x2 + . . .+ aknxn = 0,

where aij are fixed (say, rational) coefficients, and xi are variables. Then, if the number k of
equations is less than the number n of variables, then the system has a (rational) solution
in which not all values of the variables are zero.
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This lemma can be proved, for example, by successive elimination of variables. The
lemma is also true over any field: if the coefficients belong to the field F, then one can also
find a non-trivial solution in which all the values of the variables lie in F.

The next problem can also be generalized over any field, but for ease of perception we
formulate it over the field Q.

Problem 0.11. a) Let α be an algebraic number, and put F = Q[α]. Then any number in F
is algebraic.

b) Let α be an algebraic number, and let number β be algebraic over F = Q[α]. Then
β is algebraic.

c) The set Q of all algebraic numbers is a field.
d) Moreover, any number algebraic over Q lies in Q. (Such fields are called algebraically

closed.)

Let α and β be two algebraic numbers; put F = Q[α]. Then the field F[β] is also denoted
by Q[α, β]. It is easy to check that Q[α, β] = Q[β, α].

Similarly, one can define the field Q[α1, . . . , αn] for αi ∈ Q.

Problem 0.12 (Primitive element theorem). a) Let α and β be two algebraic numbers.
Prove that there exists an algebraic number γ such that Q[α, β] = Q[γ]. Moreover, this
number can be chosen in the form γ = α + tβ for t ∈ Q.

b) Let α1, α2, . . . , αn be algebraic numbers. Prove that there exists an algebraic number
γ such that Q[α1, α2, . . . , αn] = Q[γ]. In what form can γ be sought for in this case?

0.6 Cyclotomic polynomials

A complex number z is called a primitive n-th degree root of unity if zn = 1, but zk ̸= 1
при 1 ⩽ k < n. The following properties follow easily from the definitions.

Fact 0.13. a) Any n-th degree root of unity is a power of (any) such primitive root.
b) The number ε1 = cos 2π

n + i sin 2π
n is a primitive n-th degree root of unity.

c) Each primitive n-th degree root of unity has the form εd = cos 2πd
n + i sin 2πd

n , where
gcd(d, n) = 1.

d) If ε is a primitive n-th degree root of unity, then each primitive n-th degree roots of
unity has the form εd, where gcd(d, n) = 1.

The (n-th) cyclotomic polynomial is the polynomial

Φn(x) =
∏
ε

(x− ε),

where ε runs through all primitive n-th degree roots of unity. It follows from the previous
fact that

Φn(x) =
∏

d⩽n, (d,n)=1

(x− εd),
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where ε is any primitive n-th degree root of unity.
Let us present some examples of cyclotimic polynomials:

Φ2(x) = x+ 1, Φ3(x) = x2 + x+ 1, Φ5(x) = x4 + x3 + x2 + x+ 1,

Φ15(x) = x8 − x7 + x5 − x4 + x3 − x+ 1,

Here are some useful facts about cyclotomic polynomials:
• The degree of Φn(x) is equal to the number of numbers coprime to n and not exceeding

n, i.e., φ(n).
• Since every n-th degree root of unity is a d-th degree primitive root of unity, where

d | n, and vice versa, the following formula is true:

xn − 1 =
∏
d|n

Φd(x).

• Φn(x) ∈ Z[x]. This can be derived from the previous formula, using induction: Φn(x)
is obtained after dividing xn − 1 by a monic polynomial with integer coefficients.

Problem 0.14. Let p be a prime. Prove that:
a) If p | n, then Φn(x

p) = Φnp(x);
b) If p ∤ n, then Φn(x

p) = Φnp(x)Φn(x);
c) If gcd(n, a) = 1, then Φn(x

a) =
∏
d|a

Φnd(x);

d) If n is odd, then Φn(−x) = Φ2n(x).

Problem 0.15. Prove that xn − 1 = Φn(x)q(x), где q(x)
...xd − 1 for each d | n, d < n.

Problem 0.16. Find a) Φn(0); b) Φn(1).

In other sections, we will sometimes need to deal with polynomials in Zp[x]. Since they
can be added, subtracted, multiplied and divided with a remainder just like polynomials in
Q[x], one can define in Zp[x] the following usual concepts:

• the greatest common divisor of several polynomials, as well as its linear representation;
• coprime polynomials;
• irreducible polynomials and canonical decomposition into irreducible factors.
But not all facts about polynomians in Zp[x] are formulated and proved in exactly the

same way as in Q[x]. This can be seen, e.g., in the following problem.

Problem 0.17. a) Prove an analogue of Problem 0.8b for a polynomial f(x) in Zp[x].
b) Given a prime p and distinct positive integers m,n not divisible by p. Prove that the

polynomials Φm(x) and Φn(x) are coprime in Zp[x].

1 Divisors of polynomial values, with applications
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Problem 1.11. Let f1, f2, . . . , fk ∈ Z[x] be non-constant polynomials. Prove that
a) the set P (f1) ∩ P (f2);
b) the set P (f1) ∩ P (f2) ∩ · · · ∩ P (fk)
is infinite.

Problem 1.12. For a polynomial f ∈ Z[x]
a) with odd degree;
b) having at least one real root,

prove that P (f) contains infinitely many primes of the form 4k + 3.

Recall that we denote by Φn the n-th cyclotomic polynomial.

Problem 1.13. Let m and n be distict positive integers not divisible by a prime p. Prove
that p /∈ P (Φm,Φn).

Problem 1.14. Prove that 2 ∈ P (Φn) iff n = 2k.

Problem 1.15. a) Let p ∈ P (Φn). Prove that either p divides n, or p ≡ 1 (mod n).
b) Prove the following particular case of Dirichlet’s theorem: for a given positive integer

k the arithmetic progression kn+ 1 contains infinitely many primes.

Problem 1.16. a) Let m be an integer not divisible by an odd prime p, and let d = ordp(m).
Prove that for any i = 0, 1, 2, . . ., we have p | Φni

(m), where ni = dpi.
b) Find P (Φn) for any positive integer n.

2 On a problem of V.A. Senderov

Problem 2.9. Determine all positive integers n such that there are polynomials g(x) и h(x)
with complex coefficients of degree at least 2 satisfying

xn + · · ·+ x2 + x+ 1 = g(h(x)).

3 Miscellaneous

Problem 3.6. Find all positive integers n such that for any integer k there exists an integer
a such that a3 + a− k is divisible by n.
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Problem 3.7. Let f = xd + a1x
d−1 + · · · + ad ∈ Z[x], where d > 1, and let p be a prime

number. Prove that the function Zp → Zp determined by f is not a bijection, if
a) d = p− 1;
b) d is a divisor of p− 1,

Problem 3.8. Let f ∈ Z[x] deftermine a bijection modulo n. Prove that there exists g ∈ Z[x]
such that f(g(x))− x is divisible by n for any integer x.


