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PART I

THE PROBLEMS TO SOLVE BEFORE THE INTERMEDIATE FINAL.

Series of tennis doubles matches problem and its variations

Problem 1 In a tennis club n tennis players want to organize a series of doubles matches (a doubles
match is a match in which a team of two players play against a team of the other two players) in a way
that each player plays against each of the other in one match exactly. There are no restrictions on the
ways of forming teams each time. For what values of n is the series possible?

Problem 1 can be formulated in set-theoretical language. Let A be a set of tennis players. We will
define match as an irregular set {{a1, a2}{a3, a4}} two irregular disjoint pairs of elements of the set A.
Here the elements a1, a2, a3, a4 belong to A and are pairwise different. We will call a set of matches
timetable . Then problem 1 explores the timetables in which for any two different elements a and b from
A there is exactly one match in which the elements a and b are in different pairs.

Problem 2 In a tennis club n tennis players want to organize a series of doubles matches in a way that
each player doesn’t play against each player in more than one match. There are no restrictions on the
ways of forming teams each time. What is the largest number of matches that can be organized?

Problem 2 explores the timetables in which for any two different elements a and b from A there is no
more than one match in which the elements a and b are in different pairs.

For making a timetable of the series of matches an algebraic notation can be used:

(a1 + a2)(a3 + a4).

This means that a pair of players a1 and a2 plays against a pair of players a3 and a4.
Let’s define a cyclic timetable. Let’s number the players with numbers from 0 to n− 1. The timetable

is called a “cyclic” one, if for any integer i with any match {{a, b}{c, d}} in the timetable there is also a
match {{ai, bi}{ci, di}}, ai = a+ i (mod n). The numbers bi, ci, di are defined similarly.

For the convenience of formulating of the next problems we will call all the timetables that were
described in problem 1 perfect timetables (which means that in perfect timetables for any different
elements a and b from A there is exactly one match in which the elements a and b are in different pairs,
or, if we talk about tennis players, all the timetables in which each player plays against each of the other
in exactly one match). Let’s call perfect any number n for which there is at least one perfect timetable.

Problem 3 Construct a “cyclic” perfect timetable for any perfect n.

Problem 4∗ Let’s impose an additional condition: each tennis player can not play with each of the other
tennis players in one team in more than one match (which in set-theoretical language means that any
two elements are in the same pair in no more than one match). Construct perfect timetables with this
additional condition for as many integer n as possible (for arbitrary n this problem is open).
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Problem 5 Suppose number n is perfect. In a tennis club n tennis players want to organize a series of
doubles matches. The question is can one make a perfect timetable so that each player has a number of
partners larger than n

4 .

Problem 6 Let’s impose a condition: each player has the same partner exactly once and the same rival
exactly twice. Make a timetable that meets this condition for n = 5, 8, 9.

Problem 7 (an open problem) For what n is there a timetable described in problem 6?

Let’s call am m-match unordered set {{a1, . . . , am}{b1, . . . , bm}} of two unordered subsets (or teams)
of a set A, where all elements a1, . . . , am, b1, . . . , bm belong A and are pairwise different. Then 2-match
is just a match. Let’s call m-timetable a set of m-matches. Then 2-timetable is just a timetable. Let’s
call perfect an m-timetable in which for any two different elements a and b from A there is exactly one
m-match in which elements a and b are in different teams.

Problem 8 Prove that if there exists a perfect m-timetable for n tennis players then n− 1 is divided by
m2.

Problem 9 For what values of n is there a perfect m-timetable for n tennis players if m is even?

Problem 10 Is there a perfect 3-timetable for 10 tennis players?

Problem 11∗∗( ) For what values of n there exists a perfect m-timetable for n tennis players if m is
odd?

Problem 12 Let’s make (exclusively for this problem) the following modifications in the definitions. In
a match let’s allow an element to be simultaneously in both pairs (which means that a player is allowed to
play simultaneously for both pairs astride the net). A perfect timetable in this particular case must meet
the condition: for any two not necessarily different elements a and b from A there is exactly one match
in which elements a and b are in different pairs (this means that in addition we demand that each player
also plays against himself). Find all n for which there is such perfect timetable.

Packings of products

Puzzle 13 What makes the mathematical expression interesting

(x1 + x2)(x3 + x4)(x5 + x6) + (x1 + x2)(x4 + x6)(x8 + x9) + (x1 + x2)(x7 + x9)(x8 + x10)+

+(x1 + x3)(x2 + x5)(x7 + x8) + (x1 + x4)(x5 + x7)(x6 + x9) + (x1 + x5)(x2 + x3)(x9 + x10)+

+(x1 + x6)(x3 + x10)(x4 + x8) + (x1 + x7)(x2 + x10)(x5 + x6) + (x1 + x10)(x2 + x7)(x3 + x4)+

+(x2 + x8)(x3 + x7)(x4 + x9) + (x2 + x9)(x5 + x10)(x6 + x8) + (x3 + x5)(x4 + x9)(x7 + x10)+

+(x3 + x5)(x6 + x8)(x7 + x10) + (x3 + x8)(x4 + x6)(x5 + x9) + (x4 + x7)(x6 + x10)(x8 + x9)?

Let’s call a product of variables a monomial. In all following problems we consider only monomials
without repeating variables. Two monomials that are only different in the order of variables are considered
the same.

The series of tennis doubles matches problem can be reformulated in terms of algebraic expressions,
notably in products of sums of pairs of variables. Let’s put in correspondence to each of n tennis players
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one of variables x1, x2, . . . , xn. The expression (xi + xj)(xk + xl) will be put in correspondence to
the tennis match in which a pair of players corresponding to the variables xi and xj play against a
pair of players corresponding to the variables xk and xl. Let’s call such expressions (n, 2)-products (2
— because there are two teams in a tennis match, this parameter will be generalized in what follows).
The requirement that no two players play against each other more than once means the following: after
expanding (according to the distribution rule) brackets in (n, 2)-products that correspond to all matches,
no monomial of length 2 appears more than once. The requirement that any two tennis players play
against each other exactly once means that after expanding brackets in (n, 2)-products, corresponding
to all matches, each monomial of length 2 (that consists of different variables, of which the order in a
monomial is not important) appears exactly once.

Now let’s give a more general definition by making the quantity of brackets in product equal to an
arbitrary fixed number k.

Let n, k ∈ Z, 0 ≤ 2k ≤ n. We will call the following expression with brackets, that is a product of the
binominals, (n, k)-product (or simply product) :

P =

k∏
i=1

(xi,1 + xi,2),

where xi,1, xi,2, i = 1, . . . , k are the nonrecurring variables from the set {x1, . . . , xn}. The product and
summation signs (that appear in the note of product) correspond to regular algebraic operations. 1 2

The decomposition (n, k)-product P is the set of 2k monomials of length k, appearing after expanding
brackets in product P according to the rule of distribution. It is assumed that decomposition of (n, 0)-

product is the monomial of length 0. The sum of products
s∑
i=1

Pi is called a packing, if the decompositions

of any two products Pi and Pj , i 6= j, do not contain common monomials. We will call number s of
products in sum the length of packing of products.

Let’s define values An,k.
An,k is the maximum value of the length of the packing of (n, k)-products. We will call a packing of

(n, k)-products perfect if each monomial of length k appears in the decomposition of exactly one product.

Problem 14 Prove that An,0 = 1.

Problem 15 Prove that An,1 = bn2 c.

Problem 16 Prove that An,2 =
(

n
2
2

)
for even n.

Problem 17 Prove that An,bn2 c = 1.

Problem 18 Prove that An,n2−1 = n
2 for even n.

Problem 19 Prove that An,k ≤
(n

k )
2k

.

11. Formally, when expanding the brackets in (n, k)-product according to the distribution rule the result will be the
polynomial in variables x1, . . . , xn.

2In set-theoretical language the definition of (n, k)-product can be formulated as following. Let A be the set of n elements.
Then (n, k)-product is an unordered set of k unordered disjoint pairs of elements of the set A.
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Problem 20 (attention test) Prove that A10,3 = 15.

Problem 21 Prove that An,k ≤
(
n
2k

)
.

Problem 22 Prove that for 0 < k < n
2 the next bound holds: An,k ≤

( n
2k )

max{2k,n−2k}+1 .

Problem 23 Prove that An,k ≥
(
bn2 c
k

)
.

Problem 24 Prove that An,k ≥ An−2,k +An−2,k−1 for 2 ≤ 2k ≤ n− 2.

Problem 25 Prove that

An1+n2,k ≥
k∑
i=0

An1,i ·An2,k−i.

Problem 26 Prove that if there exists a perfect packing of (n,k)-products, then there exists a perfect
packing of (n− 1, k − 1)-products.

Problem 27 Suppose there exists a perfect packing of (n1, 3)-products and there exists a perfect packing
of (n2, 3)-products. Prove that in this case there exists a perfect packing of (n1 + n2 − 2, 3)-products.

Problem 28 Find all n, for which there exists a perfect packing of (n, 3)-products.

Problem 29 Suppose there exists a perfect packing of (n1, k)-products and there exists a perfect packing
of (n2, k)-products. Prove that in this case there exists a perfect packing of (n1 + n2 − k + 1, k)-products.

Problem 30 Prove that the following recurrent relation is true

An1+n2−k+1,k ≥
k∑
i=0

An1−k+i,i ·An2−i,k−i.

Problem 31∗∗ (an open problem) Find at least one pair of numbers k and n, 4 ≤ k ≤ n
2 , for which

there is a perfect packing of (n, k)-products.

The exploration of properties of the characteristic polynomial

Problem 32 Let all the coefficients ak be nonnegative. Prove that the value of the largest root of the

polynomial xn −
n−1∑
k=0

akx
k is also the largest by absolute value among all its (complex) roots.

Remark 1 Those who are unfamiliar with complex numbers can skip problem 32.

Problem 33 Let all the coefficients Ck of the polynomial xn−
bn2 c∑
k=0

Ckx
k be nonnegative. Prove that when

any coefficient Ck increases, the value of the largest root of the polynomial increases.

Problem 34 Prove that the largest root of the polynomial xn −
bn2 c∑
k=0

An,kx
k is strictly less than 2.

4



Problem 35 Let A be the alphabet of a tribe Umba-Jumba, that consists of a finite number of letters.
Some of the letters of the alphabet A are considered inappropriate. Some (ordered) sequences of letters
from A are considered phrases. If one writes any phrase to the right of any phrase, the result is also a
phrase (even if the written to the right phrase was the same). There are no phrases that consist of only
inappropriate letters (they are not allowed). The length of the phrase is the number of letters in it. Let’s
use an,k to denote the number of phrases of length n, that consists exactly k inappropriate letters. Pn(x)

will denote a polynomial xn −
n−1∑
k=0

an,kx
k. Prove that the largest root of the polynomial Pn(x) doesn’t

exceed the largest root of the polynomial P2n(x).

Puzzle 36 What inequality for values An,k, formulated in the problems of part I, is directly related to
problem 35?

Problem 37 Prove that the assertion of problem 35 remains true, if we take An,k for values an,k. For
n < 2k we assume An,k = 0.

Problem 38 Indicate such c > 0, that the largest root of the polynomial xn −
bn2 c∑
k=0

An,kx
k for any n is

strictly less than 2− c.

Problem 39∗∗ (an open problem) Find the upper limit of the largest root of the polynomial xn −
bn2 c∑
k=0

An,kx
k for n→∞.
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PART II

FORMULATIONS OF PROBLEMS

THE PROBLEMS TO SOLVE AFTER THE INTERMEDIATE FINAL.

Packings of big products

Let m, t ∈ Z, 0 ≤ t ≤ m. We define a big (m, t)-product as the product in which the factors are of the
following three types:

a) xi;
b) (xi + xj),
c) (xi + 1);
each of the variables x1, . . . , xm should appear in the expression exactly once; the total number of

factors of types a) and b) should equal t.
The decomposition of a big (m, t)-product P is a set of monomials appearing after expanding the

brackets in the product P (the order of variables in the monomial does not matter). We say that a sum

of big products
s∑
i=1

Pi is a packing, if the decompositions of any two products Pi and Pj , i 6= j, contain

no common monomials. The length of the packing is the number s of products in the sum. We say that
a packing is s-long if its length equals s.

If one or several parameters of a packing of big (m, t)-products are either unimportant to us or
are determined in the construction procedure, then we will replace these parameters with dashes. For
example, if we set up only the parameter t, then we will talk about a packing of big (−, t)-products.

Let m, r, t ∈ Z, 0 ≤ r ≤ t ≤ m. We say that a big (m, t)-product is a big (m, t , r)-product (a new
parameter appears!) if the number of factors of type b) does not exceed r.

When s = 2r, the s-long packings of big (m, t, r)-products are especially important for applications.
If for some s-long packing of big (m, t, r)-products the inequality s > 2r holds, then we can simply delete
“superfluous” big products.

We say that a packing of big (m, r, t)-products is rigid if the variables are rigidly combined into pairs
(xi, xj) so that in every big products of the packing either the variables xi and xj form one factor of
type b), or both are factors of type a), or both lie in factors of type c).

In “tennis players” language, the property of rigidness can be formulated as follows: the tennis players,
as it happens in usual tennis tournaments, are rigidly divided into pairs and one cannot change his or
her partner.

Problem 40 Construct a 2-long packing of big (3, 2, 1)-products.

Problem 41 Construct a 2-long rigid packing of big (8, 5, 3)-products.

Problem 42 Construct a 16-long rigid packing of big (12, 6, 4)-products.

Problem 43 Prove that if there exist an s1-long packing of big (m1, t1, r1)-products and an s2-long
packings of big (m2, t2, r2)-products, then there exists an s1s2-long packing of big (m1+m2, t1+t2, r1+r2)-
products.

Problem 44 Find a way to transform a packing of (n, k)-products into a packing of big (n, n−k)-products
of the same length.

6



The problem of constructing appropriate packings of big (m, t, r)-products with the least possible
value of the ratio t

t+r is important to the problem of construction of correlation-immune Boolean functions
with the maximum possible nonlinearity. The interrelation of these two problems is too complicated to be
discussed here. In the present project Boolean functions are not mentioned in the following and knowledge
of their definitions is not needed.

Problem 45 Prove that if r > 0 then for any 2r-long packing of big (m, t)-products we have t
t+r > 1/2.

An open problem: Is it possible to construct a 2r-long packing of big (m, t, r)-products (with any
choice of parameters m, t, and r) in order to achieve the value t

t+r arbitrarily close to 1/2?
Note that the Problem 43 provides no advantage in the task of constructing 2r-long packings of big

(m, t, r)-products minimizing the value of t
t+r . Indeed, t1+t2

t1+t2+r1+r2
≥ min

(
t1

t1+r1
, t2
t2+r2

)
.

Problem without number. Find a construction of packings of big (−, t)-products.
The main aim is: to make the value t

t+r as close to 1/2 as possible.
One possible approach: to find a recursive construction dealing with packings of (n, k)-products and

some initial packings of big (n, u)-products.
Denote by Sm,t the maximal possible length of the packing of big (m, t)-products.

Problem 46 Prove that for m ≥ t ≥ n the values Sm,t satisfy the following recurrent inequality

Sm,t ≥
bn2 c∑
k=0

An,kSm−n,t−n+k.

If one needs to construct a packing of big (−, r, t)-products and the parameter r is important, then
one can still use problem 46, and after that delete all the big products in which the number of multipliers
of type b) exceeds r.

Problem 47 Let n be a positive integer. Let the sequence {u`} consists of positive numbers and satisfies
the condition

u`+n =

bn2 c∑
k=0

An,ku`+k

for all positive integers `. Denote by Xmax the largest root of the polynomial P (x) = xn −
bn2 c∑
k=0

An,kx
k.

Prove that there exist positive constants C1 and C2 such that C1X
`
max ≤ u` ≤ C2X

`
max for all sufficiently

big `.

Problem 48 Prove that for any ε > 0 one can implement problem 46 (for n = 2) in order to construct
a 2r-long packing of big (−, t)-products such that t

t+r <
1

1+log2

(√
5+1
2

) + ε = 0.5902...+ ε.

Hint. Notice that for n = 2 the largest root of the polynomial xn −
bn2 c∑
k=0

An,kx
k equals 1+

√
5

2 .

Problem 49 Prove that for any ε > 0 one can construct a 2r-long packing of big (−, t, r)-products such
that t

t+r <
1

1+log2

(√
5+1
2

) + ε = 0.5902...+ ε.
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Problem 50∗ Prove that for any 2r-long rigid packing of big (−, t)-products we have t
t+r >

1

1+log2

(√
5+1
2

) =

0.5902...

Problem 51∗ Construct a 2r-long packing of big (−, t)-products such that t
t+r <

1

1+log2

(√
5+1
2

) = 0.5902...

Problem 52∗ Construct a 2r-long packing of big (−, t, r)-products such that t
t+r < 1

1+log2

(√
5+1
2

) =

0.5902...
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SOLUTIONS AND COMMENTS

PART I

THE PROBLEMS TO SOLVE BEFORE THE INTERMEDIATE FINAL.

The problem on a series of tennis doubles matches and its variations

Problem 1 was used at the Final round of the All-Russian mathematical olympiad in 1993. The author
of the problem is S. Tokarev.
Problem 1. Suppose that the described series of matches was organized. Then all the opponents of one

tennis player can be divided into pairs, thus n is odd. All n(n−1)
8 possible pairs of opponents can be

divided into groups of four which played in one match. Hence, the number of these pairs is a multiple
of 4, which gives us n− 1 = 8l.

Let’s prove that for any natural l the series of matches described in the problem is possible for
n = 8l + 1.

For l = 1 let’s give to tennis players umbers from 1 to 9 and we explicitly produce the timetable:
1 and 7 against 2 and 3; 1 and 9 against 4 and 5; 1 and 5 against 6 and 7; 1 and 3 against 8 and 9; 2

and 3 against 4 and 5; 2 and 4 against 6 and 8; 7 and 8 against 6 and 9; 5 and 7 against 4 and 8; 3 and
9 against 2 and 6.

1

2

3

4

5 6

7

8

9

Let’s consider now the arbitrary n ≡ 1 (mod 8). Let’s single out one special tennis player and divide
all the rest players into groups of eight. Combining the special tennis player with each of these groups of
eight, we organize a timetable of matches in the groups of nine as shown above. Thus, the special tennis
player has already played against every other player; any two players from one group of eight have also
played against each other. What is left is to make happen that any two players from different groups of
eight play against each other. For this purpose we rigidly subdivide players within each group of eight
into pairs. For any two different groups of eight we will organize a match of every pair from one group
against every pair from the other group. The required timetable of matches is constructed.
Answer. n ≡ 1 (mod 8).
Problem 2. Assume first that n is even. Then each tennis player has n − 1 potential opponents, this
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number being odd. In each match a player plays, he has two opponents. That’s why each player can play
no more than in n−2

2 matches. Summing over all players and dividing by 4 (since there are 4 players in

a match), we get that the total number of matches is no more than n(n−2)
8 . This number of matches can

indeed be organized: let’s divide rigidly the players into pairs and let each pair play with each of the
others.

Thus, for an even n the maximum number of matches is n(n−2)
8 .

Assume now that n is odd. By a similar reasoning, we get that the number of matches is no more than
n(n−1)

8 . This bound can be met only when n ≡ 1 (mod 8) and any two players play against each other
exactly once. As we saw in problem 1, such a timetable can be constructed for n ≡ 1 (mod 8). Thus, for

such values of n the maximum number of matches is n(n−1)
8 .

Now we deal with the remaining cases of odd n. First, we construct the schedules for these values of
n. Let’s single out one special tennis player and divide the rest into groups of eight and one incomplete
group containing 2, 4, or 6 tennis players. Combining a special tennis player with each of these groups
of eight, we organize a timetable of matches in the groups of nine, as shown in problem 1. Within the
groups of eight and the incomplete group, we divide rigidly the players into pairs, and we organize a
match between any two pairs from different groups. . Thus, any two players play against each other,
unless they both lie in the incomplete group augmented by the special player. What is left is to organize
some matches between the players from the incomplete group augmented by the special player; we call
this group a remaining group. It contains m players, where m = 3, 5, or 7, and m ≡ n (mod 8).

Clearly, it is impossible to make each player of this group play against each of the others. Let’s
determine the minimum number of pairs of players which ill not play. Since n is odd, each player will not
play against an even number of other players; therefore, the total number of pairs of players which will
not play cannot equal exactly 1 or 2.

Now we consider the possible values of m separately.
Let m ≡ n ≡ 3 (mod 8). In the remaining group, there are three pairs who didn’t play against

each other, and we cannot have fewer, as was shown above. So the maximum number of matches equals
n(n−1)

2 −3
4 = (n−3)(n+2)

8 .
Let m ≡ n (mod 8) ≡ 5 (mod 8). In the remaining group we organize a match of 1 and 2 against 3

and 4. After this, in the remaining group there are 6 pairs of players who didn’t play against each other.
If there were one more match, then there would be only two such pairs, which is impossible. Thus the

maximum number of matches equals
n(n−1)

2 −6
4 = (n−4)(n+3)

8 .
Let m ≡ n (mod 8) ≡ 7 (mod 8). In the remaining group we organize the following matches; 2 and 4

against 6 and 7; 1 and 3 against 5 and 6; 1 and 5 against 2 and 7. After that, the remaining group contains
five pairs who didn’t play against each other. If there were one more match, than there would be only one

such pair, which is impossible. Thus the maximum number of matches equals
n(n−1)

2 −5
4 = (n−2)(n+1)

8 − 1.
Answer. 

n(n−2)
8 if n even,

n(n−1)
8 if n ≡ 1 (mod 8),

(n+2)(n−3)
8 if n ≡ 3 (mod 8),

(n+3)(n−4)
8 if n ≡ 5 (mod 8),

(n+1)(n−2)
8 − 1 if n ≡ 7 (mod 8).

Problem 3. We know from problem 1 that a perfect timetable exists only for n ≡ 1 (mod 8). Let
n = 8l + 1. Number the players from 0 to 8l and include into the timetable the matches 0 and 1 against
4i + 2 and 4i + 4 for all i = 0, 1, . . . , l − 1, along with their cyclic shifts. Then the differences between
the opponents’ numbers in the matches possess all the values between 1 and 4l (each value is possessed
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once). Taking into account the cyclic shifts, we conclude that any two players are opponents in exactly
one match.
Problem 4. Arrange the players in a circle and number them consecutively by the residue classes modulo
n = 8l+1. In case l = 1 let’s take a match {{0,1}{2,4}} and all its cyclic shifts. In the following examples,
when we include a match in the timetable we also include all its cyclic shifts.

l = 2 l = 3 l = 4 l = 5 l = 6 l = 7
{{0,1}{2,8}} {{0,1}{2,12}} {{0,1}{2,18}} {{0,1}{2,20}} {{0,1}{2,26}} {{0,1}{2,27}}
{{0,2}{5,13}} {{0,2}{5,10}} {{0,2}{5,14}} {{0,2}{5,17}} {{0,2}{5,22}} {{0,2}{5,36}}

{{0,3}{7,19}} {{0,3}{7,25}} {{0,3}{7,32}} {{0,3}{7,21}} {{0,3}{7,17}}
{{0,4}{10,24}} {{0,4}{10,18}} {{0,4}{10,37}} {{0,4}{10,28}}

{{0,5}{13,30}} {{0,5}{13,35}} {{0,5}{13,25}}
{{0,6}{15,38}} {{0,6}{15,41}}

{{0,7}{18,45}}

We define the distance between a pair of players a and b as the minimal distance between them along
the circle; thus, the distance between the neighboring players is 1. Notice that the distances between pairs
of opponents in the table above take on each value from 1 and 4l exactly once. This means that any pair
of opponents appears in a timetable exactly once. On the other hand, the distances between the pairs
of partners (i.e. a pair of team-mates) are all different. This means that each tennis player has the same
partner no more than once.

Remark 2 During the conference in problem 4 V. Retinsky and D. Zakharov invented a construction
that allows to generate many examples for new values of parameter n. It seems that this construction
provides examples for infinitely many values of n but up to now we are aware of no proof for this fact.

Problem 5. Number all the players by the residue classes modulo n = 8l + 1. Take the cyclic schedule
generated by the following matches.

{{0, 1}{l + 1, 3l + 1}}
{{0, 3}{l + 2, 3l + 2}}
{{0, 5}{l + 3, 3l + 3}}

...
{{0, 2l − 5}{2l − 2, 4l − 2}}
{{0, 2l − 3}{2l − 1, 4l − 1}}
{{0, 2l − 1}{2l, 4l}}

Again, the distances between pairs of opponents in the table above take on each value from 1
and 4l exactly once. The distances between the pairs of team-mates take on the values from the set
{1, 3, 5, . . . , 2l − 5, 2l − 3, 2l − 1, 2l}. The number of these distances is l + 1, and this means that the
number of different team-mates of one player equals 2l + 2, which is larger than n

4 .
Problem 6. Let n = 5. Consider a timetable of a chess tournament. Now, each tour consists of two pairs,
and we say that in our schedule these pairs play against each other.

Let n = 8. Number the seven players by the residues modulo 7 and denote the eighth player by A.
For k = 0, 1, . . . , 6, arrange a match {k, k + 1} against {k + 3, A} and a match {k + 2, k + 5} against
{k + 4, k + 6}.

Let n = 9. To each player we put into correspondence an entry of a 3×3 matrix. For each entry (i, j),
i, j = 1, 2, 3, we perform the following. 1) Let the player ij relax. 2) Let the pair from the row containing
ij play against the pair from the column containing ij. 3) Remove the row and column containing ij;
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in the remaining 2 × 2 matrix, let the pair of players in one diagonal play against the pair in the other
diagonal. For example, if i = 2, j = 3, then the player 23 is relaxing, and we arrange the matches {21, 22}
against {13, 33} and {31, 12} against {11, 32}.

Remark 3 During the conference in problem 7 V. Retinsky and D. Zakharov invented a construction
that allows to generate the schedules for infinitely many values of n.

Problem 8. Assume first that m is odd. Then n−1 should to divisible by m2. Indeed, the total number of
pairs n(n−1)/2 should be divisible by the number of pairs m2 that appear in a match, i.e. m2 | n(n−1)/2.
On the other hand, any player in each match plays with a number of people divisible by m, i.e. m | n−1.
Hence, m2 | n− 1.

If m is even, then n − 1 has to be a multiple of 2m2. Indeed, the same reasoning shows that m2 |
n(n− 1)/2 and m | n− 1, but in our case these relations yield 2m2 | n− 1.

So, we have solved the problem and, moreover, we have got a stronger statement for even m which
we will use in the solution of problem 9.
Problem 9. In the solution of problem 8 we saw that n− 1 is divisible by 2m2 if m is even.

Now we show that a required schedule exists for all n divisible by 2m2, even regardless of the parity
of m. Firstly, we present a cyclic timetable for n = 2m2 + 1. It consists of the cyclic shifts of match
{0, 1, 2, . . . ,m − 1} against {m, 2m, 3m, . . . ,m2}. The distance between any two players is at most m2,
i.e. it equals am − b for some 1 ≤ a ≤ m and 0 ≤ b ≤ m − 1. Then, under a certain cyclic shift of our
match, our players are the images of the players b and ma, i.e. they will play.

Now it suffices to show that the existence of perfect m-schedules for n1 players and for n2 players
implies the existence of such schedule for n1 + n2 − 1 players. Recall that m | n1 − 1 and m | n2 − 1.
Implement both schedules on two sets of players with one common player. After that, it remains to make
all the games between a player from the first n1− 1 ones and a player from the last n2− 1 ones. It is now
easy: divide the set of n1 − 1 players, as well as the set of n2 − 1 players, into groups by m, and perform
a match between each group from the first set against each group from the second set.

Remark 4 The solution of problem 9 shows also the following fact. Assume that m is odd. If for some
even n (such that n− 1 is divisible by m2) a required schedule exists, then such schedule also exists for
all larger even n (satisfying the same condition).

Problem 10. If a perfect 3-timetable exists, then it contains
(
10
2

)
/32 = 5 matches and each player

participates in three of them. Consider the player 1; call three matches in which he participates bad. In
the three bad matches, this player had at most 6 teammates. This means that there are three players 2,
3, 4 which were not his teammates. Each of them participated in exactly one bad match (in the opposite
group to 1), i.e. each of them participated in both non-bad matches. Moreover, all the pairwise meetings
between the players 2, 3, 4 were in non-bad matches. But in each of them there was an even number of
such meetings, while their total number should be 3. A contradiction.
Problem 12. Suppose the series of matches described in the problem was organized. Then all the
opponents of one player can be divided into pairs, except two of them, who will be in a pair with this
player when he plays against himself. Therefore, n is odd. All the possible pairs of opponents are divided

into groups of four pairs who played in one match. Hence, the number of these pairs n(n−1)
2 +n = n(n+1)

2
is a multiple of four, which gives us n+ 1 = 8l.

For l = 1 we number the from 0 to 6. Let’s include in the timetable the match 0 and 1 against 1
and 3. In this match the differences between opponents’ numbers possess the values 0, 1, 2, 3 (each value
is possessed once). So, if we also include in the timetable all the cyclic shifts of this match, than any two
players (including those who coincide), are opponents in exactly one match.

For arbitrary l we number the players from 0 to 8l − 2 and include in the timetable the matches 0
and 1 against 4i + 1 and 4i + 3, i = 0, 1, . . . , l − 1, along with their cyclic shifts. Then the differences
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between the opponents’ numbers in the matches possess all the values between 0 and 4l − 1 (each value
is possessed once). Therefore, any two players (including those who coincide) are opponents in exactly
one match.
Answer. n ≡ 7 (mod 8).
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Packing of products

Puzzle 13. Expanding the brackets, we get 15 · 23 = 120 monomials of length 3, and all the monomials
will be pairwise different. At the same time, there are exactly

(
10
3

)
= 120 possible monomials of length 3

in 10 variables. Therefore, after expanding the brackets in puzzle 13 each possible monomial of length
3 in 10 variables appears exactly once. Hence puzzle 13 gives us an example of a perfect packing of
(10, 3)-products.
Problem 14. There exists exactly one monomial of length 0 and we can get if from the only product
that contains zero brackets.
Problem 15. There exist exactly n monomials of length 1 in n variables. Each (n, 1)-product contains
two such monomials, so An,1 ≤ bn2 c. This bound is achieved if we take bn2 c sums of different variables.
Problem 16. Since n is even, for each variable xi there is n − 1 variable different from it. Consider
any packing of (n, 2)-products. Consider the set of all (n, 2)-products in this packing which contain xi
in one of the brackets. Consider the variables contained in the other bracket of such products; all these
vaiables should be pairwise distinct, otherwise we will get the same monomial twice. That’s why each of n
variables is contained in no more than bn−12 c = n

2 − 1 products. Each (n, 2)-product contains 4 variables,
that’s why

An,2 ≤
1

4
n
(n

2
− 1
)

=

( n
2

2

)
.

At the same time it is possible to make a packing with this number of products. Let’s combine rigidly n
variables into n

2 pairs and take a product of any two different pairs. We will get a packing made out of

exactly
(

n
2
2

)
products.

Remark 5 In fact, problem 16 is equivalent to the case of even n in problem 2.

Problem 17. Let k = bn2 c. Consider any two (n, k)-products. Let’s match each variable with a vertex of
a graph. For each bracket of each of two products let’s join the corresponding vertices by an edge. The
obtained graph is partitioned into cycles of even length and (for odd n) one chain with an odd number
of vertices. Let’s choose every second vertex in each cycle. In the chain (if it exists), we also choose every
second vertex (so that the border vertices are not chosen). Then the set of the chosen vertices gives a
monomial appearing n the decompositions of both products. Thus, a packing cannot contain more than
one product.
Problem 18. Let k = n

2 − 1. Then each (n, k)-product doesn’t contain exactly two from the given n
variables. We assert that for any two products of the packing the sets of variables that are not contained
in these products are disjoint. Indeed, otherwise we would have two products on the 2k + 1 variables,
which by problem 17 cannot appear in a packing. Hence, An,n2−1 ≤

n
2 .

On the other hand, there exists a packing with k+ 1 products. Let’s partition rigidly n variables into
n
2 pairs and make all the possible products, that contain the sums of all pairs except one. It is easy to
see that any monomial from the decomposition of one such product is not in the decomposition of any
other. Hence, we get a packing made out of exactly n

2 products.
Problem 19. In total, there are exactly

(
n
k

)
different monomials of length k of n variables, the decom-

position of each (n, k)-product gives 2k such monomials. Hence, An,k ≤
(n

k )
2k

.
Problem 20. The upper bound follows from problem 19. The example of packing of length 15 is demon-
strated in puzzle 13.
Problem 21. If the sets of variables in two (n, k)-products coincide, then by problem 17 their decompo-
sitions contain a common monomial. Hence, An,k ≤

(
n
2k

)
.

Problem 22. Consider a packing of (n, k)-products of the maximal length. i. e. of length An,k. Take any
product, consider the set of variables in it, and add to this set an arbitrary variable from the remaining
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ones (this can be performed in n − 2k ways for every product). By problem 17, all the sets of 2k + 1

variables obtained in this manner are distinct. Hence, An.k(n− 2k) ≤
(

n
2k+1

)
, or

An.k ≤

(
n

2k+1

)
n− 2k

=
n!

(2k + 1)!(n− 2k − 1)!(n− 2k)
=

(
n
2k

)
2k + 1

.

Now, take any product, consider the set of variables in it, and remove one of them (this can be made in

2k ways for every product). By the same problem, all such sets are also distinct. Hence An.k ·2k ≤
(

n
2k−1

)
,

or

An.k ≤

(
n

2k−1

)
2k

=
n!

(2k − 1)!(n− 2k + 1)! · 2k
=

(
n
2k

)
n− 2k + 1

.

Problem 23. Let’s combine rigidly the variables into bn2 c pairs and let’s take into a product the arbitrary
combinations of k of them. It is easy to see that no two such products have a common monomial in their

decompositions. Hence, we get a packing made out of exactly
(
bn2 c
k

)
products.

Problem 24. Single out a pair of variables xn−1 and xn. Now we construct the following set of products.
Include in it all the products from a packing of (n − 2, k)-products of maximum length. Also, take a
packing of (n − 2, k − 1)-products of maximal length, add a new bracket (xn−1 + xn) to each of them,
and add all obtained products to our new packing. One can easily see that the decompositions of the
obtained products do not share any monomial. Hence, the required recurrent inequality follows.
Problem 25. Divide the initial set into two subsets of n1 and n2 different variables, respectively. Now we
construct the following packing of products: for each i, 0 ≤ i ≤ k, we multiply the packings corresponding
to numbers An1,i An2,k−i and then sum up all obtained packings. Clearly, we obtain a new packing.
Since the length of the packing obtained by multiplying two packings equals to their lengths’ product,
we get the required inequality.
Problem 26. One can get the perfect packing of (n − 1, k − 1)-products from a perfect packing of
(n, k)-products in the following way. Take any variable, say, xn. Find all the products in the packing that
contain xn, and remove from each of them the bracket containing xn. We get a set of (n−1, k−1)-products.
It is not hard to see that their sum is the required packing.
Problem 27. See the solution to problem 29.
Problem 28. We will show that n should be congruent to 2 modulo 8. Assume that there exists a perfect
packing of (8k + i, 3)-products. Then, by problem 26, there exists a perfect packing of (8k + i − 1, 2)-
products, which is known to exist only for 8l + 1 variables. Thus, n = 8k + 2. On the other hand, by
applying problem 27 to the perfect packing of (10, 3)-products, we get that for all the numbers of the
form n = 8k + 2 there exists a perfect packing.
Answer: n = 8k + 2 for all positive integers k.
Problem 29. Due to problem 26, for every i = 0, 1, . . . , k there exist perfect packings of (n1 − i, k − i)-
and of (n2 − i, k− i)-products. Let X, Y , Z be pairwise disjoint sets of variables such that |X| = n1 − k,
|Y | = n2 − k, Z = {z0, z1, . . . , zk}.

Construct the following collection of packings. For every i = 0, 1, . . . , k we take a perfect packing Mi

of (n1 − k + i, i)-products on the set of variables X ∪ {z0, . . . , zi−1}, along with a perfect packing Ni of
(n2 − i, k − i)-products on the set of variables Y ∪ {zi+1, . . . , zk}. Multiply each products in Mi by each
product in Ni; clearly, the obtained expressions form a packing of (n1 + n2 − k + 1, k)-products on the
set of variables X ∪ Y ∪Z; denote this packing by Ui. We claim that the union U of all these packings is
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a perfect packing of (n1 + n2 − k + 1, k)-products. Formally,,

k⊔
i=0

Ui, Ui = P

X t

i−1⊔
j=0

zj

 , i

× P
Y t


k⊔

j=i+1

zj

 , k − i

 , (1)

where P (. . . ) are corresponding perfect packings.
We start with showing that every monomial m of degree k appears in the decompositions of all

products in U at most once. Arguing indirectly, assume that m appears in decompositions of two products
lying in Ui and Uj , i < j. Since m appears in Ui, the monomial contains exactly i variables from
X ∪ {z0, . . . , zi−1} and does not contain zi. Since m appears in Uj , the monomial contains exactly k − j
variables from Y ∪{zj+1, . . . , zk} and does not contain zj . The remaining k− i− (k− j) = j− i variables
appearing in m should be among the variables zi+1, . . . , zj−1; but each of these variables may appear
only once, and there are j − i− 1 of them. A contradiction.

It remains to prove that every monomial m of degree k indeed appears in the decompositions of
products in U . Clearly, m contains at least 0 variables from X, but at most k variables from X ∪ Z.
Therefore, there exists a maximal i < k+1 such thatm contains at least i variables fromX∪{z0, . . . , zi−1}.
The maximality condition tells us that m contains at most i variables from X∪{z0, . . . , zi}. Therefore, m
contains exactly i variables from X ∪{z0, . . . , zi−1}, and m does not contain zi — hence, m also contains
exactly k − i variables from Y ∪ {zi+1, . . . , zk}. This means that m appears in a decomposition of some
product in Ui.
Problem 30. The solution uses the same construction as in the solution of problem 29; it suffices to use
only the arguments showing the disjointness of all the decompositions of the products. Surely, since the
initial packings are not necessary perfect, after the expanding of brackets some monomials of length k
may be absent.

The exploration of properties of the characteristic polynomial

Problem 32. Let c be an arbitrary (complex) root of the polynomial; then

|c|n = |cn| =

∣∣∣∣∣
n−1∑
k=0

akc
k

∣∣∣∣∣ ≤
n−1∑
k=0

ak|c|k.

This means that the value of the polynomial at point x = |c| is non-positive. Since the leading coefficient
of the polynomial is positive, the polynomial takes on positive values at large enough points. Thus there
is a root on ray [|c|,+∞), which was to be proved.

Problem 33. Let P be the initial polynomial, P̃ be the polynomial with increased coefficient Ck, and
α be the largest root of P . Then P̃ (α) < 0. Since the leading coefficient of P is positive, there exists β

such that P̃ (β) > 0. Hence, the polynomial P̃ has the root larger than α.
Problem 34. For every x ≥ 2, we have

xn ≥ (1 + x/2)n =

n∑
k=0

(n
k

)
(x/2)k >

bn2 c∑
k=0

(n
k

)
(x/2)k ≥

bn2 c∑
k=0

An,kx
k,

where the last inequality follows from problem 19.

Hence, xn −
bn2 c∑
k=0

An,kx
k > 0 for any x ≥ 2.
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Problem 35. It is clear that Pn(0) ≤ 0, therefore the largest real root of the polynomial Pn(x) is

nonnegative. Denote P+
n (x) = xn +

n−1∑
k=0

an,kx
k. All an,k are nonnegative, therefore the polynomial P+

n (x)

has no positive roots. Hence, the largest real root of the polynomial P ′n(x) = Pn(x)P+
n (x) is the same as

that of the polynomial Pn(x).

We have P ′n(x) = Pn(x)P+
n (x) = x2n −

(
n−1∑
k=0

an,kx
k

)2

= x2n −
2n−1∑
k=0

u2n,kx
k, where u2n,k =

k∑
i=0

an.ian,k−i. By the problem condition, the concatenation of two phrases is also a phrase, so a2n,k ≥

k∑
i=0

an.ian,k−i. Hence, a2n,k ≥ u2n,k for any k.

Let x0 be the largest (real) root of the polynomial Pn(x); then x0 is also the largest (real) root of the
polynomial P ′n(x), i.e. P ′(x0) = 0. Since a2n,k ≥ u2n,k ≥ 0, by problem 33 the largest positive root of
P2n(x) is at least x0.
Puzzle 36. Answer. The inequality from problem 25.

Problem 37. Assume that xn0 =
bn2 c∑
k=0

An,kx
k
0 . Then

x2n0 =

bn2 c∑
k=0

An,kx
k
0

2

≤
n∑
k=0

(
k∑
i=0

An,i ·An,k−i

)
xk0 ≤

n∑
k=0

A2n,kx
k
0 ,

where the last inequality follows from problem 25.

Hence, the inequality x2n −
n∑
k=0

A2n,kx
k ≤ 0 also holds for x = x0. Since the coefficient of the highest

power is positive, for large enough x the polynomial takes on positive values, hence it has a root on a ray
[x0,∞).
Problem 38. We will use the following inequality.

Lemma 1 The following inequality holds:(n
k

)
≤ nn

kk(n− k)n−k
.

Proof. Expand nn = (k + (n− k))n and single out the k-term to obtain

nn =

n∑
i=0

(n
k

)
ki(n− k)n−i ≥

(n
k

)
kk(n− k)n−k,

as required. ut
Now we implement Lemma 1 to bring the results of problems 19 and 21 to a more handy form (by

weakening them a little). Denote λ = k/n. Problem 19 yields

An,k ≤
(
n
k

)
2k
≤ nn

(λn)λn((1− λ)n)(1−λ)n · 2λn
=
(

(2λ)−λ(1− λ)−(1−λ)
)n

.

Analogously, problem 21 implies

An,k ≤
( n

2k

)
≤
(

(2λ)−2λ(1− 2λ)−(1−2λ)
)n

.
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Let Pn(x) be our polynomial, and let α (or αn) be its largest root. Let ` be the index of the largest

term in a sum
bn/2c∑
k=0

An,kα
k. Then the bounds above show that

αn =

bn/2c∑
k=0

An,kα
k ≤ nAn,`α` ≤ nα` ·

(
min

{
(2λ)−λ(1− λ)−(1−λ), (2λ)−2λ(1− 2λ)−(1−2λ)

})n
,

where λ = `/n. Hence, extracting the root of the degree n− ` = (1− λ)n, we get

α ≤ n−
√̀
n ·
(

min
{

(2λ)−λ(1− λ)−(1−λ), (2λ)−2λ(1− 2λ)−(1−2λ)
})1/(1−λ)

=: n−
√̀
n · f(λ).

Notice here that n−
√̀
n ≤ n

√
n2, since ` ≤ n/2.

We will show that the maximum value f0 of function f for λ ∈ (0, 1/2] is smaller than 2, and that it
can be regarded as the required value 2− c. We start with the latter assertion. According to problem 37,
each polynomial Ps(x) with s = n2q has a root not smaller than α; hence the obtained bounds show

α ≤ s
√
s2 · f0. As the parameter q tends to infinity, we have

s
√
s2 → 1; hence, α ≤ f0.

It remains to prove that f0 < 2. Notice that f(λ) = min{g(λ), h(λ)}, where

g(λ) =
(

(2λ)−λ(1− λ)−(1−λ)
)1/(1−λ)

and h(λ) =
(

(2λ)−2λ(1− 2λ)−(1−2λ)
))1/(1−λ)

.

We investigate each of these functions separately.
The derivative of logarithm of function g(x) equals

(ln g(λ))′ =

(
− λ

1− λ
ln 2λ− ln(1− λ)

)′
= −

(
λ

1− λ

)′
· ln 2λ = − ln 2λ

1− λ
− λ ln 2λ

(1− λ)2
> 0;

hence, g is monotonically increasing on our interval. Moreover, g(1/2) = 2. So, for any λ0 < 1/2 we have
g(λ0) < 2.

On the other hand, as λ → 1/2 − 0 we have h(λ) → (1 · 1)2 = 1, since xx → 1 as x → +0. Hence,
there exists λ0 < 1/2 such that h(λ) < 3/2 for any λ ∈ [λ0, 1/2].

So, for any λ ∈ (0, 1/2] we have f(λ) ≤ max{g(λ0), 3/2} < 2, i. e. we also have f0 < 2.

Remark 6 It can be shown that the function h is decreasing in a large enough left semi-neighborhood
of the point 1/2. In this semi-neighborhood there is a point λ0 such that g(λ0) = h(λ0); this means that
f0 = g(λ0) = h(λ0). Computer calculations show that λ0 = 0,435954877 . . . f0 = 1,971043304 . . . .
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SOLUTIONS AND COMMENTS

PART II

THE PROBLEMS TO SOLVE AFTER THE INTERMEDIATE FINAL.

Packings of big products

Problem 40. For example,
{x1x2(x3 + 1),
(x1 + x2)x3}.

Problem 41. For example,
{(x1 + 1)(x2 + 1)(x3 + x4)x5x6x7x8,
x1x2(x3 + 1)(x4 + 1)(x5 + x6)x7x8,
x1x2x3x4(x5 + 1)(x6 + 1)(x7 + x8),
(x1 + x2)x3x4x5x6(x7 + 1)(x8 + 1),
x1x2(x3 + x4)(x5 + x6)(x7 + x8),
(x1 + x2)x3x4(x5 + x6)(x7 + x8),
(x1 + x2)(x3 + x4)x5x6(x7 + x8),
(x1 + x2)(x3 + x4)(x5 + x6)x7x8}.

Problem 42. For example,

{x1x2x3x4x5x6(x7 + 1)(x8 + 1)(x9 + 1)(x10 + 1)(x11 + 1)(x12 + 1),
(x1 + x2)x3x4(x5 + 1)(x6 + 1)(x7 + x8)x9x10(x11 + 1)(x12 + 1),
(x1 + x2)x3x4(x5 + 1)(x6 + 1)(x7 + 1)(x8 + 1)(x9 + x10)x11x12,
(x1 + x2)x3x4(x5 + 1)(x6 + 1)x7x8(x9 + 1)(x10 + 1)(x11 + x12),
(x1 + 1)(x2 + 1)(x3 + x4)x5x6(x7 + x8)x9x10(x11 + 1)(x12 + 1),
(x1 + 1)(x2 + 1)(x3 + x4)x5x6(x7 + 1)(x8 + 1)(x9 + x10)x11x12,
(x1 + 1)(x2 + 1)(x3 + x4)x5x6x7x8(x9 + 1)(x10 + 1)(x11 + x12),
x1x2(x3 + 1)(x4 + 1)(x5 + x6)(x7 + x8)x9x10(x11 + 1)(x12 + 1),
x1x2(x3 + 1)(x4 + 1)(x5 + x6)(x7 + 1)(x8 + 1)(x9 + x10)x11x12,
x1x2(x3 + 1)(x4 + 1)(x5 + x6)x7x8(x9 + 1)(x10 + 1)(x11 + x12),
x1x2(x3 + 1)(x4 + 1)(x5 + x6)(x7 + x8)(x9 + x10)(x11 + x12),
(x1 + x2)x3x4(x5 + 1)(x6 + 1)(x7 + x8)(x9 + x10)(x11 + x12),
(x1 + 1)(x2 + 1)(x3 + x4)x5x6(x7 + x8)(x9 + x10)(x11 + x12),
(x1 + x2)(x3 + x4)(x5 + x6)x7x8(x9 + 1)(x10 + 1)(x11 + x12),
(x1 + x2)(x3 + x4)(x5 + x6)(x7 + x8)x9x10(x11 + 1)(x12 + 1),
(x1 + x2)(x3 + x4)(x5 + x6)(x7 + 1)(x8 + 1)(x9 + x10)x11x12}.

Problem 43. Take an s1-long packing of big (m1, t1, r1)-products and an s2-long packing of big
(m2, t2, r2)-products. Enumerate the variables of these packings so that no variable participates in both
packings. After that we take a “direct product” of the two packings, multiplying every big product from
the first packing by every big product from the second one. One can easily check that we obtan a packing
with the required parameters, i.e., an s1s2-packing of big (m1 +m2, t1 + t2, r1 + r2)-products.
Problem 44. Let P be a packing of (n, k)-products. For every product in P , take all n−2k variables that
are absent in it and multiply the product by all those variables as factors of type a); we will get some big
product in n variables with k+(n−2k) = n−k factors of types a) and b) — i.e., a big (n, n−k)-product.
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Performing this operation to all products in P , we get a collection P ′ of big (n, n − k)-products of the
same length as P .

Let us show that P ′ is a packing. Consider any two different big products p1 and p2 in P ′. Construct
the following bipartite graph G: the vertices of the left (resp., right) part correspond to the factors of p1
(resp., p2), and two vertices are connected with an edge if and only if the corresponding factor have a
common variable. Thus, the vertices corresponding to factors of type a) and b) have degrees 1 and 2,
respectively.

We need to show that the decompositions of p1 and p2 contain no common monomials. Assume
the contrary. In the graph language, the existence of such monomial is equivalent to the existence of a
perfect matching in G. Remove all edges of this matching from the graph; all degrees of vertices decrease
by 1, so after the removal each vertex of type b) has degree 1, and each vertex of type a) has no edges
adjacent to it. But then the set of remaining edges corresponds to a monomial that appears in both initial
products (which were transformed to p1 and p2). This is impossible, since P is a packing. The obtained
contradiction shows that P ′ is a packing.
Problem 45. Consider any big product p in the packing; let a, b, and c be the numbers of its factors
of types a), b), and c), respectively. Since p is a (m, t)-product, we have a + 2b + c = m and a + b = t;
therefore, b+c = (a+2b+c)−(a+b) = m−t. Notice now that each factor of types b) and c) contains two
summands, while that of type a) contains only one summand. So, the decomposition of p contains exactly
2b+c = 2m−t monomials. Since the packing contains 2r big products, the total number of monomials in
their decompositions is 2m−t+r.

Now, the total number of monomials in m variables is 2m. So, if the decompositions of the big
products from the packing contain not all possible monomials, then we obtain 2m−t+r < 2m, whence
t > r, as required. Otherwise, one of these decompositions contains monomial 1 which could happen only
if all factors in the big product are of type c). But then the decomposition of this big product already
contains all possible monomials, so the packing contains ony one big product. THis is prohibited by the
problem condition.
Problem 46. Let Bm−n,i, i = t − n, . . . , t − dn2 e, be arbitrary Sm−n,i-long packings of big (m − n, i)-
products; the set of variables for each of them is {x1, . . . , xm−n}. Let Pn,k, k = 0, . . . , bn2 c, be arbitrary
packings of (n, k)-products of length An,k, the set of variables for each of them is {xm−n+1, . . . , xn}.
For every k = 0, . . . , bn2 c, according to problem 44, we transform the packing Pn,k into an An,k-long
packing P ′n,n−k of big (n, n − k)-products. After that we again form a “direct product” of the pack-
ings Bm−n,t−n+k and P ′n,n−k, i.e., multiply each product of the former one by each product of the latter;
we obtain a collection of big (m, t)-products. Finally, we take the union of all obtained collections over
all k = 0, . . . , bn2 c.

We claim that the obtained union is a packing of (m, t)-products. Indeed, consider any two different
big products in this collection. If they lie in different “direct products”, then the monomials in their
decompositions contain different number of variables from {xm−n+1, . . . , xn}, so these decompositions
share no monomial. Otherwise, these decompositions have no common monomial, since Bm−n,i and P ′n,n−k
are packings.
Problem 47. Notice that the sequence w` = X`

max satisfies the same recurrence relation

w`+n =

bn2 c∑
k=0

An,kw`+k

(in fact, this is true for every root of the polynomial P (x) in place of Xmax).
Since the numbers u1, u2, . . . , un are positive, there exist some positive constants C1 and C2 such that

the inequalities C1w` ≤ u` ≤ C2w` hold for every ` = 1, 2, . . . , n. Now we use the induction to show that
these inequalities hold for all positive integer `; the base case ` ≤ n has been already established. To
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prove the induction step, for ` ≥ n+ 1 we have

u` =

bn2 c∑
k=0

An,ku`−n+k ≥
bn2 c∑
k=0

An,k1w`−n+k = C1w`;

the inequality u` ≤ C2w` can be checked similarly.

Remark 7 The same arguments work if we know only that the sequence {u`} contains n positive elements
in a row.

Problem 48. We arrange a recursive construction based on the inequality from problem 46 for n = 2. Fix
any positive integers m0, t0 and take any s(m0, t0 + i)-long packings Bm0,t0+i of big (m0, t0 + i)-products
for i = 0, 1. We will successively construct packings Bm0+2d,t0+d+i, i = 0, 1, as follows. On the dth
step, the packing Bm0+2d,t0+d+1 is obtained from (already constructed) packings Bm0+2(d−1),t0+(d−1)+i,
i = 0, 1, using the construction from the solution of problem 46. The packing Bm0+2d,t0+d is obtained
from Bm0+2(d−1),t0+d by augmenting its products with factors of type c) containing two new variables.

The lengths of the obtained packings satisfy the recurrence relation

s(−, t) =

1∑
k=0

A2,k · s(−, t− 2 + k) = s(−, t− 2) + s(−, t− 1)

with a characteristic polynomial

x2 −
1∑
k=0

A2,kx
k = x2 − x− 1. (2)

Due to problem 47, the values of s(m, t) for some m (depending on t) satisfy the relation

s(m, t) ≥ CXt
max,

where C is some positive constant, and Xmax = 1.6180... is the largest root of the polynomial (2). Hence,
log2 s(m, t) ≥ t log2Xmax − log2 C. Removing “superfluous” big products to make their number to be a
power of 2, and setting r = blog2 s(m, t)c, we obtain for t → ∞ a sequence of 2r-long packings of big
(−, t)-products such that t

t+r →
1

1+log2(Xmax)
= 0.5902....

Problem 49. Let Bt be the packing of big (−, t)-products constructed in the solution of problem 48. We

have already shown that the length of Bt is at least Cϕt, where ϕ =
√
5+1
2 = 1.6180.... Now, it suffices to

show that the packing Bt contains at most C ′ct big products containing more than r factors of type b)
((for some c < ϕ). Denote by ρ(t, r) the number of big products in Bt with more than r factors of type b).
Then the construction yields the recurrence relation ρ(t, r) = ρ(t− 2, r) + ρ(t− 1, r − 1).

Now we define the following constants: d = log2 ϕ, A = 3−d
2 , α =

ln 3−d
1−d

2 lnA , β = 1− α.
We prove that the inequality

ρ(t, r) ≤ γAαt+βr (3)

holds for all 0 ≤ r ≤ t, where γ is some fixed constant. The proof goes by indution on `, For the base
case, we choose γ > 0 so that the estimate (3) holds for t = t0, t0 + 1; we will show that this value of γ
fits.

To perform an induction step, assume that (3) holds for t′ < t. Then

ρ(t, r) = ρ(t− 2, r) + ρ(t− 1, r − 1) ≤ γAαt+βr(A−2α +A−1).
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We claim that A−2α + A−1 = 1. Indeed, we have A−1 = 2
3−d and A−2α = A−

ln( 3−d
1−d )

lnA = e− ln 3−d
1−d = 1−d

3−d ,

whence A−2α +A−1 = 1. This shows that ρ(t, r) ≤ γAαt+βr. The step is proved.
Now set r = bαtc. Then ρ(t, r) ≤ γAαt+βαt, where Aα+βα = 1.5032... < ϕ = 1.6180.... Thus, the ratio

of the number of “bad” big products in Bt to the total number of big products in it indeed tends to 0.
Problem 50. Consider an arbitrary 2r-long rigid packing of big (m, t)-products. Since the packing is
rigid, the number m of variables is even; denote p = m/2. We may assume that the variables are paired
up as (x1, x2), (x3, x4), . . . , (xm−1, xm).

To every big product compatible with this pairing, we put into correspondence a word of p letters
a, b, and c, where the ith symbol indicates the type of factors containing the variables x2i−1 and x2i.
Denote by W the set of words corresponding to the products in our packing.

Consider any big (m, t)-product and the word w corresponding to it. Let w′ be a word obtained
from w by replacing one letter c by either a or b, and let P ′ be the big product corresponding to w′.
Then any monomial in the decomposition of P ′ also appears in that of P . Therefore, performing series of
such replacements, one cannot transform two different words in W into two equal words (otherwise the
decompositions of the corresponding big products would share a monomial)3.

Let now W ′ be the set of all words of letters a and b obtained from the words in W by replacing each
letter c by either a or b. Then every word in W ′ is obtained from exactly one word in W .

To every word consisting of x letters a, y letters b, and z letters c, we assign the weight ϕy+2z, where

ϕ = 1+
√
5

2 is the positive root of the equation ϕ2 = ϕ+ 1. Notice that for every word w, after replacing
one letter c in w by a and b we obtain two words whose total weight is equal to the weight of w.

Every word in W contains d letters a, t − 2d letters b, and p − t + d letters c (for some d ≤ t/2);
therefore, its weight equals ϕ(t−2d)+2(p−t+d) = ϕ2p−t. Due to the above argument, the total weight of all
words in W ′ obtained from w also equals ϕ2p−t. On the other hand, the total weight of all words in W ′

does not exceed the total weight of all words consisting of p letters a and b, i.e.,

p∑
i=0

(
p

i

)
ϕp−i = (1 + ϕ)p = ϕ2p.

Since |W | = 2r, and every word in W ′ is obtained from exactly one word in W , we conclude that

2r · ϕ2p−t ≤ ϕ2p,

whence 2r ≤ ϕt, and r ≤ t log2 ϕ. This yields t
t+r ≥

1
1+log2ϕ

. Finally, the inequality is in fact strict, at

least because the number log2 ϕ is irrational (otherwise the number ϕ` for some positive integer ` would
be a power of 2, so it would be integer).
Problem 51. Similarly to problem 48, we arrange a recursive construction based on the inequality from
problem 46 for n = 10. Fix any positive integers m0, t0 and take any s(m0, t0 + i)-long packings Bm0,t0+i

of big (m0, t0 + i)-products for i = 0, . . . , 9. We will successively construct packings Bm0+10d,t0+5d+i,
i = 0, . . . , 9, as follows. On the dth step, the packings Bm0+10d,t0+5d+i for i = 5, . . . , 9 are obtained from
(already constructed) packings Bm0+10(d−1),t0+5(d−1)+j , j = 0, . . . , 9, using the construction from the
solution of problem 46. The packings Bm0+10d,t0+5d+i, i = 0, . . . , 4, are obtained from Bm0+10(d−1),t0+5d+i

by augmenting its products with factors of type c) containing ten new variables. The lengths of the

3In fact, the formulated condition is a criterion for the big products corresponding to the words of the set W to form a
rigid packing. A curious reader is invited to prove this criterion.
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obtained packings satisfy the recurrence relation

s(−, t) =

5∑
k=0

A10,k · s(−, t− 10 + k) = s(−, t− 10) + 5s(−, t− 9)+

+ 10s(−, t− 8) + 15s(−, t− 7) + 5s(−, t− 6) + s(−, t− 5)

with a characteristic polynomial

x10 −
5∑
k=0

A10,kx
k = x10 − x5 − 5x4 − 15x3 − 10x2 − 5x− 1. (4)

Due to problem 47, the values of s(m, t) for some m (depending on t) satisfy the relation

s(m, t) ≥ CXt
max,

where C is some positive constant, and Xmax = 1.6556... is the largest root of the polynomial (4). Hence,
log2 s(m, t) ≥ t log2Xmax − log2 C. Removing “superfluous” big products to make their number to be a
power of 2, and setting r = blog2 s(m, t)c, we obtain for t → ∞ a sequence of 2r-long packings of big
(−, t)-products such that t

t+r →
1

1+log2(Xmax)
= 0.5789....

Problem 52. Denote by lj(t) the number of big products in the packing Bm,t from the solution of
problem 51, which contain exactly j factors of type b).

Choose some ε > 0. We claim that, if t is sufficiently large and j ≥ (2/3 + ε)t(1 + o(1)), then we have

lj−2(t+ 2)

lj(t)
> 15. (5)

For an arbitrary big product α in Bm,t, denote by ni(α), i = 0, 1, 2, 3, 4, 5, the number of “pieces” of
variables of length 10 in the product α containing exactly i factors of type b) (we do not take into account
the prefix piece obtained from the induction base, neither the pieces containing factors of type c)). Let
j0(α) be the number of factors of type b) in the prefix of α, and let t0(α) be the total number of factors
of types a) and b) in the prefix of α. Now, the ratio of the number j(α) of factors of type b) to the total
numbert(α) of factors of types a) and b) is expressed as

j(α)

t(α)
=

5n5(α) + 4n4(α) + 3n3(α) + 2n2(α) + n1(α) + j0(α)

5n5(α) + 6n4(α) + 7n3(α) + 8n2(α) + 9n1(α) + 10n0(α) + t0(α)
. (6)

For our claim, we are interested only in big products α in the packing Bm,t (for sufficiently large t) which

satisfy j(α)
t(α) >

2
3 + ε′, 0 < ε′ < ε. Therefore, due to (6), we may assume that min

α∈Bm,t

n5(α)→∞ as t→∞,

and that for sufficiently large t ever big product α ∈ Bm,t we are interested in satisfies n5(α) > n3(α)+1.
Denote by S(t, j, n5) the set of big products in Bm,t which contain exactly j factors of type b), as well

as exactly n5 pieces of length 10 with exactly 5 factors of type b). Take some values of j and t (where
t is sufficiently large), and consider any value of n5 such that the set S(t, j, n5) is nonempty. In every
big product α in S(t, j, n5) we replace one length 10 piece with 5 factors of type b) by an appropriate
length 10 piece with 3 such factors. This can be made in 15n5 ways, each of which results in a big
product from Bm,t+2 containing exactly j − 2 factors of type b); every such product is obtained from
n3(α)+1 < n5 big products from S(t, j, n5). (It may happen that, to make this procedure correct, we will
need to swap some pieces of factors of type c) with the adjacent pieces; but such swapping is determined
uniquely in terms of the resulting piece.) Thus, to the set S(t, j, n5) we put into correspondence the
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set of big products S(t + 2, j − 2, n5 − 1) whose cardinality more than 15 times larger. Applying this
argument to all values of n5 we obtain that the inequality (5) indeed holds for sufficiently large t and
j ≥ (2/3 + ε)t(1 + o(1)).

Now we will prove that the number of big products with at least k0 = b0.70tc factors of type b) in
the packing Bm,t is asymptotically smaller than the total number of big products in the packing (for our
purposes, it suffices to show that for infinitely many values of t).

To this end, we estimate the ratio of these two numbers. Choose d (depending on t) so that d → ∞
as t→∞, but at the same time b0.70tc−2dt+2d > 2/3 + ε. Using the inequality (5) we get

t∑
j=k0

lj(t)

s(t)
<

t−2d∑
j=k0−2d

lj(t+ 2d)

15ds(t)
<
s(t+ 2d)

15ds(t)
.

From problem 47 we get that for infinitely many values of t the inequality s(t+2d)
s(t) ≤ 2X2d

max holds; for

such values of t we have
t∑

j=k0

lj(t)

s(t)
< 2

(
X2

max

15

)d
→ 0, d→∞.

Thus, the number of big products with at least t log2Xmax = 0.7274... factors of type b) is asymptotically
smaller than s(t), at least for infinitely many values of t. (In fact, one can show that this holds for all
sufficiently large values of t.) Consequently, for such values of t, removing such big products from the
packing Bm,t constructed in the solution of problem 51, we still get a sequence of 2r-long packings of big
(m, t, r)-products such that t

t+r →
1

1+log2(Xmax)
= 0.5789....
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