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Preliminaries

Given a nonequilateral 4ABC, we write M , H, O, I, Ia, Ib, and Ic for its
medicenter, orthocenter, circumcenter, incenter, and excenters opposite A, B, and
C.

The points O, M , and H lie on a line known as the Euler line. The point M
divides the segment OH in ratio 1 : 2.

The midpoints of the sides of 4ABC, the feet of its altitudes, and the midpoints
of the segments AH, BH, and CH lie on a circle known as the Euler circle (or the
nine-point circle). Its center is the midpoint E of the segment OH.

Let X be an arbitrary point in the plane of 4ABC. Then the reflections of the
lines AX, BX, and CX in the bisectors of 6 A, 6 B, and 6 C meet at a point X∗ (or
are parallel, in which case X∗ is a point at infinity) known as the isogonal conjugate
of X. The point L = M∗ is known as Lemoine’s point.

For every triangle there exists an affine transformation mapping it onto an equi-
lateral triangle. The inverse transformation maps the circumcircle and the incircle of
that equilateral triangle onto two ellipses known as the circumscribed and inscribed
Steiner ellipses.

1 The Fermat, Napoleon, and Apollonius points

Let4ABTc,4BCTa, and4CATb be equilateral triangles constructed externally
on the sides of 4ABC and let Na, Nb, and Nc be their centers. Analogously, let
4ABT ′c, 4BCT ′a, and 4CAT ′b be equilateral triangles constructed internally on the
sides of 4ABC and let N ′a, N

′
b, and N ′c be their centers.

1.1. Show that2 the lines ATa, BTb, and CTc are concurrent, and that so are the
lines AT ′a, BT

′
b, and CT ′c.

The concurrency points thus obtained are known as the two Fermat points (or
as the two Torricelli points). We denote them by T1 and T2.

1.2. The lines ANa, BNb, and CNc are concurrent, as are the lines AN ′a, BN
′
b,

and CN ′c.
The concurrency points thus obtained are known as the two Napoleon points.

We denote them by N1 and N2.
1.3.
a) Both of 4NaNbNc and 4N ′aN ′bN ′c are equilateral.

1Problems and solutions by N. Beluhov and A. Zaslavsky. Conference presentation by A.
Zaslavsky, P. Kozhevnikov, D. Krekov, and O. Zaslavsky.

2In all problems of the form “Show that so-and-so holds” to follow, the words “Show that” are
omitted.
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b) The centers of both of those triangles coincide with M .
c) The difference of the areas of those triangles equals the area of 4ABC.
1.4. Let all angles of 4ABC be less than 120◦.
a) The point T1 sees all sides of 4ABC at equal angles.
b) The sum of the distances from T1 to the vertices of 4ABC does not exceed

the analogous sum for any other point in the plane.
When all angles of 4ABC are less than 120◦, the sum of the distances from T1

to its vertices is known as the Fermat length.
1.5. Let 4ABC and 4A′B′C ′ satisfy 6 A+ 6 A′ = 6 B+ 6 B′ = 6 C+ 6 C ′ = 120◦.

Then the ratio of the Fermat length to the circumradius is the same in both triangles.
1.6.
a) The points T1, N

′
a, N

′
b, and N ′c lie on a circle.

b) The second intersection points of that circle with the segments ATa, BTb, and
CTc divide those segments in ratio 1 : 2.

c) Formulate and prove analogous statements for the points T2, Na, Nb, and Nc.
1.7.
a) CT1 ⊥ NaNb.
b) CN1 ⊥ TaTb.
c) Formulate and prove analogous statements for the points T2 and N2.
1.8.
a) The projections of T ∗1 and T ∗2 onto the sides of 4ABC are the vertices of two

equilateral triangles.
b) T ∗i A ·BC = T ∗i B · CA = T ∗i C · AB for i = 1 and 2.
The two points possessing properties a) and b) are known as the Apollonius

points. Thus the points of Fermat and Apollonius are isogonal conjugates.
1.9. Let T1 lie inside 4ABC. Then three billiard balls starting from T1 simul-

taneously and traveling with equal speed in directions opposite the three vertices
meet again after reflecting in the three sides.

1.10. O lies on T ∗1 T
∗
2 .

1.11. The lines T ∗1 T
∗
2 , T1T2, and N1N2 meet at L.

1.12. The lines T1N1 and T2N2 meet at O.
1.13. The lines T1N2 and T2N1 meet at E.
1.14. The lines T1T

∗
2 and T2T

∗
1 meet at M .

1.15. The midpoint MT of T1T2 lies on the Euler circle.

2 Euler lines and Steiner ellipses3

2.1. The Euler lines of 4ABT1, 4BCT1, 4CAT1, 4ABT2, 4BCT2, and
4CAT2 meet at M .

Let MA, MB, and MC be the midpoints of BC, CA, and AB and let lA, lB, and
lC be the Euler lines of 4AT1T2, 4BT1T2, and 4CT1T2.

3Problems 2.2–2.11 in this section and their solutions from N. Beluhov’s unpublished manuscript
[2].
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2.2. The line lA is parallel to MAMT , the line lB is parallel to MBMT , and the
line lC is parallel to MCMT .

2.3. The Euler lines of all ten triangles with vertices in the set {A,B,C, T1, T2}
meet at M .

2.4. Let T3 be such a point that 4T1T2T3 is equilateral. Then the line through A
parallel to BT3, the line through B parallel to CT3, and the line through C parallel
to AT3 are concurrent.

Let P be such a point that 4T1T2P is equilateral and oriented oppositely to
4ABC. Let Q be such a point that 4T1T2Q is equilateral and oriented identically
to 4ABC.

2.5. The line lA is parallel to CP and BQ, the line lB is parallel to AP and CQ,
and the line lC is parallel to BP and AQ.

2.6. Find the locus of points X such that the line through A parallel to BX, the
line through B parallel to CX, and the line through C parallel to AX are concurrent.

2.7. The points P and Q lie on the circumscribed Steiner ellipse.
2.8.
a) The line through A parallel to lA, the line through B parallel to lB, and the

line through C parallel to lC meet at a point R.
b) R lies on the circumscribed Steiner ellipse.
2.9. 4ABC and 4PQR have equal area and a common medicenter.
2.10. MT lies on the inscribed Steiner ellipse.
2.11. The line T1T2 is a normal to the inscribed Steiner ellipse.
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3 The Kiepert hyperbola

Let 4ABC ′, 4BCA′, and 4CAB′ be similar, identically oriented isosceles tri-
angles of bases AB, BC, and CA.

3.1.
a) The lines AA′, BB′, and CC ′ are concurrent.
b) The locus of the intersection of AA′, BB′, and CC ′ is a rectangular hyperbola

containing A, B, C, M , and H.
This hyperbola is known as the Kiepert hyperbola.
Let X(ϕ) be the point on the Kiepert hyperbola corresponding to angle ϕ at

the bases of the three isosceles triangles. We consider ϕ to be positive when all
isosceles triangles are constructed externally to 4ABC, and negative when they are
constructed internally.

3.2. The point X∗(ϕ) lies on OL.
3.3.
a) All lines X(ϕ)X(−ϕ) meet at L.
b) All lines X(ϕ)X(π/2− ϕ) meet at O.
c) All lines X(ϕ)X(π/2 + ϕ) meet at E.
3.4. The points X(ϕ1), X(ϕ2), and X∗(ϕ3) are collinear if and only if ϕ1 +ϕ2 +

ϕ3 ≡ 0 (modπ).
3.5.
a) The perpendiculars from A, B, and C onto the lines B′C ′, C ′A′, and A′B′ are

concurrent.
b) Their point of concurrence lies on the Kiepert hyperbola.

4 The Neuberg cubic

4.1. Let 4UVW be equilateral, let X be an arbitrary point in the plane, and
let Xu, Xv, and Xw be the reflections of X in the lines VW , WU , and UV .

a) The lines UXu, V Xv, and WXw are concurrent.
b) The Euler lines of 4XUV , 4XVW , and 4XWU are concurrent.
4.2. Let X be any point in the plane not on the circumcircle of 4ABC. Then

X possesses properties a) and b) above if and only if XX∗ is parallel to the Euler
line.

The locus of the points X such that XX∗ is parallel to the Euler line is a cubic
known as the Neuberg cubic.

4.3. The Neuberg cubic contains A, B, C, O, H, I, Ia, Ib, Ic, T1, T2, T
∗
1 , and T ∗2 .

4.4.
a) If the Neuberg cubic contains a straight line, then it also contains a circle.
b) If AC = BC, then the Neuberg cubic consists of the internal bisector of 6 C

and the circle of center C and radius AB.
c) If 6 C = 60◦, then the Neuberg cubic consists of the external bisector of 6 C

and the reflection of the circumcircle of 4ABC in the line AB.
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d) If 6 C = 120◦, then the Neuberg cubic consists of the internal bisector of 6 C
and the reflection of the circumcircle of 4ABC in the line AB.

e) Part a) holds if and only if an angle bisector (internal or external) is parallel
to the Euler line. In that case, that angle bisector is the straight-line part of the
Neuberg cubic.

f) Parts a) and e) hold only in the cases listed in parts b), c), and d).
4.5. If D lies on the Neuberg cubic for 4ABC, then A lies on the Neuberg cubic

for 4BCD, and analogously for B and C.
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