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1 Block #1

1.1 Erdös-Renyi random graph

A graph G = (V,E) consists of a set of vertices V together with a set of edges E, where each edge
represents an unordered pair of vertices. One can easily see that any graph can contain no more than(
n
2

)
= n(n−1)

2
edges.

Fix an arbitrary number p ∈ (0, 1) and denote by a probability of a graph (in the Erdös-Renyi probability
space) with n vertices {1, 2, . . . , n} and e edges the value of the following expression

P(G) = Pp(G) := pe(1− p)
n(n−1)

2
−e.

A probability of a family (or of a property, which is the same) of graphs with vertices numbers 1, 2, . . . , n
is a sum of probabilities of all graphs of this family.

If Ω stands for the set of all graphs with n vertices then P (Ω) = 1.
According to the definition above, this is a theorem which is to be proved, and here is the proof:

P (Ω) =

(n
2)∑

k=0

((n
2

)
k

)
pk(1− p)(

n
2)−k = (p+ (1− p))(

n
2) = 1.

We say that a random variable is any function defined on the set of all graphs with vertices numbered
1, 2, . . . , n.

For example, the number of edges in a graph is a random variable.
Let a random variable Y take k distinct values y1, . . . , yk. Define a mathematical expectation of Y as

its “weighted average”

EY :=
k∑
s=1

ysP(Y −1(ys)),

where Y −1(ys) stands for the set of all graphs G with Y (G) = ys hold. The last probability in the expression
above is denoted by P(Y = ys).

We call tow events A and B independent (of each other) if P(A∩B) (the probability that both A and
B happen) = P (A) · P (B). We call that two random variables f and g are independent (of each other)
if events f = x and g = y are independent for every pair of x and y. NB: this definition is correct only
for discrete random variables, that is, for random variables which take no more than countable number of
values.

Problem 1. Let a graphH consist of n vertices andm edges. What is the probability that G(n, p) = H,
i.e. after generating a random graph according to the definition above the exact copy of H is obtained?

Problem 2. What is the probability of G(n, p) having exactly m edges?
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Problem 3. What is the probability of the event that G(n, p) contains no isolated vertices (that is,
vertices which are not connected with any other vertices by any edge)?

Let a random variable f take reals (maybe a countable number of them), and the probability of the
event f = x equals px. We say that the mathematical expectation of f is the value of the expression∑

x x · px. We denote the expectation of f by Ef .
Problem 4. Prove the following:
a) E[c · f ] = c · Ef if c is constant;
b) E[f + g] = Ef + Eg (even if f and g are not independent!);
c) if variables f and g are independent then E[f · g] = Ef · Eg;
Problem 5. Find the expectation of the following variables:

a) the number of edges of G(n, p);
b) the degree of any vertex of G(n, p) (since the definition of G(n, p) is symmetric, one can choose any

arbitrary vertex);
c) the number of triangles of G(n, p);
d) the number of Hamilton paths and cycles of G(n, p) (a Hamilton path/cycle is any path/cycle which

visits each vertex exactly once);
e) the number of cliques (that is, complete subgraphs) of k vertices.

A variance Df of a random variable f is E[(f − Ef)2].
Problem 6. Prove the following:

a) D[c · f ] = c2 · Df if c is constant;
b) Df = E[f 2]− (Ef)2;
c) if f and g are independent then D[f + g] = Df + Dg.

Problem 7. Find the variance of the degree of any vertex of G(n, p).
Problem 8. Find the variance of the number of triangles G(n, p) (be careful with the dependence of

random variables!).

1.2 Algorithms on graphs and their complexities

Assume that we have a description of any graph and we want to check if one of its properties (for
example, connectivity) is hold. Consider the following algorithm:

Depth-first search (DFS).
procedure dfs(vertex v):

usedv := 1
for each vertex u – a neighbor of v:

if usedu = 0 then call dfs(u)

function is_connected(graph G):
usedv = 0 for all vertices v
dfs(arbitrary vertex of G)
if usedv = 1 holds for all v ∈ G, return YES
otherwise return NO

The description above is represented by a pseudocode. For the better explanation of the algorithm we
recommend you to run it in your mind or on paper for some small input. Please notice that the procedure
dfs is recursive, that is, it can be called from itself, and once the last call is finished, the workflow returns
to the previous call.

Problem 9. Prove that DFS checks connectivity correctly.
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Problem 10. Prove that the algorithm performs O(n + m) operations (no more than c(n + m) for
some constant c which doesn’t depend on the input graph) for a graph with n vertices and m edges.

Problem 11. Modify this algorithm for obtaining the number of connected components of a graph.
Problem 12. An edge of a graph is called a bridge if its removal increases the number of connected

components. Describe an algorithm of obtaining all bridges in a graph with the following number of actions
performed:

a) O((n+m)2);
b) O(n(n+m));
c) (*) O(n+m).

Consider another solution of the initial problem:
Breadth-first search (BFS). Pseudocode:

procedure bfs(vertex v):
queue = {v} // a queue of vertices
usedv := 1
while queue 6= ∅:

vertex w = the first element of queue
remove w from the beginning of queue
for each vertex u which is a neighbor of w:

if usedu = 0:
usedu := 1
add u to the end of queue

function is_connected(graph G):
usedv := 0 for all vertices v // used is of size n
bfs(arbitrary vertex of G)
if usedv = 1 for all vertices v ∈ G then return YES
otherwise return NO

Problem 13. Prove that the algorithm is correct and find its complexity.
Problem 14. Modify the algorithm for obtaining the lengths of the shortest paths from a fixed vertex

v to each other.
Problem 15. Assume that each edge e of a graph G has its own length which is a nonnegative real

and is denoted by w(e). Build an algoritm of obtaining the lengths of all shortest paths from v to each
other vertex with the following number of actions performed:

a) O(n2 +m);
b) (*) O(n+m log n).

1.3 Graph Isomorphism problem

Two graphs G = (VG, EG) and H = (VH , EH) are called isomorphic (to each other) once there is such
bijection π : VG → VH between the sets of their vertices that every unordered pair of vertices vu occurs in
EG iff π(v)π(u) occurs in EH . Such bijection π is called an isomorphism of graphs G and H.

Problem 16. Draw all possible graphs (modulo isomorphism) with 3 or 4 vertices.
Define an invariant as any function f which for every graph G returns some value f(G) in such a way

that f(G) = f(H) for any isomorphic graphs G and H. It’s obvious that f(G) 6= f(H) implies that G
and H are not isomorphic, while the inverse doesn’t have to hold (that is, f(G) = f(H) can be true for
non-isomorphic graphs).

Define a lexicographic or alphabetical comparison of two sequences as follows:
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• the empty sequence is the least;
• if the first element of A is less than the first element of B then A < B;
• if the first elements of A and B coincide, ignore them and return the result of tails comparison.

Problem 17. For each of the following show that it’s an invariant and provide an example of non-
isomorphic pair of graphs where the function takes the same value:

a) the list of degrees of graph’s vertices in ascending order;
b) the lexicographically sorted list of sorted lists of neighbors’ degrees for each vertex;
c) the lexicographically sorted list of sorted lists of shortest paths to all vertices for each vertex.

Problem 18.
a) Provide an example of a graph G = (VG, EG) with two or more vertices for which there is only one

isomorphism π : VG → VG with itself (any isomorphism between two equal graphs is also called an
automorphism of the graph).

b) (*) Provide a regular graph with the property described above (a graph is called regular if each of
its vertices has the same degree).

There is no known algorithm of checking if two graphs are isomorphic for a polynomial time over the
number of their vertices and edges. The best result belongs to László Babai and was first published in 2015
(with some fixes in 2017, though); the algorithm works for O(e(logn)

c
) for some constant c > 1. However,

there are fast algorithms to the GI problem for a variety of cases.
Problem 19. Provide algorithms with O(n + m) time complexity to the problem for the following

cases:

a) all degrees are no more than 2;
b) graphs don’t contain cycles;
c) (*) each of the graphs contains exactly one simple cycle.

In assumption that graphs are generated randomly it makes sense to use some simple algorithms and
estimate the probability of error. Our current goal is to analyze such probability for the following algorithm:

function invariant(граф G):
for each vertex v of a graph G:

build lv – the sorted list of v’s neighbors’ degrees
if there are equal lists among lv, return DECLINE
else return all lv’s, sorted lexicographically

function are_isomorphic(графы G, H):
if any of invariant(G) and invariant(H) returned DECLINE then return DECLINE
otherwise return invariant(G) = invariant(H)

Problem 20. Describe how to implement the algorithm above for O(n+m).
Problem 21. Consider a pair of vertices a and b. Prove that la = lb holds iff after a’s and b’s removal the

list of a’s ex-neighbors’ degrees and the list of b’s ex-neighbors’ degrees are the same (modulo permutation).
Problem 22. Prove that the decline probability doesn’t exceed n2 · P(la = lb).
Thus, once we show that P(la = lb) is small, the decline probability will be small as well. It follows

from the 21-st problem that the following probability is to be estimated: generate G = G(n − 2, p) and
pick two sets Na and Nb, including each vertex of G independently with probability p, then the set Na of
degrees coincides with Nb.
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2 Block #2

2.1 Combinatorial values and their asymptotics

Definitions. We say that

• f(n) = o(g(n)), if lim
n→∞

f(n)

g(n)
= 0.

• f(n) = O(g(n)), if lim
n→∞

f(n)

g(n)
<∞ (that is, the ratio is upper-bounded by some real number).

• f(n) = ω(g(n)), if lim
n→∞

f(n)

g(n)
=∞.

• f(n) = Ω(g(n)), if lim
n→∞

f(n)

g(n)
> 0.

• f(n) = Θ(g(n)), if 0 < lim
n→∞

f(n)

g(n)
<∞.

• f(n) ∼ g(n), if lim
n→∞

f(n)

g(n)
= 1.

In some of following problems you’ll be offered to “find an asymptotic” for several functions. That means
that for each of the functions f(n) you are asked to find any function g(n) is its closed form (informally,
there are only additions, subtractions, multiplications, divisions, powers which occur in the definition of
this function, and it also doesn’t contain skipped parts behind “. . . ”, “Σ”, “Π” etc.) such that f(n) ∼ g(n).

Problem 23. Prove that
2n

n+ 1
6

(
n⌊
n
2

⌋) 6 2n.

Problem 24. Fund an asymptotic for n

√(
n⌊
n
2

⌋). Hint what does n

√
1

n+1
tend to for n→∞?

Problem 25. Show that
33n

3n+ 1
6 22n

(
3n

n

)
6 33n. Hint: find a combinatorial meaning for 33n and

22n
(
3n
n

)
.

Problem 26. Find an asymptotic for n

√(
3n

n

)
.

Problem 27. Let 0 < α < 1. Show that
(
n

αn

)
=
(
α−α(1− α)α−1 + o(1)

)n
.

The following important formula is given without a proof:

Stirling’s formula. n! ∼
√

2πn
(n
e

)n
(here e = lim

n→∞

(
1 +

1

n

)n
— the second great limit).

Problem 28. Find an asymptotic for
(
2n
n

)
.

Problem 29. Find an asymptotic for
(
n2

n

)
.

Problem 30. Find an asymptotic for (2n− 1)!! = 1 · 3 · . . . · (2n− 1).

Problem 31. Show that the number of non-isomorphic graphs with n vertices equals Ω

(
1√
2πn

(
e2(n−1)/2

n

)n)
.

Definition. A Bernoulli random variable with parameter p is a variable which equals 1 with probability
p and 0 with the remaining probability 1− p.

Denote by b(k, n, p) the probability that among n independent Bernoulli random variables of p exactly
k equal 1.

Problem 32. Find the formula for b(k, n, p).
Problem 33. Find an asymptotic for maxk b(k, n, p) under the condition that p = ω(1/n). Hint: what

is the optimal value of k?
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Problem 34. Let p = ω(1/n). Show that the probability that the degrees of two fixed vertices of
G(n, p) coincide is O(1/

√
pn).

Chernoff’s bound. IfX is the sum of n independent Bernoulli random variables of p then P(|X−pn| >
pnδ) ≤ 2e−δ

2pn/3.
Problem 35. Under the condition that p = ω(1/n) show that |b(k, n, p) − b(k − 1, n − 1, p)| =

O(
√

lnn/pn).

a) Represent Y = b(k, n, p)− b(k − 1, n− 1, p) as δb(k, n, p) where δ is finite.
b) Estimate |Y | straightforwardly for small values of |δ| and using Chernoff’s bound for a bigger values

of |δ|. Find an optimal value between “small” and “big” values of |δ|.
Problem 36. Under the condition of p = ω(1/n) prove that:

a) |b(k, n, p)− b(k, n− 1, p)| = O(
√

lnn/pn).
b) |b(k − 1, n− 1, p)− b(k, n− 1, p)| = O(

√
lnn/pn).

Problem 37. Let p = ω(lnn/n), |k − pn| = o(
√
pn/ lnn). Show that b(k, n, p) = Θ(1/

√
pn).

2.2 Edge martingale and intervals containing the degrees of a random graph

Call a conditional probability of an event A with respect to the event B the value of P (A ∩ B)/P (B).
A conditional expectation of f wrt the event B is the value of E[F |B] =

∑
x x · P(A = x|B). Informally,

characteristics which are conditional under Bare just averages over the outcomes of B.
Let f and g be random variables. Then call a conditional expectation of f wrt g (and denote it by

E[f |g]) the random variable which equals x with the probability of
∑

E[f |g=z]=x

P[g = z]. In other words,

the conditional expectation of f wrt g is such variable h that can be generated in the following way:
generate the value z of g then getting the expectation of f wrt the event g = z and return as h’s outcome.

Problem 38. Prove that is c is constant then E[f |c] = Ef .
Problem 39. Find E[f |f ]?
Problem 40. Show that E[f + g|h] = E[f |h] + E[g|h]. Hint: note that both left hand side and right

hand side contain random variables, so they have to be proved to be equal to each other for each outcome.
Problem 41. Show that E[E[f |g]] = Ef .
Return to the event we aim to estimate (the end of the block #1). If degrees of Na coincide with degrees

of Nb then inside every interval the numbers of Na’s and Nb’s representers coincide as well.
Consider an arbitrary interval I = [D0, D0 + R − 1]. Denote by f the number of vertices of G(n, p)

with degree from I.
Enumerate all possible edges of a graph with n vertices from 1 to

(
n
2

)
in the following order: {1, 2},

{1, 3}, . . . , {2, 3}, . . . . Let f be any characteristic of a graph G(n, p) (for example, the above defined f).
Denote by Ci the random variable being equal to 1 if the i-th edge occurs in G(n, p) and 0 otherwise.

Call an edge martingale f the sequence of random variables f0, . . . , f(n
2)
, where fi = E[f |C1, . . . , Ci].

Informally saying, the value of fi tries to “guess” the value of f using the information of presences/absences
of the first i edges.

Actually we can define martingales in common case.
Martingale is any sequence of random variables f0, . . . , fm such that fi−1 = E[f |fi−1, . . . , f0] for each

i.
Problem 42. Let Y1, . . . , Ym be independent random variables and each of them takes values +1,−1

with the equal probabilities. Let Xi = Y1 + · · ·+Yi. Show that the sequence of X1, . . . , Xm is a martingale.
Problem 43. Show that in any martingale expectations of all random variables are the same.
Problem 44. (*) Show that the edge martingale is a martingale.
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Azuma’s inequality. Let X0, . . . , Xn be a martingale. Let |Xi −Xi−1| be no more than ci for each
outcome. Then

P[Xn −X0 ≥ t] ≤ e

−t2/2
n∑
i=1

c2i
.

Consider an edge i = {a, b} (and a < b). So from now on let f be the number of vertices of G(n, p)
with degree from I.

Problem 45. Show that |fi − fi−1| ≤ |E[Xa|C1, . . . , Ci] − E[Xa|C1, . . . , Ci−1]| + |E[Xb|C1, . . . , Ci] −
E[Xb|C1, . . . , Ci−1]|, where Xv stands for the degree of vertex of v.

Problem 46. Let w and y be the numbers of edges incident to b among all edges with numbers
above and below i, respectively. Prove that B = |E[Xb|C1, . . . , Ci] − E[Xb|C1, . . . , Ci−1]| ≤ b(D0 − w −
1, y, p)− b(D0 − w − 1 + R, y, p) imdependently on the outcome of G(n, p). Obtain a similar estimate for
A = |E[Xa|C1, . . . , Ci] − E[Xa|C1, . . . , Ci−1]| Hint: represent fi and fi−1 as the sum of Bernoulli random
variables and eliminate the common additors. Notice that cases of Ci = 0 and Ci = 1 take place.

Problem 47. In the denotations of the previous problem apply the estimations from tasks 33–36 to
prove that A+B ≤ ci = C/min(1, 1/

√
p(n− b+ 1)) for some constant C. Hint: consider cases y+1 < 1/p

and y + 1 ≥ 1/p.
Problem 48. Show that

∑
c2i = O(n

p
ln (pn)).

Problem 49. Let p = ω(ln3 n/n), |D0 − pn| = o(
√
pn/ lnn), R = o(

√
pn/ lnn), R = ω(lnn ln (pn))).

Provethat the probability that f ≥
√

(n/p) lnn ln(pn) is 1 − O(n−w) for any arbitrary positive w. Hint:
find a lower bound for Ef , then use Azuma’s inequality together with the previous tasks to estimate the
probability of a big deviation of f .

Problem 50. Show that is p = p(n) = o(1) tends to zero sufficiently slowly then one can pick x
non-intersectoin intervals [D0, D0 + R − 1], each including at least K degrees pretty likely. Estimate the
probability that each of the intervals contains the same number of representers of Na and Nb. Find such
values of x and K that the probability of the coincidence of Na and Nb tends to zero faster than n−w for
every w > 0.

Problem 51. (**) Provide an algorithm to the GI problem for Erdös-Renyi graphs with the polynomial
time complexity (over the number of vertices and edges) and an exponentially small decline probability
for some non-trivial interval of p-s.
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