Gossiping
Bursian O., Kokhas K., Kuyumzhiyan K.

1 Gossip problem

Each of n > 3 individuals (gossipers) knows a unique piece of information (a gossip) which is not
known to the others. Gossipers communicate by phone. At each call, two gossipers participating in it
pass on to each other all the gossips they know at that time. Each gossiper wants to transmit his gossip
to every other person. A calling sequence which completes gossiping among n people is called a gossip
scheme.

The aim of this set of problems is to find the minimal number of calls in a gossip scheme for each n.
The schemes that contain this number of calls are called fastest. There may exist different fastest schemes
for some n.

1.1. What minimal number of calls is needed for 4 gossipers?
1.2. Prove that for each gossip scheme, the reversed sequence of calls is a gossip scheme again.

1.3. Prove that there exist gossip schemes of 2n — 4 calls.

Assume that n gossipers have a gossip scheme of at most 2n — 5 calls. Choose the minimal n for which
we can find such a scheme. We call this n interesting, and by a superfast scheme we mean the fastest
gossip scheme for this n. In the next problems we study properties of superfast schemes.

1.4. Let n be an interesting number. Prove that no two gossipers A and B communicate twice in
the superfast scheme.

1.5. Let n be an interesting number. A sequence of calls is such that at some moment gossiper A
calls to gossiper B, later B calls to C, and after that C' calls to A. Prove that this sequence of
calls is not superfast.

1.6. Gossipers make calls according to a superfast scheme. Fix a call from a gossiper A to a
gossiper B. It turned out that this call is the last call of A in this scheme. Prove that this call is
also the last call of B in this scheme.

1.7. Prove that if in a superfast scheme gossiper A calls to gossiper B, then they knew no common
gossip before this call.

1.8. Prove that a superfast scheme contains at least 2n — 5 calls.
1.9. Prove that in a superfast scheme each gossiper makes at least 3 calls.

1.10. For each n, prove that a fastest gossip scheme consists of 2n — 4 calls.

2 Uncommunicative gossipers

Suppose that not all n gossipers know each other, and that gossipers can call only the persons they
know. Let F' be a graph that depicts familiarity between persons. We assume that the graph F' is connected.
The aim of gossipers is to transmit all their gossips to all the others by minimal number of calls.

After several calls, we can construct a communication graph G: its vertices are gossipers and edges
are calls (multiple edges are allowed). As to the order of the calls, this information is not presented in the
graph. To keep the order, we can label its edges.

2.1. Prove that for each connected graph F' the fastest scheme consists of 2n — 4 or 2n — 3 calls.
2.2. Prove that if a graph I’ contains a 4-cycle then the fastest scheme consists of 2n — 4 calls.

2.3. Prove that if a graph F' contains a unique cycle Cy (k # 4) then the fastest scheme consists
of 2n — 3 calls.

2.4. Prove that if a graph F' does not contain a 4-cycle then the fastest scheme consists of 2n — 3
calls.
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Let F' be a connected graph that depicts familiarity between n persons, but now the gossipers
communicate by telegraph, i.e. gossipers can send telegrams, and every telegram contains all the gossips
known to the sender.

2.5. Which minimal number of telegrams is needed?

2.6. Consider an «economical» telegraph gossip scheme which avoids duplication of information:
every gossiper receives by telegram each gossip at most once. In this scheme, it may happen that
a gossiper receives a telegram which contains his own gossip. Prove that in each «economicals
gossip scheme there are at least n — 1 such gossipers.

3 Variations to a gossip problem: NOHO

Suppose that n gossipers know each other. Consider the following restriction on the call scheme: no
gossiper hears his own gossip from the others (NOHO: No One Hears Own). It is clear that in a NOHO
gossip scheme a communication graph G has no multiple edges (and even triangles), and all the vertices
have degree at least 2.

3.1. Atypical example. Consider 10 gossipers: 3 gossipers know gossip A, 3 gossipers know
gossip B, 2 gossipers know gossip C' and 2 gossipers know gossip D. Does a NOHO gossip scheme
exist for these people?

In the next two problems, we assume that initially everybody knows his unique gossip.

3.2. For which n do NOHO gossip schemes exist?
3.3. Prove that a NOHO gossip scheme consists of 2n — 4 calls.

4 Variations to a gossip problem: NODUP

Suppose that n gossipers know each other. Consider gossip schemes with the following restriction:
before each communication, the gossipers participating in it know no common gossip (NODup: No
Duplication). We met this property (of a non-existing object) in Problem 1.7.

4.1. Does a NODUP gossip scheme exist for n = 127
4.2. Suppose that there are 6 groups consisting of 13, 8, 6, 5, 4, 4 gossipers, and the gossipers in
one group know a unique gossip. Does a NODUP gossip scheme exist?

In the next four problems, we assume that initially everybody knows his unique gossip.

4.3. Does a NODUP gossip scheme exist for n = 207
4.4. For which n do NODUP gossip schemes exist?

4.5. For infinitely many values of n and some constant ¢, give examples of NODUP gossip schemes
with %n + ¢ communications.

4.6. Prove that a NODUP gossip scheme contains at least %n + ¢ communications for some
constant c.

Addition to previous variations

A gossiper is called expert if he knows all the gossips. A gossiper is called semi-expert if there exists a
non-expert among the other gossipers such that this gossiper could become expert after a communication
with this non-expert. Two such semi-experts are called complementary.
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The following idea is useful. Fix a gossip scheme and two gossipers A and B in it. If A and B become
experts after the 50th communication, but their first talk was the 100th communication, then we can
reorder communications: let AB be the 51th communication and shift all the subsequent communications,
this will be a gossip scheme again.

1.11. Among all the superfast gossip schemes, find a scheme in which the first expert appears after
a minimal number of communications. (This can happen after at least n — 1 communications.) Let
us fix this gossip scheme. After the moment when the expert has appeared, at each moment let ¢ be
the number of experts and m be the maximal number of non-intersecting pairs of complementary
semi-experts. Prove that there remain at least n — ¢ — m communications in this scheme.

1.12. Give another proof of 1.10, using the semiinvariant from the preceding problem.
4.3%. Prove that NODUP gossip schemes do not exist for
a) n = 14; b) n = 18.
4.4%. Prove that in a NODUP gossip scheme for n > 4 each gossiper participates in at least three
communications.

There are n chemists (n > 3). Each one has 1 kg of his unique reagent. If two chemists meet, they divide
equally all the reagents they have. In a good home laboratory, all the reagents have to be represented.
Clearly 2n — 4 meetings are enough to make home laboratories of all the chemists good. But for efficient
work, it is necessary to have at least a grams of each reagent.

1.13. For which maximal o we can make all the home laboratories efficient after 2n — 4 meetings?

5 Bad connection

Take n gossipers and an integer k. We consider the following restriction: the communication schedule
is strictly fixed in advance, however, it is known that “connection is bad” and k communications may
cancel (i.e., the corresponding gossipers cannot pass on their gossips at time). Also, the analogous setting
can be considered for the case of telegraph.

5.1. Suppose that gossipers use telegraph and the connection is bad, i.e. it is known that some k
telegrams may be lost.

a) Suppose that one gossiper is commander-in-chief. A schedule of telegrams must be such
that the commander-in-chief knows all the gossips at the end. Which is the minimal number of
telegrams necessary for such a scheme?

b) All the gossipers want to know all the gossips at the end. Which minimal number of telegrams
is needed?

5.2. Suppose that one gossiper is commander-in-chief. The connection is bad. A schedule of
communications must be such that the commander-in-chief knows all the gossips at the end.
Let us denote the minimal number of communications necessary in this case by u(n, k). Prove
that

a) p(n, k) = [E-L . n] for k >n—2.

b) p(n, k) = [E2 - (n—1)] for k <n—2;
5.3. Let us denote by 7(n, k) the minimal number of communications necessary for n gossipers to
know all the gossips at the end if it is known that connection is bad.

a) Prove that 7(n, k) < [(k+ 3)(n —1)].

b) Give a lower bound for 7(n, k). Please give a bound which is not much worse that the bound
from a).

The exact value of 7(n, k) is not known. In Problem 5.2, the following lower bound is known: p(n, k) +
n —2y/n < 7(n, k). It is not known whether the sequence 7(n, k) — (k + 2)n is bounded for fixed k.

5.4. We have a new setting. Suppose that communications do not cancel, but gossipers want to
operate with reliable gossips. For a gossiper, a gossip which is not his own gossip is reliable if he
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heard it at least k+ 1 times. Prove that the minimal necessary number of communications y(n, k)
satisfies the following inequalities:

a) y(n, k) < [EE] 4

b) [E0=DT 1o, n| < (n, k).

6 Lazy gossipers

6.1. Suppose that n gossipers have performed several communications. It turned out that the
communication graph is a tree, and that every gossiper knows at least k gossips after these
communications.

a) Prove that n > 2F-1.

b) Suppose that the communication graph is a tree. Also suppose that all but one gossipers
know at least k gossips each after these communications. Prove that n > 281 — 1.

Now let us fix integers n and k, where k < n. We consider the case when n gossipers know each other,
but their curiosity is bounded: each one wants to know at least k gossips at the end. Let us denote by
P(n, k) the minimal number of communications necessary for this.

We assume below that k > 4. Let us introduce a useful notation. For a fixed k, let us consider the
following finite sequence

ti=1i+28"2  where 0 <i<k—4.

This sequence is decreasing.

6.2. Suppose that k is “rather small” with respect to n, namely, n > 2¢~!. Prove that gossipers
need “almost n” communications: P(n, k) = P;ljl -nl.
6.3. For greater values of k, find ¢, 0 < i < k—4, such that t; < n < t;_;. Prove that P(n, k) < n+i.

6.4. Prove that in the previous problem, we have the equality P(n, k) =n + i.
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Solutions

1.1. OrBeT: 4 calls.

1.2. If there is a chain of calls which passes the A’s gossip to B, then the reversed chain will pass
the B’s gossip to A.

1.3. We prove this statement by induction. Induction base for n = 4 is already proved. To prove
the induction step, we add one gossiper and two calls, the very first call is the conversation of the
new gossiper with any other gossiper, then we make calls according to the old gossip scheme, and
the very last call is the conversation of the new gossiper with any other gossiper.

1.4. [11, Lemma 2|. Let us “glue together” gossipers A and B: we will treat them as one person
who knows the union of the gossips previously known by A and B in every moment. We can delete
all the calls between A and B. Then we obtain a gossip scheme for n — 1 gossipers, consisting
of 2(n — 1) — 5 calls, which contradicts minimality of n.

1.5. This statement is taken from [1]. We exclude gossiper A, all his calls which were made before
the call BC are diverted to B, and his remaining calls are diverted to C. We diminished the
number of gossipers by 1 and the number of calls by 2, this contradicts minimality of n.

Remark. We can label the edges of the graph of calls: on every edge, we write the number of
this call in the gossip scheme. Then the way of a gossip is a path in the graph such that the labels
along this path increase. The condition that every gossiper knows all the gossips at the end means
that for every two gossipers A and B, there is a path with increasing labels from A to B (and
from B to A, too).

In the same way we can show that there do not exist longer (than 3 edges) chains from A
to A such that the labels along this path increase. Indeed, let AB;Bs...BpA be such a chain.
We want to exclude the gossiper A, his two calls AB; and ABy, and to divert all the remaining
edges incident to A. We compare labels on these edges with the labels on edges By Bs, By Bs, . . .,
By._1 By, and those which are less than By Bs are diverted to By, those which are among B B, and
By B3 are diverted to By, and so on. One can check that this will be a gossip scheme for n — 1,
which contradicts minimality of n.

1.6. Suppose that gossiper B knows all the gossips after the conversation with A. Suppose also
that after the conversation AB, there was also a conversation BC'. It means that C' has heard his
own gossip from B, i.e., that there are cycles in the gossip scheme. But it contradicts Problem 1.5.

1.7. This statement is taken from [11, Lemma 4], it is equivalent to the intersection lemma [1].The
following idea is useful: if at some moment Peter and Paul have the same information (i.e., just
after the conversation between them), then we can change them in all the subsequent calls, and
this will be a gossip scheme again.

Suppose that just before their conversation, gossipers A and B both knew the gossip of C.
Consider the chains of calls which pass the gossip of C' to A and to B:

.—»o—»---—».A
C D\
s B

JomycTtum, 9TO B 9TOM HOCje0BaTeIbHOCTH 3B0HOK D F ObL1 panbiie 3souka DF'. Torna, mo-
MeHAB MecTaMu ciuieTHUKOB D m F', cpa3y nociie 3B0HKa DF' MBI MOXKEM CYUTATH, YTO BMECTO
3BoHKa F'H mvmen mecto 3B0HOK DH. Y HAC HOTyYUTCS IOCJIEI0BATETLHOCTD 3BOHKOB, B KOTO-
poii nenouka DF H ... B, HaXOmsIIascs mocje «pasBUIKA», YKOPOTUIACH (Telephb 3TO IErnovKa

DH ...B).
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.—»o—»---—».A
C D\
F H B

3sonok D H no-nipexxuaemy nozxke DE. [Ipogokas Takue JeficTBHs, MbI ITOJTHOCTBIO YCTPAHUM
nenouky H ... DB nocie «pa3suikuy». Ha mocieaem mare 3Toro mporecca Mbl TIOMEHSIEM MECTaMu
ciiernukoB B u D (cpa3y nocste pasrosopa BD), ipu 3rom pasroBop AB, ¢ KOTOPOro Mbl HAYaJ K
pemenne, 3amerntcst Ha AD. Y Hac ocranercs nenodka DFE ... A u nociemyiommii pasrosop AD.
9DTO HEBO3MOXKHO 110 3aja4e 1.4.

1.8. This statement is taken from [1]. If every gossiper participated in at least 4 communications, all
in total there were at least 2n calls.Suppose that a gossiper A participated in three communications.
To pass the gossip of A to the other gossipers is the same as to consider the union of all the
increasingly labelled paths starting at A. This is a connected subgraph containing all the vertices,
hence, it contains at least n — 1 edges. Also consider the union of all the decreasingly labelled
paths starting at A. It also contains at least n — 1 edges. These two subgraphs may intersect
only by the edges incident to A, otherwise the union of a decreasing path and of an increasing
path will give a labelled circle which will contradict to the Remark above. This gives at least
(n—1)4+(n—1)—3=2n—>5 edges.

1.9. If a gossiper A participates in k& conversations, then, as in the previous problem, 2n — 5 >
(n—1)+ (n—1) — k. Hence, k > 3.

1.10. It is enough to explain why there are no superfast gossip schemes consisting of 2n — 5
calls. By Problem 1.6, a call can be initial (all in total n/2 such calls, it is the first call for both
interlocutors), final (also, all in total n/2 such calls, it is the last call for both interlocutors) and
mean calls (n—5 such calls). By Problem 1.9, every gossiper participates in at least one mean call.
Consider the graph of mean calls. It has n vertices and n — 5 edges, hence, at least 5 connected
component, each containing at least one edge.

Fix a gossiper A and let AB and AC' be his first and last calls, respectively. There are at least
two connected components of the mean edge subgraph not containing vertices A, B, and C, there
are at least two edges in these components.

Consider the union of all the increasingly labelled paths starting at A. This is a spanning
subgraph, hence, it contains at least n — 1 edges. Also consider the union of all the decreasingly
labelled paths starting at A. It also contains at least n—1 edges. As in the solution of Problem 1.8,
these two subgraphs may intersect only by the edges incident to A, otherwise there wil be a
labelled circle. Now take two connected components chosen above. The internal edges of these
connected components occur neither in increasing nor in decreasing paths starting from A. Let k
be the degree of A in the initial graph. The union of two spanning subgraphs contains at least
n—14n—1—k>2n—>5—2 edges, hence, k > 5. Since A was taken arbitrarily, it means that
the graph contains at least 5n/2 > 2n — 5 edges.

2.1. This statement is proved in [6]. The hardest part is done in Problem 1.10, and it remains to
prove that for a tree, we need 2n—3 communications. First, let us show that 2n—3 communications
is enough. Fix a root in the tree, and suppose that gossipers subsequently call from faraway vertices
to the root (formally, we can order the edges with respect to the distance to the root; firstly, calls
are made using the most far edges, then by the edges of maximal distance minus one, and so
on). After these calls, we will have two gossipers who know all the gossips: the root and one
of his neighbours. Then we make first n — 2 calls in the reverse order. All in total this gives
n—14+n—2=2n—3 calls.

This is the minimal possible number of calls. Indeed, otherwise there would be at least two
edges used once. Let us call such edges singular. Two singular edges split the graph into three
connected components, and we may treat it as a graph with three vertices and two (singular)
edges, hence, this is not a gossip scheme.
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2.2. We present here the construction from [6]. We can contract the cycle Cy into one vertex and
treat it as the root of the obtained tree. As in Problem 2.1, gossipers will subsequently call from
faraway vertices to the root, then we will apply the fastest gossip scheme from Problem 1.1 to
C}y, then make the calls on the edges of the tree in the reverse order. This gossip scheme needs
(n—4)+4+ (n—4) =2n — 4 calls.

2.3. JlokazarejbeTBo npuBeIeHo B [6].

[Ipeamosokmm, 9TO CYMECTBYET CIIOcod, comeprkamiuii Bcero 2n — 4 3Bonka. Torma 3amernm,
YTO Kark70e pedpo JIOMKHO OBITh MCIOJIB30BAHO B 9TOM CIIOCODE OIIOBEIEHNS XOTs OBl OJINH Pas.
Ecin 310 pebpo sBjisieTcss MOCTOM U He OBLJIO MCIIOJB30BAHO, TO HEBO3MOXKHO PACIIPOCTPAHEHUE
uHMOPMAIMHE MEXKJIy JIBYMs YaCTAMH, Ha KOTOPbIe OHO jesuT Ipad. Kcim oHo jiexkut na nukiie,
TO IOCJIEe ero yiajienus u3 rpada MmojydaeM JIEPEBO, B KOTOPOM paclpocTpaHenune uHdopMauu
HEBO3MOKHO OBICTpee, deM 3a 2n — 3 1o pertennio nyHkTa 2.1. CremgoBaresbHO, Ipu criocobe 3a
2n — 4 3BOHKa MMeeTcs 10 KpaifiHeil Mepe 4 CHHIYJISPHBIX pebpa (HAITOMHUM, 9TO Mbl HA3BIBAEM
pebpO CHHTYJIPHBIM, €CJIH €My COOTBETCTBYET JIUIIbL OJINH 3BOHOK).

Homyctum, 9rto x0T Obl 0JIHO U3 9TUX pebep sBjsiercs MoctoMm. llpu ero ynanenun rpad
pacrajiaeTcs Ha JiBe KOMIIOHEHTBI CBA3HOCTU. Torma K MOMEHTY 3BOHKA 110 3TOMY Pedpy B KaXKJI0M
U3 €ro KOHIIOB JIOJIZKHA HAKOIHUTbCA BCsl MH(MOPMAIUS U3 COOTBETCTBYIOINIEH KoMmmonenTol. [lycTh
pasMep OJ[HOW M3 KOMIIOHEHT paBeH @, TOrja Jyisi 9Toro norpebyercs (@ — 1) + (n —a — 1) =
n — 2 3BoHKOB. [locse 9Toro mpomcxouT 3BOHOK IO MOCTY M €Ille CTOJIBKO K€ 3BOHKOB, UTOOBI
undopMaIys pacipocrpanmiach obparno. B cymme mosygaem 2n — 3 3BoHka. Takom obpazom,
CUHT'YJIIpHBIE pebpa He MOryT ObITh MOCTAMU, T. €. BCe OHU JIEYKAT Ha IUKJIE.

Torma mocyie ynajieHus: CHHTYISIPHBIX pedep n3 rpada MmoaydnTcesd 4 KOMIOHEHTHI CBSI3HOCTH,
KazK/lasg U3 KOTOPBIX fABJsAeTcs JiepeBoM. lleperymepyem mx B mopsake o0xo/ia MUKIA, IMIyCTh 3TA
KOMIIOHEHTBI COJIEPXKAT Ny, Ng, N3, N4 BEPIIUH, Ny + No + n3 + ng = n. [locmorpuMm, B Kakom
HOPsiJIKe CUHIYJIPHBbIE Pedpa MOI'YT BXOJUTH B IIOCJIEIOBATEILHOCTD 3BOHKOB. [lycTh cHavasia B
[I0CJIEJIOBATEILHOCTH 3BOHKOB CTOST JiBa PeOpa, CBI3aHHBIX C OJIHOM U TOIi K€ KOMIIOHEHTOM 7. DTO
HEBO3MOKHO, TaK KaK TOIJA 9Ta KOMIIOHEHTa He TIOJIYIUT CBeJeHIH 13 KOMITOHEeHTHI (i+2) mod 4.
3HaunT, MOpAI0K BXOXK/IEHUA CHHIYIAPHBIX pedep B Criocod OMOBENIeHUs AHAJOTHICH HOPSJIKY
BXOXKJIeHHS pebep rpada B perieHun myHKTa 1.1: MOXKHO CYUTATH, 9TO CHAYasIa OBLIU CJIIe/TaHbI
3BoHKU 1-2, 3—4, a nocye sToro 2-3 u 1-4.

K momenty cosepienusi 3sonKa 1-2, 06a cobeceHUKa JOJKHBI ObLIM 3HATL BCE CJIYXU U3
CBOEl KOMIIOHEHTBI, 3HAYUT, K 9TOMY BPEMEHH JIOJIKHO ObLIO ObITH COBEPIINEHO He MeHee (n; —
1)+ (ng — 1) 3BOHKOB BHYTPH 9THX KOMIIOHEHT. AHAJIOTHYHO K MOMEHTY 3BOHKA 3—4 JOJIZKHO OBLIO
ObITH coBepIlieHO He Meree (ng — 1) + (ny — 1) 3BOHKOB BHYTpPHU TpeTheil 1 9eTBEpTOil KOMIIOHEHT.
Mpb1 nacunTasmm n — 4 3BOHKOB.

Jlajiee, B pe3yJsibTaTe COBEPIIEHUsS 3BOHKA 2—3 KaK/bIil U3 cOOECEIHUKOB y3HAJ YHUKAJIbHBIN
JUUIsl CBOE#l KOMIIOHEHTBI HOBBIN CJIyX. SHAYHT, [IOCJIE 9TOI0 3BOHKA B KOMIIOHEHTAX JIOJIKHO IIPO-
usoiiTu ere e MeHee (ng — 1) + (n3 — 1) 3BOHKOB, PACIPOCTPAHSIONINX STH YHUKAJIBHBIE CIYXU.
Anasormano mociie 3BoHKa 1-4 npomsoiizer me menee (ny — 1) + (ng — 1) 3BOHKOB B mepBoil u
JeTBepTOil KoMmronenTax. Mbl oOHapyKuIu ere n — 4 3BOHKA.

Tak KaK HAIIl UK COJEPKUT OoJiee 4 BEPIIUH, TO €CTh XOTs ObI 0JiHa KOMIIOHEHTA, IIYCTDb JIJIst
OIIPE/IEJIEHHOCTH TIePBasi, /I KOTOPOIl CMEXKHbIE C Hell JIBa CHHTY/IAPHBIX pedpa He UMeoT o0Ieit
Beprmubl. CJie/10BaTeIbHO, 9Ta KOMIIOHEHTa CMOXKET TepeaTh nH(MOPMAINIO, KaK 9TO TpeOyeTcst
IIPU CITIOCOOE OIOBEIEHNUs, TOJILKO €CJIU B IIPOMEXKYTKE MKy 3BOHKaMu 1-2 u 1-4 BHyTpH 1epBoit
KOMITOHEHTHI OyJIeT c/iejlaH XOTs Obl OJMH 3BOHOK, MEPEIAONINil CIyXU BTOPOIl KOMIIOHEHTHI OT
cobeceTHIKA, TOJIBKO UTO Y3HABIIErO 10 3BOHKY 1-2, K cobeceHUKY, KOTOPbIl Oy/IeT 1epeiaBaTh
UX 110 3BOHKY 1-4. DTOT 3BOHOK ellle He ObLI yITeH HAMU PaHee.

Nroro mer nmeem (n —4) 4+ (n —4) + 4 + 1 3BoHKOB.

2.4. @.Xapapu u A.lllenk [6] npemmaramu B 1974 1. $10 3a mokasaresabcTBo 3TOro akxra.
B 1980 r. R.Bumby [4] pemmn sty 3amaay. Yyrs mosxke D. Kleitman u J. Shearer [7] npusesnn
JIpyroe JI0Ka3aTeJIbCTBO, IMPUYEM B MX PACCYKJICHUAX HEe TPeOOBAJIOCH, YTOOBI BCE 3BOHKHU ObLIN
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JBYCTOPOHHUMHE. MBI IIPUBOJIMM JIOKA3aTEIBCTBO U3 |7, BIpoueM, olycKasi JeTasi, BOSHUKAOIIIE
B CJIy9ae OJHOCTOPOHHUX 3BOHKOB.

[IycTps nana cxema oroBeleHus, cocrosimast u3 2n — 4 3B0HKOB. /lokakem, 4TO OHA COJEPKUT
4-1TIK T

[Topg/10K 3BOHKOB B CXeMe OIIOBEIeHMs He 3aJ/laH KEeCTKO. Pa3Hble mepecTaHOBKHU ITOCTIEIO0-
BaTEJILHOCTU 3BOHKOB, Peasu3yIoliue OIoBenieHune, Oy/1eM Ha3bIBaTh YnopA0ovUuSaHUAMY CXEMbI
OTIOBEIICHUS.

Pacemorpum rpady, nzobpazkaromiuii nepsbie 77— 1 3BOHKOB, 1 OTMETUM €I'0 HAMMEHDBIITYIO KOM-
MIOHEHTY CBSI3HOCTH, ABJIAIONLYIOCS JIepeBOM. Takas KOMIIOHEHTa BCET/ia HallJIeTcs, TaK KaK B IIPO-
TUBHOM CJIydae CyMMapHOe YUCJI0 pebep OKayKeTCs He MeHbIlle CyMMapHOro duc/ia sepiuh. [lycrs
S — MUHUMAaJIbHAsI OTMeYeHHas KOMIIOHEHTA-ePEBO, BHIOPAHHAS IO BCEM YIIOPSIOINBAHUSIM.

[Iycts B KOMIIOHEHTE S CcostepkuTCea m BepmuH. OTMETHM, UTO M 2> 2, TIOCKOJIbKY WHAYE, eCIN
m = 1, a Mbl n300pa3u/n y»Ke n — 1 3BOHKOB, TO YTOOBI MHMOPMAIUs OT STON BEPIIMHBI JIOILIA
JIO OCTAJILHBIX, MOTpedyercs eiie He MeHee N — 1 3BOHKOB, T.€. B cyMMme Oyier Oosibine 2n — 4
3BOHKOB. Paccmorpum (m — 1)-if 0 OpsiIKy 3BOHOK BHYTPHU KOMITOHEHTHI .S. Eci ero orMeHuTb,
KOMIIOHEHTa PAaCIaJIeTcd Ha JiBe JacTu — S u Sy. OudTh rnepedupast yInopsioueHust, MEHSIOIIIe
MeCTaM¥ 3BOHKHM BHYTPH S, MBI MOXKEM JIONOJHUTEHLHO CIATATH, 9TO S| — HAWMEHbBINas BO3-
MOKHasl KOMIIOHEHTa B TOM CMBICJIE, YTO JIPYTHUE YIOPAJOUYEHUsT He MOT'YT JIaTh HaM KOMIIOHEHTY
crporo cogepzkatyocst B 5. Ilyers (m — 1)-it 3BOHOK TPOUCXOIUT MEKIy BEPIIMHAMU T7 € S
u y; € So. Mbl 1ocjieioBaTeIbHO IPOBEPUM CJIEJIYIONINE AT YTBEPXKICHU, BbIJICJIEHHBIX Kyp-
cuBOM. U3 mATOTrO yTBEPKIEHUS CJIEJIyeT, YTO CXEMa OIIOBEIIEHUS COJEPKUT 4-TUKJI, 9TO HAM
u TpebyeTcs.

YTBepKIEHU .

1) Komnonenma Sy codeporcum ne menee 06Yx 6epuiun.

2) Ilycrs kKoMIoHeHTa S7 coctout u3 j BepimH. Torga (j — 1) 3BOHKOB, c/iejiaHHbIe BHYTPH S1,
(cpesu mepBBIX M — 2 3BOHKOB B .S) MpEBpAIAIOT 3Ty KOMIIOHEHTY B JiepeBo, obo3Haunm ero 1’
(a obozmauenue Sy Oy/IeM OTHOCUTH CKOpee K MHOXKeCTBY BepinuH). Ilycrs jana mekoropasi 1mo-
CJIEJIOBATE/IbHOCTD 3BOHKOB. ByjieM Ha3bIBaTh 3BOHOK MEKJIy BEPUIMHAME @ U b 0cobeHHbiM, €CIn
9TOT 3BOHOK IIPOU3OINEJT TI037Ke BCEX OCTAJbHBIX 3BOHKOB ¢ ydactuem a uau b. Jlepeso T codep-
orcum eduHCMBEHHbT 0COOEHHVIT 360HOK, 6 IMOM 360HKE 0DA3AMEALHO YHACNEYEM EPUUHA T1.
O603HAYMM Yepe3 Ty BTOPOrO yUaCTHHUKA ITOIO 3BOHKA.

3) Hust mocrpoennsi Mmuoxkects S, Sy u jepesa 1 Mbl UCHOJIB30Bad 1 — 1 MEPBBIX 3BOHKOB.
Criocob OlOBeIIeHUs COJAEPKUT €Ille 1 — 3 3BOHKa, 0003HAYNM MHOYKECTBO 3THX 3BOHKOB uepe3 L.
Ecim ynamurs us nepesa T pebpo 122, JepeBo paciajercs Ha ape yactu 1) u Ty, vae obo3HaueHnst
BBIOpaHBI Tak, 910 1 € 11, 9 € Ty, eM. puc. 1. Jlaa kaocdot sepwunove z ¢ Ty (6 mom wucae

7 N /T
\

N

Sl 52

Puc. 1. Komnonenra csasnoctu S
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ONA BEPWIUN Z, AEHCAUUT 6HE S) CYWeCmBYem Uenowka 360HK08, COOEPHCAUWAA AUWD 360HKU
us LU {x1y1, 122}, no Komopot x z moocem nputimu cayr om sepwunovs 1. To okce Kacaemcs
DACTLPOCTPAHENUA UHPOPMAUUL O Ty K Gepuiunam ehe To. Boaee mozo, MHO0HCECTNEO 360HKOG
LU {x1y1, T122} 06paszyem depeso.

4) IocaedosameavHocms 360HKOS, KOMOPas 00CMABAAEM CAYT 6epuiune Ti (UAu Tz) om oc-
MANLHYIT, Modcem codeporcamv ne boaee 00nozo 360nka u3 L U {x1y1, 122}, u ecau maxosot
360MO0K BCMPEMUACA 6 IMOTL NOCALOOBAMENHOCTNU, OH ABAACTNCA 6 Hell NOCACOHUM.

5) PacemoTpun Kakyo-HEOY b TTOCIE0BATEIBHOCTD 3BOHKOB, 110 KOTOPOI CJIyX Y1 JIOIIENI 10 3.
[IycThb Y29 — HOCIIEIHMIT 3BOHOK B 9TOI IIOCJICI0BATE/ILHOCTH. Tereph paccCMOTPUM KaKyio-HUOYIb
HOCJIEI0BATE/ILHOCTD 3BOHKOB, 110 KOTOPOM CJIYX ¥ JOWIEJ 10 T1. IIyCThb 1327 — HOC/IeHIIT 3BOHOK
B 9TOIl TOCIeI0BATEILHOCTH. 1Ipoo/nKas 3T0 MOCTPOEHIE, CKAZKEeM, 9TO ;41 — 9TO TOT CILICTHUK
(He COBNAJIAIONINIL C X1 U T3), KOTOPBIH YIaCTBOBAJ B MOC/IEHEM 3BOHKE W3 IIOC/IEI0BATEIBHOCTH,
JOCTABUBIIEH CIyX OT y; K 1 (ecim i 4eTHO) win o (ecu i He9eTHO). Bee sepuunsl y; aescam
6 Sy. Hatidymesa mewemmnoe iy, “emmoe iz, Maxue 4mo Yy, — 360nok u3 Sy. Boaee mozo, 6
IMOM. CAYHGE Ui X1, Yi,To — 360MKU, NPUHAOAEHCAULUE HAWET CTEMe ONOBEULEHUS, NPUUEM OHU
COBEPUWEHDL NO3ICE 360HKOE T1To U Uiy Yi, -

,ﬂ;OKaBaTeJIbCTBa.

1) Moxmo cunrarb, 9T0 3BOHOK Z1Yy; ObL1 (n — 1)-M 1o cuery. Ecam S; cocrout u3 omoit
BEPIIHIBI, TO MOC/IE IEPBLIX 7 — 2 3BOHKOB, CJIyX U3 9TOIl BEPIIMHLI ele HuKyAa He yrmes. s
€ro pacHpOCTPaHeHUs IIOHaI00UTCs ele o KpaiiHeit Mepe n — 1 3BOHKOB, T.e. B CyMMe OyJeT He
MeHee 21 — 3 3BOHKOB.

2) D710 cremyeT U3 yCJIOBUA MEHIMAILHOCTH, HajloXKeHHOro Hamu Ha Sp. [locieuuii 3B0HOK —
BCeria OCOOEHHBIH, TaK ITO XOTs OBl OJMH 0COOCHHBIN 3BOHOK cyiiecTByeT. Ecsn Obl B S; Hamescs
0COOCHHBIN 3BOHOK ab, He 3a/IeBaIONIN BEPIIUHY 1, MBI MOIVIA ObI IIEPeyIIOpAI0IUTh 3BOHKA B S,
rocTaBuB 3BOHOK ab na (m — 1)-e mo cuery mecro. Torga mepsbie m — 2 3BOHKA HOPOXKIAJIHN ObI
KOMIIOHEHTY, CTPOT'O COJIEPZKAILYIOCS B S, YTO IPOTUBOPEYUT €€ MUHUMAIBHOCTH.

3) B mameii cxeme omoerreHus CJIyX oT rp MO KAKOW-TO IEMOYKe 3BOHKOB JIorest J0 z. Ilycrs
ab — 1epBbBIil 3BOHOK B 3TOi 1enovdke, He Jexamuit B 1. Torma ab u Bce mociieyioniue 3B0HKI
B 91001 1eniouke Jsiexkat B L U {x1y1, 1122}

Eciu cymectByer nernodka 380HKOB u3 LU{x1y1, 122 }, npeiecTByomnias ab u J0CTaBIAONIAsT
uH(OPMAIIO OT X1 K @ WK b, 00bEINHIM €€ ¢ IPebLIyIIeil PACCMOTPEHHOM EMOYKON 1 IIOJIY YUM
TpebyeMyIo LEHOYKY OT I7 K z. Ecim »Ke Takoil HEHOYKU He CYIIECTBYET, TO CXEMa OIOBEIICHUs
JIOIYCKAET CJICAYIONIEE IePeyHOPsAI0UMBAHNe 3BOHKOB: IICTh 3BOHOK Z1l; HJET N-M IO CYeTy,
3BOHOK 1% — (n — 1)-M, a 3BOHOK ab WM KaKO{i-TO 3BOHOK U3 L, MPEJIIeCTBYIONHA 3BOHKY
ab, — (n — 2)-M 1o cueTy (OTHOCHTEJIbHBIN MOPSIIOK OCTAIbHBIX 3BOHKOB He M3MEHUJICH ).

Eciin Teniepn (n — 2)-it 3B0HOK He 3ajieBaer S; (mm Sy), To B HaYaJIe B KAU4eCTBe S MOYKHO ObLIO
B34Th S (mm Sy), 9ro nporuBopeunT MuHUMAaILHOCTH S. Ecim xe (n — 2)-it 3BOHOK coeuHSIeT
S1 ¢ Sy, TO 9TO MIPOTUBOPEUUT MUHUMATIBHOCTH S, TaK Kak yjaaieHue (n — 1)-ro mo cuery 3BOHKA
Z1Z9 TEIEPhb CO3JAaeT KOMIIOHEHTY, CTPOTO COAEpyKaILyiocst B S1.

MBI 10Ka3a/1 CyIecTBOBAHNE IIEHOYKK 3BOHKOB, IIepeJaommuX HHMOPMAIMIO OT L1 K 2 1 JIe-
xkamnwx B LU {x1y1, 122 }. AHAJOTUYIHO CYIIECTBYIOT HEHNOYKH, [epeaoliue NHMHOPMAIIUIO OT Ty
K z ¢ Ty. Takum obpazom, muoxkectBo L U {1y, 122}, comepxkaiiee n — 1 pebpo, 1mo3BoJIsteT
PaCIpOCTPaHATh UHGMOPMAIMIO OT X1 U Xy K OCTAJbLHLIM 1 — 2 Bepimunnam. CienoBarenbno, pebpa
u3 LU {x1y1, £122} MOPOXKIAIOT OCTOBHOE JIepeBO Ipada 3BOHKOB.

4) OcToBHOE JIEPEBO, OIMUCAHHOE B IIPEJIBLYIIEM IIyHKTEe, COCTOUT U3 3BOHKOB L U {x1y1, T172}.
OTH 3BOHKU B HAIIIEM CIIOCOOE OIOBEIeHNsT XPOHoIorndecku nocseanue. [losromy eciin mociiesio-
BATEJIbHOCTH 3BOHKOB, Iepe/iaoiias nHGOpMAaIuio u3 2 B 1 (JUist Ty PACCYZKJIEHNs AHAJOTHIHBI ),
COJIEPXKUT 3BOHOK n3 LU{x1y1, X1X2}, TO U BCe TOCIEYIONIIE 3BOHKI TOXKE JIEKAT B 9TOM MHOXKe-
crBe. Ho 11emovukn 3BOHKOB B 9TOM OCTOBHOM JI€PEBE «YBOJAT» UH(MOPMAIUIO OT «IeHTpay T3 U Lo
K JIDYI'UM BEPINUHAM, [I03TOMY €JIMHCTBEHHbIN CIIOCOO mepejaTh HH(MOPMAIMIO B 1 — IEPEJIaTh
ee OT HEeIlOCPEJICTBEHHOT'O coce/la BEPIIMHBL 1, T. €. IO IeloYKe, cojJepzKallleil JUIlb OJIMH 3BOHOK
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C y4dacTuem Ty, 9L

5) Ilo ompenenenuto y; € Sy. B cuiy cBoiicTBa 4) B Iierovyke 3BOHKOB, JlocTaBuBIIeil nHMOD-
MAaIIo OT ¥, K To BCE 3BOHKHU, KPOMeE, OBbITH MOKET, IIOCJIEIHEIO 3BOHKA Lo, — ITO KAKME-TO W3
HEPBLIX 1 — 1 3BOHKOB, KPOME X1Y1, L1T9. 110 OTHOIIEHNIO K 9THM 3BOHKAM MBbI OIIPEIEISIIN Sy Kak
KOMIIOHEHTY CBSI3HOCTH, II09TOMY Yo € So. AHAJOIMYHO IIPOBEPSIETCS, YTO U BCE OCTAJIbHBIE BEp-
IITUHBL Y; JiesKaT B Sy. OTMeTHM, 9TO TOrIa 3BOHKN BUIA ;X1 WK Y;To U3 ONPEIeICHUsT BEPIIUH I;
npuHaJIe)KaT ocropHomy nepey £ U {x1y1, 2122}

[Tocko/ibKy KOMITOHEHTa Sy KOHEYHA, KAKHE-TO JIBE U3 BEPIIUH COBIAJIAIOT, CKAYXKEM, ; = Ui k-
[Ipu sToM unciao k — obg3aTeIbHO YeTHOe, TaK KakK pebpa ;T U Y;To HEe MOI'YT OJIHOBPEMEHHO
npuHajyIekarh octoBHOMY jiepeBy L U {x1yp, 122}

PaccmoTpuM Temneph 1enouKy mmyTeit

Yi = Yit1r = 7 Yirk = Yi

(KazKJIblil Iy Th B 9TOM IEMOYKE XPOHOJIOTUIECKU YIOPSI0UEH, HO COCE/IHIE IIyTU MOI'YT HAPYIIAThH
xponoJioruio). ITocko/IbKy 9TOT 3aMKHY TBII MAPIIPYT PACHOJIOXKEH HA JIepeBe, KaxK10e pedpo B HEM
OBLIO MPOIiJIeHO B 000X HalpaB/eHuax. Mbl yTBep:K/1aeM, 9TO BCE BEPIIUHBI, 110 KOTOPBIM IIPO-
XOJIUT STOT MAapIIPYT, JieskaT B MHOKecTBe {y;,1 < j < @ + k}. eiicTBuTespHo, ecam MapIipyT
IPOXOJUT [Yepe3 BePIINHY @, He COBIAJAIONIYI0 HH C OJHHM H3 Y;, PACCMOTPUM XPOHOJIOTHYe-
CKHU CAMBIil [TOCJIE/IHAN 3BOHOK B 9TOM MAPIIPyTe ¢ yYaCTUEM BEPIIUHBI @, IIyCTh 9TO 3BOHOK ab.
B Kakoii-TO MOMEHT, IPOXO/Id OUEPEIHOI IIyTh Y; — ¥;+1, MbI JBUTAJINCh B HAIIPaBIeHUU OT b K a,
HO TIOCKOJIBKY 9TOT 3BOHOK XPOHOJIOTUYECKHW TOCJIETHUN, MBI HE MOXKEM IPOJIOIKATH JTBUKEHNE
3a TOUKY @. SHAUNT, 4 = Y; 1.

Terepb MbI 6€3 TPY1a MOKEM BBIOPATH 3BOHOK U, Yj, , [JIE 11 HEUETHOE, iy YeTHOE (U pasyMeeTcH,
OH JICZKUT B Sy). 3BOHKH Y;, T1 U Y, To TAKIKE HPUCYTCTBYIOT B CXEMe OIMOBEIIEHMUsI, TOCKOJIbKY 110
OIIPEJIEJIEHUIO TOYEK ¥; OHU UCIOJIL30BAJIUCH JIJIs Iepeiatin HHMOPMAIUMA BEPIIUHAM T1, To.

2.5. OrBeT: 2n — 2 TeJgerpamMMmbl.

Mper B3stn 1y 3azady B [6]. [lo Toro Kak MOsIBUTCsST HEPBBIl Y€I0BEK, y3HABIIUIA BCe CIIYXH,
JTIOJI?KHO OBITH TIOCTIAHO He MeHee 1 — 1 TejerpaMMbl. [locite 9TOro Kazkiplit 13 OCTAJIBHBIX JI0JI7KEH
HOJIYIUTh XOTs ObI OJIHY TeJerpaMmy, 9ToObI 3aBEPIIUTHh O3HAKOMJIEHUE CO CyXaMu. SHAUUT, €Ie
OyJeT MoC/IaHo elne He MeHee 1 — 1 TejerpamM.

[Tpumep crpourtcs Ha 6a3e JIFOOOrO JIepeBa, ecn CHAYaJIa IOChLIATh TeJIerPaMMBbl OT Iepudepun
K KODHIO, a TIOTOM 0OpaTHO.

2.6. 1o Teopema 3 [9]. Ipumep crnocoba ONOBeIIEHUs, B KOTOPOM N — 1 9eJOBEK IpPOYTer
B TejierpaMMe CBOil COOCTBEHHBIH C/IyX, TPUBUAJIEH: IIYyCTh Bce cHadajia Teserpadupyior Bace,
a moToM Bacs rocbliaer BceM TelerpaMMbl ¢ TTOJTHBIM KOMILJIEKTOM CJIYXOB.

Omenka. PaccMorpuMm MuHMMAJIBHBIN KOHTPIPUMED, B KOTOPOM He Oojiee n — 1 1eoBeK
IPOYJIN B TejerpaMme CBOi cobcTBennblit cayX. IlycTh mociemansasa Tejnerpamma ObLia IOCTaHa
crteraukoM A cruternuky B. O4eBuiHo, crieTHUK A yzKe 3HaeT BCe CJIyXH, 3HAYUT, CIVIETHUK B,
BO-TIEPBBIX, OJINH U3 T€X, KTO IIPOYe CBOM CJIYX B IOJIYYEHHOI TejierpaMMe, a BO-BTOPbBIX, HE 3HAET
HE OJIHOT'O CJIyXa, KPOME CBOEro COOCTBEHHOTO (MHAYE OH KAKO-TO CJIyX BBIYYNJI M3 TEJIErPAMM
JIBAYK/Ib!). 3HAYUT, paHee CIUIETHUK B He MOJIyYdsI HU OJHON TeslerpaMMbl, a TOJBKO MOCHLIAL.
Viiasisist U3 9TON KOMIIAHUK CIIETHUKA B 1 COOTBETCTBYIOIINE TEJIEIPAMMBI, MbI ITOJTy YUM MEHDBITTH T
kouTprpumep. [Iporusopedne.

3.1. OrBeT: 310 BOo3dMOxkHO saxke ¢ orpanndenueM NODUP. Cwm. naugaso pemrenus 3ama4qn 77.

3.2. OrBer: npu YerHbIX N. [12]

JI1s1 KazK 1010 CIJIeTHUKA OTMETUM TIOCJIeIHUI 3BOHOK, B KOTOPOM OH ydacTBOBaJI. I1pu BBIIOI-
wenun orpanndenns NOHO sty nociieaune 380HKKM pa30UBaIOT BCEX CIICTHUKOB Ha IIapbl — CM.
paccyxKjeHne B perrennn 3agadu 1.6 6e3 moceaHero npejioxenns. Takum obpasoM, 1 JI0IKHO
OBITH YETHBIM.

OTMeTuM, 9TO IEepPBble 3BOHKH TOXKE Pas3OMBAIOT CILIETHUKOB Ha IAPLL.
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Puc. 2. Ourumansubie 3Bouknu ¢ orpanmdeanem NOHO.

JIJ11 KazKJI0ro 9eTHOro 1 IIpeibABUM CIIOC00 OIoBelenud, noguaninenabiil orpanndenuio NOHO,
cocrosinuit u3 2n — 4 3Bonkos 12, gemma 2.4|. IIycrs m = %n — 1. O6o3HaUUM CIIJIETHUKOB a;,
bi,i=20,1,..., m+ 1, — HO 371€CH N + 2 CIUIETHUKA, OYJIEM CUUTATH, UTO Gy = i1, Qi1 = bp.
B kadecTBe HEPBLIX 3BOHKOB BO3BMEM 3BOHKH (B IIOPsJIKE BO3PACTAHHS i, CM. DHC. 2)

aibm+2,i, Fﬂeizl,Q,...,m—l—l;
JlaJiee BBIIIOJIHUM CPEJIHIe 3BOHKN
a;Q11, riet=1,2,...,m—1, n bibii1, rnet=1,2,...,m—1;
1, HAKOHEIl, ITOCJIe/IHIe 3BOHKU
b i, riet=0,1,...,m.

HemocpeictBeHHO TIpOBEpsieTCsT, UTO YKa3aHHAs CHCTEMa 3BOHKOB SBJISETCS CIOCOOOM OIIOBEIe-
Hus, nogauHenabiM orpanndenunio NOHO.

3.3. IlockouibKy J1i0bast cxema OIOBEIIeHUs COJIEPKUT He MeHee 21 — 4 3BOHKOB, JIOCTATOYHO IIPU-
BecTH TpuMeED, yiaoBiersBopsiomuii orpanndenuio NOHO u copep:xkamuit 2n — 4 3BoHKa. IDTOT
pUMep MPUBEJEH B MPEJIbIIYIIEM PEITEeHNH.

4.1. OrBer: jga. [8]. Ilpexke dyeM MpUBOAUTE peIlleHNe 3aJa4H, Ja UM HECKOJIBKO OIPeIeIeHHi.

yHI/IKaﬂbele CIJIETHUKH, N3BECTHBLIE CIIJIETHHKaM /0 TOI'O KaK OHM CTaJil 06MeHI/IBaTbCﬂ WH-
dopmarueii, GyreM Ha3bIBATHL TAKIKE USHAUAALHOLMU. [1yCTh TOCIE HECKOIBLKIUX 3BOHKOB UMEETCs
TaKOoe IOJAMHOYKECTBO M3HAYAILHBIX CIUIETEH, YTO KAarKIAbl CIVIETHHK JIUOO 3HAET BCE CILIETHH U3
9TOr0 MOJAMHOYKECTBa, OO0 He 3HaeT HU OAHON u3 Hux. Torja IpH pacCMOTPEHUU IIOC/IELYOIINX
3BOHKOB MOXKHO pacCCMaTpHUBaTb TaKO€ IIOJMHO?KECTBO CILJIETEH KaK OILHy 60.HbH.IyIO CIIJIETHIO. By—
JIeM HasblBaTh ee o0sedunennol, nam obwel cretrHeil (ompenesnenne u3 crarbu [8]). Hampumep,
IIyCTh CIUIETHUKAM, HOMEPa KOTOPBIX YKA3aHbl HUXKE, M3BECTHDI CJICIYIONIME CILIETHU, 0O03HAYECH-
HBbIE TPEYCCKUMU OYKBaMU.

CrieTHuK 1 2 3 4
Kaxkue crternu 3naer | ay S ay (9

B srom npumepe ciuieTHr o ¥ Y 00pa3yioT 00beUHEHHYIO CIIETHIO, TOCKOJIBKY KAXKJIbIN CILJIETHUK
60 3HAET 06€ ITU CILUIETHH, JINOO HE 3HAET HU OJHON. A BOT HAbOp ciuiereH [, § 0ObEeIMHEHHYIO
CILJIETHIO He 00pa3yeT, TaK KaK BTOPOI CIJIETHUK 3HAET JIUIIh OJHY U3 HUX.

Paccmorpum 9y Th 60s1€€ 0011y 10 TOCTaHOBKY 3a1a4u. [IycTh MMEIOTCs TPYIIBI U3 a1, g, . . . , A
CIIETHUKOB, ITPUYEM B KaXKJ0i I'PyIIe BCEM M3BECTEH OJIMH U TOT Ke Habop ciuiereH. Takoe 00b-
eJIMHEeHNEe CILJIETHUKOB OyJ/ieM HA3bIBATH KOALeKMUS0M. CIUIETHUKU TIO-TIPEXKHEMY ODIIAIOTCS JIPYT
¢ IPYroM 110 TesieboHy U XOTSAT, YTOObI KazK/IbIil U3 HUX y3HAJ BCEe UMEIOIInecsd cIieTnu. Ko jyrs
TAKOTO KOJIJIEKTUBA, CYIIECTBYET XOTS OBl OJINH CHOCOO OIMOBEIIEHNs, O ITNHEHHBI OrPAHIIEeHUIO
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NODUP, To 6yem Ha3bIBATH 9TOT KOJIJIEKTUB CNA0UeHHbM. KOIIEKTHB, coepsKaIuii TOJIbKO OJ1-
HY TDYIIILY, TOXKe Oy/JIeM CIUTaTh CIIOYeHHBIM. TaK, KOJUIEKTUB U3 Tpex rpyI ciieTHukos {1, 3},
{2}, {4} B mpempraymemM npumepe He sBIIETCA CIUIOUEHHBIM. B 9THX TepMmHax 3ajada mpo n
CIUIETHUKOB, 3HAIONIUX 110 OJIHOH YHUKAJIBHOII CIieTHe, Terepb (hOPMYIUPYeTcs s KOJUICKTHBA
U3 N TPYIIL, KaK/as U3 KOTOPBIX COCTOUT W3 OJIHOIO CILJIETHHKA.

Eciu B KoJJIEKTHBe KazKjasi TPYIIIa 3HAET JIUIb OJIHY CIUIETHIO (9Ta CIUIETHS MOYKET OBITh 13-
HAYATBHON WJIH O0bEeIMHEHHO, SIBIISIOIIECS TOJIMHOKECTBOM HECKOJIBKIX N3HAYAIBHBIX B CMbIC-
Jie OTIpe/JIeJIeHsT BBIIIe), TO TaKOil KOJUIEKTUB HA30BEM NpocmuiM. Tak, KOJUIEKTUB U3 TPEX I'PYIII
criternnkoB {1, 3}, {2}, {4} B npeapuiyniem npumepe He fBJIsIeTCH MPOCTHIM (CIIETHUK 4 3HAET
JIBE CIUIETHHU, He 00pa3yIioniue 00beIMHEHHYIO CIIETHIO).

Bamernm, 9To e 00bEMHUTD JIBA CIUIOYEHHBIX KOJIJIEKTHBA CIUIETHUKOB, B KOTOPBIX TIOPOB-
HYy CIUIETHHKOB, a MHOXKeCTBa WX M3HAYAJIbHBIX CIUIETEH He [ePeceKatoTCsi, TO CHOBA IOJIYYUTCs
CIUIOYEHHBIH KOJIIEKTHB. JleficTBUTEIbHO, MBI Cpa3y HOJIyduM CHOCOD OTOBEINEHNUSs, eC/Ii CHAYATA,
B KaK/JIOM M3 KOJUIEKTUBOB BCE CIVIETHUKHU Y3HAIOT BCE CIVIETHH CBOETO KOJUIEKTUBA, & IOTOM KazK-
JIBI CIIETHHK U3 [IEPBOIO KOJIJIEKTHBA IIONOBOPHUT € KEM-TO 13 BTOPOro. Takum crocoboM MOXKHO
U3 KOJUIEKTUBOB, COJIEPZKAIUX OJ[HY TPYIIILY, HOCTPOUTH, HAIIPAMED, CJIELYIONNe KOJIJIEKTHBL:

(a,a), (a,a,2a,4a,8a,16a), (a,a,a,a,4a,4a,4a,16a), a,a,a,...,a (1)
—_——
2k rpynm
[Iycrs umeercst 1Ba KoJIeKTHBA (a1, Asg, . . ., ax) U (b1, b, ..., by), JJIsi KOTOPBIX MHOXKECTBA, M3~

HavaIbHBIX CILJIETEH COBIAIAIOT. [IpemomozKumM, 4To Ipr KazKJ/I0M ¢ TPYIIa U3 @; YeJT0BEK IEePBOro
KOJUIEKTUBA U I'PyIa u3 b; 9eJIOBEK BTOPOro 3HAIOT OJHO M TO K€ MHOXKEeCTBO ciuieTeH. [Ipu aTom
MBI JIOIIyCKaeM, 9TO a; WK b; MOXKeT ObITh PABHBIM HYJIIO; €CJIM TaK CJIYIHIOCh, K IIPUMEPY, €CJII
a; = 0, TO W3HAYAJIbHBIE CILIETHU, COCTABJISIONINE 3TO MHOYKECTBO CILJIETEH, JIOJIXKHBI OBITH W3-
BECTHBI B JIDYTUX HEHYJIEBBIX I'PYIIIAX IIEPBOTO KOJIEKTHBA. HazoBeM cymmoti 3TUX KOJIIEKTUBOB
KOJUIEKTUB (a1 + by, as + be, ..., ax + by). Hanpumep, nenpocroit kosiektus u3 10 CIJIETHUKOB,
KOTOPBIM M3BECTHBI CILIETHHU «, 3, 7Y

Habops! cruteren

B ay By
3 2 2

Q
KOJIMYECTBO CILJIETHUKOB | 3

Hpe,ZLCTaJBI;IM B BUJi€¢ CYMMbI JIBYX KOJIJICKTUBOB:

Komnektus o [ ay By
1 3 0 0 2
2 0 3 2 0

SaMeTnM, 9TO eC/IN KOJJIEKTUBBI OBLIN CIJIOYEHHBIMI, TO U UX CYMMa TOYKe SBJISeTCs CILIOYEH-
HBIM KOJIJIEKTUBOM. 3HAYWT, €CJIN KOJIJIEKTUB CIIETHUKOB PACKJIAIBIBAETCS B CyMMY CILIOYEHHBIX
KOJIJIEKTUBOB, KazKJIbIil N3 KOTOPBIX 3HAECT B OObEIMHEHUN TOT K€ HADOP CIIETEH, UTO U UCXOTHBII
KOJIJIEKTUB, TO OH TOXKE SIBJISIETCS CILIOUYEHHDBIM.

Bepnemcs k perrennio 3aa4qu. [Ipeobpasyem mpocToit KOJLIEKTUB, COCTOANINHI U3 12 OMHOTHBIX
CIUIETHUKOB, B IPOCTOil KojutekTus (4,4, 4) (2d CILJIETHUKOB, KaXKJIbIil M3 KOTOPBIX 3HAET OJHY
YHUKAJIBHYIO CIUIETHIO, BCErJIa MOIYT OObeIMHUTHCS B IPyNiy Kak B npuMepax (1)). A remepn
3aMETUM, UTO OH SIBJII€TCSI CYyMMOMN TPEX IPOCTBIX CIIOYEeHHbIX KojuteKTuBoB (1,1,2), (1,2,1) u
(2,1,1).

4.2. OrBeT: J1a.
Cragajia cjerka yKpyITHIM TPYIIIbL.

Crternn a B v 6
Yucsio citernukos 13 8 6 5

¢
4

o0 ™
o
(S W
m
TN

o 9
o0
o 9

€
4
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[TosyveHHBI TIPOCTOl KOJUIEKTUB JIETKO PACKJIAJIbIBACTCS B CyMMY IMSITH CIUIOUeHHBIX: (2,1,1,4)
(2 paza), (4,1,1,2) (2 paza), (1,2,1,4) (1 pa3).

pyroe paziioxkenne. [Iycrs cHava a oJInH 4e/10BeK, 3HAIONIUI CILIETHIO 7Y, TIOTOBOPUT C YeJIOBE-
KOM, 3HAIOIIUM CILIETHIO (, & TAKZKe OJMH Y€JI0BEK, 3HAIOIINI CILJIETHIO §, IIOTOBOPUT C UEJIOBEKOM,
3HAIONIUM CILIETHIO €.

Konnektus o B v 0 e ( de (¢
1 2 2 1 0 0 2 1 0
2 8 4 0 2 1 0 0 1
3 1 1.4 0 0 1 1 0
4 21 0 2 2 0 0 1

4.3. Orset: na. [8].

PacemorpuM cHadasia MpocToil KOJIJIEKTHB CIUIETHUKOB (3, 3,2, 2), B KOTOPOM KaxK/as TPYIIIa
3HAET COOTBETCTBEHHO CILUIETHIO «, (3, 7, 0. IlycTh omun cruterHuk w3 [ rpymnmsl meperoBopur c
oM u3 11T rpymmer, a oqun u3 II — co crteraukom u3 IV. Ilosyuntest KostekTus (y:ke He
poCToit) u3 6 TPYII, KOTOPBII JIEFKO PAa3JIOZKUTh B CYMMY TPEX CILIOYCHHBIX.

Komnektus o B v 0 ay (6
Ozﬁ’y5_>ozﬁfy5oz”yﬁ5_> 1 0O 00 0 1 1
3 3 2 2 2 2 11 2 2 2 2 0 1 0 0 1

3 0 2 01 1 O

Terepb Bo3bMeM Harux 20 CIUIETHUKOB ¥ peobpasyeM UX B MpocToil KojutekTus (4,4, 4,4, 4).
DTOT KOJUIEKTUB SIBJISIETCST CYMMOI JIByX HMPOCTBIX KoJuteKTuBoB (3,3,2,1,1) u (1,1,2, 3, 3), kax-
JIBII 13 KOTOPBIX MOKET C ITOMOIIBIO OJJHOTO 3BOHKA OBITH Ipeobpa3oBaH B KOJUIEKTHB (3,3, 2,2),
KOTOPBII MBI YK€ PacCMaTPUBAJIN.

4.3%. Hokazxem, aro npu n = 6, 10, 14, 18 pacupocrpanenue ciyxoB ¢ orpanndenuem NODUP
HEBOBMOXKHO |8, mpejjiozkenue 4.

Yreepxgenue 1 (8, semma 1]. Ipu Boimonnenun orpanudenus NODUP crternuku pasou-
BalOTCS Ha Iaphl 110 IIEPBBIM 3BOHKAM, & TAKKe PazdMBAIOTCH Ha MAPbI 10 MOC/IETHUM 3BOHKAM.

HokazareabcTBO. YTBEPXKICHUE O TOCIEIHIX 3BOHKAX OYEBUIHO (eC/m KTO-IubO y3HAI
BCe CIUIETHH, TO €0 TOCIeHUI cobeceTHIK TOYKe y3HaJI BCE CIUIETHH U 00a OOJIbIe He MOTYT HU
C KeM Pa3roBapuBaTh).

JlokazkeM yTBepKIeHHEe O MEPBbIX 3BOHKaX. [lycTh cruteTHUK A — 9TO MEpBBIil YeI0BEK, ¢ KO-
TOpBIM paszroBapusaJ civierauk B. [Ipesmmonoxkum, 1ro Hale yrBepxKienne HeBepHo. Torja s
crteranka A 1mepBblit pasroBop 6Lt ¢ apyrum desioBekom C. Tlocse sroro pasrosopa crierauk C'
3HAET CILIETHIO dejioBeka A u He 3Haer ciuterHio B. [lociie pasrosopa ciuternuka B ¢ A crurerHst
B Bcerma nyrerecrByer ¢ A. CrieroBaressro, C' He CMOYXKeT ee y3HATh. OJ

[Iycte n = 2k. MoxHO cunmTaTh, 9TO HepBble 3BOHKHU CINIETHUKOB CYyTh B TOYHOCTH IEPBbHIE
k 3BOHKOB CXeMBbI OIOBEINEHUsI, a TOC/eHIEe 3BOHKHU CIJIETHUKOB — 9TO B TOYHOCTH ITOCJIE/IHUE
k 3BOHKOB cxeMbl onoserienus. [locse Toro kak ciemannl nepsbie kK 3BOHKOB, 00Pa30BaJioch k 00b-
eJIMHEHHBIX CIIeTeH. B KaxKJiplit MOMEHT BPEMEHHU /ISl KaXKJIOro CIUIETHUKA X Ha30BEM HaANapHu-
KoM CILIETHUKA X TOTO CIUIETHUKA Y, ¢ KOTOPBIM X HEIOCPEJICTBEHHO IMEPE]] STUM PA3roBapuBall
o testedpony. Cpasy moc/ie mx pasropopa 06a 3HAJM OJIMHAKOBBIN HAOOD CILIETEH.

VYrBepxagenue 2. IIpu n > 4 H1 OIUH U3 CIUIETHUKOB HE MOKET IIE€PEJ] CBOUM IIOCJIEIHIM
pa3roBopoM 3HaTh k — 1 0O'beIUHEHHBIX CILIETEH.

JlokazaTesbcTBO. Ecmu crteTHUK A 1Iepet oc/ie IHUM pasroBopoM 3HaeT k—1 o0beinHeH-
HYIO CILIETHIO, TO €ro cobece/IHUK B B 9TOM IOCje[HEM Pa3roBOpe 3HaJI BCErO OJHY 00 IMHEHHYTO
ciiernio. Ob6o3naunM depe3 By mepporo cobecelnnka ciuierHuka B, depe3s A; — cobeceanuka A
B mpejmocyieHeM pasrosope. Teneppb sicHo, UTo ciuieTHu B u By MOryT ObITH M3BECTHBI TOJIHKO
IIEPEIUC/IEHHBIM B 9TOM PaCCY2KJICHUU IIE€PCOHAZKaAM. |:|
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N3 stux aByx yrBepxKjeHunii cpasy ciemyer, aro npu n = 6 cxema NODUP neBozmoxkHa:
TaK Kak IT0CJIe TIEPBBIX 3BOHKOB CILIETHH ITONAPHO OOBLEINHUIUCH, TO B JIIOOOM IOC/IEIHEM 3BOHKE
YYaCTHUKH MOTYT 3HATh JIUIIbL 2 U 4 CIUIETHU, YTO 3aIPENIEHO BTOPBIM yTBEPAKJICHUEM.

Pazbepem ciyuait n = 10. B cuty 3amnpera u3 yTBep:KjieHust 2 B IIOCJIEHEM Pa3roOBOPE MOI'YT
YYIaCTBOBATH JIMINb CIIETHUKU, OJUH U3 KOTOPBIX 3HAET JiBe O0'bE/IMHEHHbIE CIUIETHU, & JPYToil —
Tpu. Takum o6pa3om, mepeji TeM KaK MPOU30ILIHA k TOCJIEIHIX Pa3rOBOPOB, OBLIO POBHO 5 CILIET-
HUKOB, 3HABIIUX 110 3 00beMHEHHbIC crieTnr. HamapHuk KaxkKj1oro u3 3TUX HATH CIJIETHUKOB —
OJIMH M3 9THUX K€ [ATU CIIETHUKOB (IIOTOMY 9YTO YeJIOBEK, Y3HABINUIT TPU CILUIETHU, MOYKET MOCJIe
9TOr0 y4acTBOBATH JIMIIL B IIOCAEIHEM pa3roBope). Takum o0pa3oM, Mbl Pa3OU/IN 5 CIUIETHHKOB
HA [apbl. DTO IMPOTUBOPEYNE TTOKA3bIBAET, UYTO €/IMHCTBEHHDBINH JIOTMYECKU BO3MOXKHBIN ciryuail He
MOKET OBITH PEaIM30BaH.

Pazbepem ciyuait n = 14. B cuty 3anpera u3 yTBepKJIeHUs 2 B HU OJIUH U3 CIJIETHUKOB, YIacT-
BYIOIIIMX B ITOCJICTHEM pa3roBope, He JI0JIKEH 3HaTh PoBHO 6 ciutered. Tak e, Kak B IIPEJbIITYIIIEM
naparpade, ydexkjaeMmcs, 9TO Ciydaii, B KOTOPOM BCE CIUIETHUKH B IIOCJIEHEM Pa3roBOPE 3HAIOT
[0 TPU WJIH 110 Y€ThIpe 00'beINHEHHbIE CILUICTHU, HEBO3MOXKEH (MHAUE MbI HANJEM I1apOCOYeTaHUe
Ha MHOYKECTBe M3 7 CIJIETHUKOB, 3Hatonux 4 cruteran). V3 Tex ke coobpazKeHuii JI0JIKHO OBITH
YeTHOE YHCJIO Map CIUIETHUKOB, 3HAIONINX B IIOCJIE/IHEM pa3roBope 2 miau b ciuiered. Tora mme-
eTcsd HEeYETHOE KOJIMYECTBO Iap CIJIETHUKOB, 3HAIONIUX B MOCJIEIHEM Pas3roBope 3 ujm 4 CIJIeTHH,
U 9TOOBI B OYEPEIHOI pa3 He BO3HUKJIO MIPOTUBOPEYNs, HAAPHUK XOTsd Obl OJIHOIO M3 CILIETHH-
KOB, 3HABIIUX B IOCJIEHEM PA3roBope 4 CILIETHH, JIOJIZKEH Iepe]] CBOUM IOCIEIHUM PA3rOBOPOM
«BBIYYHUTb» HATYIO CILIETHIO.

Brenem oboznadenus. [lycts A — crieTHUK, 3HABIIHI B TOC/IEIHEM PA3roBope 00be IMHEHHBIE
crietan Homep 1, 2, 3, 4; B — ero HammapHUK, BBIyIUBIINI [TOC/IE pa3roBopa ¢ A, crureTHio HoMep 5
(B pasrosope ¢ C, 3HABIINM TOJILKO 3Ty ojiHy ciuieTHio). [Tycrs B u C' cBou mociesiHue pasroBophbI
poBeJin €O ciyieTHnKaMu D m E| 3HaBMUMH JIANIb 7-10 U 8-10 CIIETHU, HUYTO HAM HE MEIIaeT
JIyMaTh, 9TO OHU y3HAJU 9TU ciLleTHH Apyr oT japyra. [lycrs F', G, H — cruleTHUKH, y3HABIIHE
[0CJIe CBOEro IepBOro pasroBopa ciuierHu 5, 6, 7 (1 He coBmajaoIme ¢ y:ke 0OO3HAUCHHBIMU
CILJIETHUKAMH ).

C 5 D 6,7
B 1234 E 6,7
A 1234

F 56,7

H 56,7

G 6,7

[Tocnennnit cobeceuuk cruteranka A go/KkeH ObLT 3HATH crteTHu b, 6, 7. B cumy cummerpun
oboznavenuit F', G, H, MbI MOXKeM CIUTATh, 9TO cHadasa [’ n G ToroBopmn IpyT ¢ IPYyTroM, TOTOM
F norosopust ¢ H u, nakouertt, F' craj nocieaaum cobeceankom st A. Ho rernieps enHCTBEHHBIT
crrocob it G y3HATH OOBEIMHEHHYIO CIJIETHIO, M3BECTHYIO M3HadaabHO H (1axke ¢ ydeTom Toro,
YTO MBI PACCMATPUBAEM ceiidac He Bcex 14 CIUIeTHHKOB), — 9TO MOroBoputh ¢ HuM. [Ipu srom G
YCJIBIIIAT MTOBTOPHO CILIETHIO OT F.

Curygait n = 18 erie xyxe.

4.4. OrBet: mpun =1, 2,4, 8, 12, 16 u nupu Bcex deTHbIX N > 20.

Cinyaan n = 1, 2 TtpuBunasbhbl. Jlamee momaraem n > 3. U3 pemenus 3amaqn 4.3% cpasy
caemyert, 9ro npu HedeTHbX n u npu n = 6, 10, 14, 18 NODUP-cxema ne cyrecTByer.

Yreepxaenue |8, gemmbl 5, 6 u npemnoxkenne 2|. [Ipu n = 0 (mod 4) Bo3amoxkHO pacipo-
crpanenne ciayxoB ¢ orparmdennem NODUP.

JlokazaTenbcTBo. [lo nrmaykiun.

JLnst n, SBJIMIONIUXCA CTENEHBIO JIBOWKM, BO3MOXKHOCTH PACIIPOCTPAHEHUs CJIYXOB CJIE/LyeT W13
koucTpykiuu (1). st n = 12, 20 npuMepbl pacupoCTpaHEHUsT CIYXOB MPUBEJICHBI B IIPEJIBILY IIUX
zastadax. Oraecem ciaydan n = 4, 8, 12, 16, 20 K 6a3e WHIyKIUN.
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Hoxaxkem nepexoz. Ilyers n > 24 — odepeaHoe 9ucsIo, st KOTOPOIO Mbl XOTHM ITOCTPOUTD
CXeMy PaCIPOCTPAHEHMsI CIYXOB, a /I MEHBLIIMX 71 CyIIEeCTBOBAHNE TAKOH CXEMbl YK€ yCTaHOB-
JIEHO. 3aMeTHM, YTO €CJIU N JeJINTCA Ha 12, TO MOXKHO pa3JIeuTh BCEX CIJIETHUKOB Ha 3 IPYIIIIbI
OJIMHAKOBOT'O pa3Mepa, B KaxKJIOW W3 HUX YHCIO CILUIETHUKOB JIEJUTCS Ha 4 U MeHbIIe 1, 3Ha-
YUT, BHYTPU BCEX 3ITHX TPYIII CYIIECTBYyeT crocob omnosernenus. [loydumM mpocToit KOJIEKTHR
(4a,4a,4a), a = n/12, KOTOPBIl ABJISETCS CYMMON @ CIIOYEHHBIX TIPOCTHIX KOJUIEKTUBOB (4,4, 4).
Ecimm n ne nenurea na 12, to n = 12a + r, riae ocratok © = 4 win 8. Eciau yjmacred paszdouTh
OCTATOK Ha CJIaraeMble 1" = 11 + 'y + 3 TAaKUM 00pa3oM, 9T00bI 4a + 7; CIJIETHUKOB MO-ITPEXKHEMY
06pazoBbIBa/U IPYIILY, a (71,7, 73) 00pa30BbIBa/M Obl CIJIOUEHHBIH KOJIJIEKTUB, TO BCe OyJIeT 10-
Kazano. JleficrBuTesIbHO, TOra MBI OPraHu3yeM TPU IPYHILI pasmepa 4a + ri, 4a + 1o, 4a + 13, a
cymMMa OyZIeT COAEpzKaTh OJHO HOBOE CJIaraeMoe — KOJUIEKTUB u3 7 ciuieTHukoB. OcraTtok r = 4
CJIMIIKOM MaJl, HO BCerja MOxKHO npunucarb K memy 12k. Ilycrs k = 1, momydaem KOJIEKTHB
(4(a —1) +4,4(a — 1) + 4,4(a — 1) 4+ 8), pacKIaIbIBAIONINICT B CYMMYy U3 ¢ — 1 KOJUIEKTHBOB
(4,4,4) n xomurextusa (4,4, 8). Ilpu r = 8 MOXKHO TOJIOKUTE kK = 2 U BCe aHAJIOTUIHO.

Yreepxkaenue [8 semmbr 7,8, 9 u npemioxkenne 3|. [lpun = 2 (mod 4), n > 22 BO3MOXKHO
pacripocTpanenne cyxos ¢ orpanndennem NODUP.

HokaszareabcTBo. Mbl HAMETUM JIUIIL [JIAH JeHCTBU, H0JpOGHOCTH CM. B [§].

Bynewm jokaszbiBaTh yTBEpK/IEHUE 110 MHIYKIIUA. Bas3a 3/1ech mpejcTaBiisgeT HEKOTOPYIO IpobJie-
My: HY>KHO 1poBepuTh cyiectBoBanre NODUP-cxembl /j1st Bcex 9eTHBIX MaJEHbKUX 1 (& MMEHHO,
npu 20 < n < 62).

3amMerum, 4TO ecjin Obl n Jeaua0ch Ha 16, TO MOXKHO ObLIO OBl Pa3/eUTh CIJIETHUKOB Ha
4 TpyIIIBI OJIMHAKOBOIO pa3Mepa, 00pa3yoIiuX MPOCToil CriodeHHblil KojutekTus (4a, 4a, 4a, 4a),
a = n/16 (B KaxKJIOi TpyIIe YUCI0 CIUIETHUKOB JEJUTCS Ha 4, a Jis TaKuX YUCeT y¥Ke BCe
JTOKA3aHO).

Ho B paccmarpuBaeMoM ciiydae n He AeanuTcd make Ha 4, 3Ha4nT, n = 16a + r, T/1e ocTaTOK
r MozKeT ObITh paBen 2, 6, 10, 14. Eciin B KaxKJIOM U3 9TUX CJIy4YaeB yJIacTcsd pa30UTh OCTATOK HAa
cjaaraeMble r = 1| + Ty + r3 + r4 TaKuM 00pa3oM, 4TOObI jiisd 4a + 7; CIUIETHUKOB CYIIECTBOBAJI
C11oco6 OMOBEIEHUs U KOJUIEKTHUB (71, T, T'3, 7'4 ) OBLI CIUIOUEHHBIM, TO MBI [IOJIY IMM JIOKA3aTe/IbCTBO
YTBEPKJIEHUS JIJI N CIUIETHUKOB Bee MOJTydnTcs. JleficTBuTe/IbHO, TOT /18 MOXKHO OBLIO Obl pa30uTh
n CIUIETHUKOB Ha rpyunsl 4a + ry, 4a + ro, 4a + r3, 4a + r4, a moroM pa3dmBaeM KOJIJICKTUB Ha
ciaraemble: (4a,4a,4a,4a) u (r1,79,73,74).

Opnako ocratku 2-14 ciumikom Majenbkue. Moxkno npunmcatsh ko Bcem octarkam 16k. Tlo-
Jgarasi k = 3, mojiy9aeM CIUIOYeHHBIH KoJutekTus (4a,4a,4a,4a), tne a > 3, u ocrarku r = 50,
54, 58, 62. Hanpumep, B nepsom ciaydae 7 = 50 = 8 + 8 + 12 + 22, (8,8,12,22) — crutoueHHbli
KOJIJIEKTUB, U JJid n = 4a + 8, 4a + 12, 4a + 22 cymectByeT criocod OIOBENIEHNUS B CHIIy 0a3bl
nnjayknun. B ciaydae octaTkoB = b4, 58, 62 MOXKHO BBIIIOJIHATD aHAJOIUYHYIO KOHCTPYKIIUIO.

4.4%. Dro semma 2.5 [10]. Bamerum, uro B 060§t cxeme onoserenus ¢ orpanndennem NODUP
CIUIETHUKY Pa30MBalOTCsI IEPBBIMU 3BOHKAMHU Ha mapbl (Kak B 3a1ade 1.6). /lokazareancrBo M.
B HavaJle pelrenns sajaan 4.31.

[TpenmosiozkuM Terepb, 9TO yTBEPKJ/IEHNE 3a/1a4i HEBEPHO, M HEKOTODBIl cijleTHHK A 1oro-
BOopuJ 1o Tesaedony Bcero asa pasa. IlycTs mepswlil pas on GeceroBas co CIIETHUKOM B3, Torja
nocJie ux 6ece/ipl A-ciiyx n B-ciyx nupkysupyior Bmecte. Eciu Bo BTopoit pa3 A 6eceqosai ¢ C)
TO B 3TOT MOMeHT C' 3HaJI BCe ciIyxu, KpoMme A-ciyxa m B-ciyxa. Ecim npeapiiymunit pasroBop
citeranka C' 6ot ¢ D, To D TOT MOMEHT TOXKe 3HAJ BCE CIIyXu, Kpome A-ciryxa u B-ciyxa. Eaun-
CTBEHHBIII BO3MOXKHBII c110co0 it D 3aBepHINTb O3HAKOMJIEHHE CO CJIyXaMH — 9TO IIOIOBOPHTH
¢ B, korga B 3Haer TOIbKO 3TH JBa ciayxa. Ho Torma A-ciayx m B-ciiyX He CTaHyT H3BECTHBI
OCTAJILHBIM 7. — 4 CIJIETHHKAM.

4.5. Criepyromiee yrBepK/ienue jjokasano B 3amerkax JI. Becra [13] u A. Cepemra |10, § 3|
Yreepxkjgenune [lycts n = 4k. Torga nocrarouno 9k — 6 3BOHKOB.

lokazaTesbcTBo. PazobbeM ciijieTHUKOB Ha k Iy 110 4 9esioBeKa, B KaK/I0# U3 KOTOPBIX
OpraHm3yeM 3BOHKHU TaKUM 00Pa30oM, 9TOOBI BCE Y3HAJM CIJIETHU CBOEH T'PYIIIBI. DTO MOXKHO CIIe-
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Puc. 3. B xkpyxkkax HOMepa CIJIETHUKOB II€PBOT'O MHOXKE- Puc. 4. Jluanu oznagaror 3s80uKN 2k — 1-10 cruteTHUKA
crBa. JIuHUN O3HAYAIOT 3BOHKYM BTOPOI'O CILJIETHUKA. Psi-

JIOM C KPY?KKOM 3alllCaHbl HOMePa 00'beINHEHHBIX CILIe-

TeH, U3BECTHBIX ITOMY CILIETHUKY JIO IOKA3aHHBIX HA PH-

CYHKE 3BOHKOB.

Jiath 3a 4k 380HKOB. Terneps 1mojie/inM CIUIETHUKOB Ha JIBA OJMHAKOBBIX MHOXKECTBA 110 2k 1UeJI0BeK,
B KaxKJIo€ MOIAaJeT Napa CIJIETHUKOB, 3HAIOIIAas BCe CIUIeTHU i-Toi rpymmsl, ¢ = 1, ..., k. Opra-
HU3yeM 3BOHKH B IIEPBOM MHOYKECTBE TaKUM 00Pa30M, 9TOOBI BCe CINIETHUKH Pa30MINCh Ha Mapbl
U KaxKJas Iapa CIVIETHUKOB y3HaJa Bce CILUIETHH, KpoMme o/iHO#. Torja Kark10if mape CIUIETHUKOB
[IEPBOTO MHOXKECTBa OyJIeT COOTBETCTBOBATH Iapa CIIETHUKOB U3 BTOPOIO MHOXKECTBA, C KOTO-
poit OHM MOT'YT IIONOBOPUTH, YTOOBI y3HATH Bce. st aroro norpedyercs 2k 3BonkoB. Ocrasioch
B [IEPBOM MHOKECTBE IIOCTPOUTD HYKHYIO KOHMuUryparuio u3 3k — 6 3BOHKOB.

Hyzknas mocenoBaTeslbHOCTh 3BOHKOB ITOKa3aHa Ha pHUCyHKax 3-H. IIporymepyem creTHu-
KOB IIEPBOI'0 MHOYKECTBA U PACIIOJIOKHUM UX Ha okpyzxknoctu. CHavasna k — 2 3BOHKA JiejlaeT BTO-
pOii CIUIETHUK: OH 3BOHUT BCEM CIUIETHHKAM, UMEIONINM HeYeTHble HoMepa, Kpome (2k — 1)-ro:
3,5, 7, ...(umenno B Takoit nmocsenosarensuoctn). Creyronme k — 2 38onka Jenaer (2k — 1)-i
CIIETHUK: OH 3BOHUT BCEM CIUIETHHKAM, UMEIOIIUM YeTHbIe HOMepa, Kpome Broporo: 2(k — 1),
2(k —2), ... (roxe nociaenoBaresbHo). [locse 9Tux 3BOHKOB 4 CIIIETHHKA YK 3HAIOT BCe CILIETHH,
KpOMe OJIHOI, & MMeHHO: BTOpOil u (2k — 3)-it CIUIETHUKHN 3HAIOT BCe CIUIETHU, KpoMe k-if, a Jer-
BepThiil 1 (2k — 1)-it — Bce ciuteTHH, KpoMe 1epBoii, cM. puc. 5. OCTaJIbHBIX CINIETHHKOB Pa300beM
Ha mapbl: s ¢ = 2, ..., k — 1 1mycTb CIUIETHUK, 3HaOmmi ciutetnu 1, 2, ..., ¢ — 1, TO3BOHUT
CIIETHUKY, 3HAMOEMy CIUIeTHU ¢ + 1, 4 + 2, ..., n (cM. puc. 5), B pe3ysabrare 4ero obpasyercs
napa CIUIETHHKOB, 3HAIOIIAs Bce CILUIETHH, KpoMe i-if. Ha 3To moTpebyercs eme k — 2 3BOHKOB.

4.6. Dro jokazano B crarbe [10, Teopema 4.1].

5.1.a) Orser: (n—1)(k+ 1) Teserpamu.
Mgt B3stin 9710 yrBepkenue B |2, Teopema 4.1].
[MTpumep. [lycrb KaxK bl psaoBoit nomuter k + 1 Tejerpammy remepadty.
Omnenxka. Kaxplii psijioBoii J0/2KeH 1ocjiaTh He MeHee k + 1 rejierpaMMbl.

b) Orser: (k+ 2)n — 2 TeserpaMMbi.

Mpbr B3stn 910 yTBep:KAeHue B |2, Teopema 4.2]

[Ipuwmep. llpusenem npumep opueHTUPOBAHHOIO rpada, B KOTOPOM OT KaKJIOi BepIIUHbI JI0
Joboit pyroit cymectsyeT k + 1 pebepHo Hernepecekaomuxcs Bocxoanux myreit. [Iposegem k + 2
pebpa OT BepIINHBI ¢ HOMEPOM ¢ K BEPIITIHE ¢ HOMepOoM i+ 1 ¢ Becamu i, n+1, 2n+i, ..., (k+1)n+1i
npu ¢t = 1, 2, ..., n—2; k+ 1 pebpo OoT BepHIUHBI ¢ HOMEPOM N — 1 K BEpIIUHE C HOMEPOM 7
ceecamu n — 1, 2n—1, ..., (k+1)n — 1 u k + 1 pebpo OT BepIIMHBI ¢ HOMEPOM 7. K BepIIUHE
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¢ HomepoM 1 ¢ Becamu n, 2n, ..., (k+ 1)n. Ha puc. 6 nmokazan npumep Takoro rpada mpu n = 6,
k= 2.

Onenxka. Ilycts man rpad 3BOHKOB, B KOTOPOM OT KaXKJ0# BEPIINHBI 10 JIFOOOM JIpyTroii J0X0-
JIAT TeJerpaMMbI Jlaxke B ciaydae ygaenun k pedep. [lycrs H — noarpad sroro rpada, comepka-
Ui TOJIBKO 1epBbie N — 2 pebep. I'pad H He saBjisieTcst CBI3HBIM. SHAYUT, /I KayK/I0H BEPITHHbI
CYIECTBYET 10 Kpaitaeit mepe k + 1 pebpo, ue nexariee B H. CregoBare/ibHO, 001I€e IUCTIO pedbep
rpada 380HKOB He Menbie (n — 2) + (k+ 1)n.

5.2. D10 yTBepKJIeHNe MbI B3I B cTarbe (2, Teopema 2.1].

Jlnst mocTpoenus MpuMepoB HaM MOHAI00UTCA Ipad Ha N BepiiuHax, obozHadum ero 1),, B KO-
TOpoM y renepaJia crenerb () wiau 1, ocTajibHbIe BEPIIUHBI UMEIOT creneHb k, riae k < n — 2.
Crpoenue T, 3aBucut ot dernoctu n u k. IIponymepyeM BepIIUHBI, IIyCTh HOMED IeHEpaJia pa-
BeH n. Ilpu wernom k Mexty BeprmmHamu ¢ nomepamu ¢ u j, 1 < 72 < 7 < n — 1, ectb pebpo,
ecin ((i—j) mod (n—1))€ {+1,+2,...,£k/2}. Ecim k nederno, a n 1eTHO, TO HpoBeeM pebpa
upu ((i — j) mod (n — 1))€ {£1,£2,...,+(k — 1)/2}, a Takxke 106aBuM J11060€ IAPOCOUETAHHE
Ha n Bepmunax. Eciau n u k oba HeudeTHble, TO NpoBejieM pebpa pu ((z — 7) mod (n — 1))6
{£1,£2,...,£(k—-1)/2,(n—1)/2}.

Bepnemcs k perrennio 3aga4uu. HamomuuM, 1To B rpade 3BOHKOB MOT'YT ObITh KpaTHbIE pedpa.
Y100B! CIeUTH 3a MOPSIIKOM COBEPIIIeHHsI 3BOHKOB, [TOCTABUM Ha pedpax MeTKH (BelecTBeHHbIe
YHCJIA): YeM 1o3zKe ObLT 3BOHOK, TeM KpPYIIHee J0JZKHa ObITh COOTBETCTBYOIIAs MeTKa. JlomycTuMb
OJ/INHAKOBBIE METKHU 3BOHKOB, €CJIN 3BOHKU COBEPIIAIOTCS [TOCJIEI0OBATEILHO U IIPU 3TOM MOTYT OBITH
repecTaBJieHbl JIpyT ¢ apyrom. Hazosem myTh B rpade 3BOHKOB 60CT00AULUM, €CJIU TIPU JIBUKEHUN
BJIOJIb IIyTH Beca pedep BO3pacTaroT.

a) ITockosbky mocse ynanenus k pebep rpad JTOJKEH OCTAThCsI CBSI3HBIM, CTeleHb KarKoi
BEpINUHBI He MOXKeT ObITh MenbIlie k + 1. Tak Kak cymma crereHeil Bcex BepinH rpada paBHa
YJIBOEHHOMY KOJIMYECTBY pedep, MOoJIydaeM, UTO YHCJIO 3BOHKOB 0OJIbIle JTMO0 PaBHO (% . nw

Ocraioch nperbaBUTh rpad, KOTOPbIl 00ecIeInBaeT BO3MOXKHOCTD [IEPEJIAThH BCE CIYXU TeHe-
paJjly U y KOTOPOIO BCE BEPIIMHBI UMEIOT crernedb k + 1 (pu HeOJIaronpusaTHON YeTHOCTH OJHA
U3 BepiH Oy/IeT BbIHYXK/IeHa nuMeThb crenerb k + 2). Ilpu k > n — 1 rakoii rpad neficTBUTEIHHO
CYIIECTBYET, & IPU MEHBINUX Kk UMEIOTCS MIPOOIEMBI ¢ PACCTAHOBKON BECOB.

[omenmum k + 1 ma n — 1 ¢ ocrarkom: k+1 = a(n — 1)+ b, e a > 0,0 < b <n— 1
[Moctpoum rpad, cocrosimmuit u3 obbeaunenusi a rpados K, (mosHbx rpadoB Ha N BepIInHAX)
u rpacda R, y KOTOPOro BCe BEpIIMHbI UMEIOT CTeleHb b, KpoMe BepIINUHbI-reHepaJia, CTeleHb
KoTopoii paBua b mwim b+ 1. Takoit rpad HETPYIHO TOCTPOUTD, B34B rpad 1,1 U3 HadaJIa perieHus

®~

1
234567

234567

@ 2,8,14,20 5,11,17

Puc. 5. ¢) Ocrapimmecst 3BOHKH B TIEPBOM MHO-
JKeCTBe. Puc. 6. Ilnoxasa moura
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1 O0bEIMHUB BEPIIUHY-TeHepaJsia ¢ OJIHON U3 «OOBIYHBIX» BepIInH. Tenepb Ha3HAYNM Beca pedep.
[IycTh camble MasieHbKIE Beca UMEIOT pedpa rpada R, He coeunennbie ¢ renepaJjom. Ilycts pebpa
rpadoB K,, Toke He COeJIMHEHHBIE C TeHEPAJIOM, UMEIOT Bec 1moboJibine. A pebpa Bcex rpados,
COEJIMHEHHBIE C TEeHEPAJIOM, IMEIOT caMble DOJIbINNe Beca. BHYTpH KaxKJI0r0 U3 STUX TPEX MHOZKECTB
pebep Beca MOryT OBITH YIHOPsiJIOYEHbI MPOU3BOJILHO. Toriga oT KarKJ0if BepIINHbI JO0 reHepaJa
uayT k+ 1 Henepecekaromuxcs 1o pedbpam myreit. Crie0BaTe/IbHO, JaXKe TOCIe yaaJ eHns u3 rpada
NIPOU3BOJIbHBIX k pebep nndopMaliisg Bce paBHO JIOHIET j10 reHepasia. Bee BepInHbl TOCTPOECHHOTO
rpada nMmeroT crerenb k + 1, KpoMe reHepaJia, KOTOPbIiI MOXKeT UMeTh cTeleHb k + 1 wiun k + 2.

b) Ilpu k = 0 rpad 3BOHKOB JIOJIZKEH OBITH CBSI3HBIM, CJICJIOBATEJILHO, B HEM He MeHee n — 1
pebep, a ¢ JIpyroii CTOPOHBI, JIEPEBO, KOPHEM KOTOPOI'O SABJISETCH T'€HEPaJ, & BCE MyTU K KOPHIO
BOCXOJISIINE, SBJISETCS IPUMEPOM IOJXOJIAIIEero rpada.

Pacemorpum Tenepns rpad 3BonkoB npu 1 < £ < n — 1. Bo3dbMeM MPOU3BOJILHYIO BEPIIUHY U
(oTSIMYIHYTO OT reHepaJsia) U CpeJi WHIJIEHTHBIX eif pebep BbibepeM pebpo ¢ MAKCHMAJIBLHOTO Beca.
[IycTh HEKOTODDIN BOCXOSAINMIL IIyTh ITPOXOJUT UYepe3 9TO Pedpo: OH HPUIIES B BEPIIUHY U 110
pebpy MeHbIero Beca u Boien 1mo peopy ¢. Ilepenanpasum pebpo ¢ cpa3y B BepIIMHY-TeHepaJIa.
B pesyibrare unciio pebep rpada ocTasoch IPeXKHUM U, KaK HETPYJ/IHO BUJIETH, HOCE STOTO M3-
MEHEHUSI TeHepaJI MO-TIPEKHEMY CMOYKeT MOJIYINTh BCE CJIYXH B YCJIOBUSAX ILTOXOH ¢Bsa3u. CemaeM
TaKyIO OIepaInIo JIJI BCEX BEPIITUH, TOIJIA KazK ias BEPIINHA OKAXKETCA COCTUHEHHOM C reHepaJsioM.
3HauuT, CTeleHb reHepasia He MeHblne n — 1. CyMMuUpyst CTelleHn BEPINH, OIyIaeM Teleph, ITO
YHCJI0 3BOHKOB OOJIbIIE JIM6O paBHO {(kﬂ)'(";l)ﬂ"*l)]

Teneps ocTpoum rpad, obecrednBaroInii reHepasa CayXaMu, B KOTOPOM CTEIEeHU BCEeX Psi-
JOBBIX paBHBI k + 1, a crenenb rexepasa pasHa n — 1 wim n (3a cder KpaTHOrO pebpa, mpu
HebmaronpusTHOi derHoctn). Bosbmem rpad T, onuCaHHBIA B Hadase perleHusi, TIPOU3BOJILHO
HasHaunM (HeGOJIbINNE) Beca ero pebep, Mocje Yero COeJMHUM BCe BepIIMHBI 1, ¢ TeHepaoM,
HA3HAYUB HOBBIM pebpam OOJIbIIHe Beca.

5.3. |2, Teopema 3.1]

a) [lpusenem npumep momxojgiiero rpada 3BoHKOB. Ilycrs n Heuerno. Torma or Kaxkoii
BEPIIUHBI C HEYETHBIM HOMEPOM, He PABHBIM 1, IIpoBejieM k pebep K BepIune ¢ HoMepoM 1 ¢ Becamu
3,5, ..., 2k 4+ 1, a oT KaxkK10if BEPIIUHBI C YETHBIM HOMEPOM IIpOBeJieM k + 1 pebep K BepIuHe
c HoMepoM 1 ¢ Becamu 2, 4, . .., 2k+2. Tereps npoBejieM jiBa peOpa MK 1y BEePITUHAMEI C HOMEPAMU
tu1+1 ¢ Becamu 1 u 2k + 3. Ilosyuusocs MHOTO pebep ¢ OMHAKOBBIME BecaMu. B jlanHoM citydae
Beca pebep 0003HaYAIOT He HOMepa 3BOHKOB, a UMEETCs B BU/LY, 9TO pedpa PazdUBAIOTCs HA KJIACCHI
(MHOXKecTBa pebep ¢ OJIMHAKOBBIMEU BECAMH ), B KaXKJOM KJjacce pebpa MOIYT ObITh YIODSI0YeHbI
MIPOU3BOJILHO, HO PeOpPO KJjlacca ¢ BCeryia UMEeT MEHBIIUl HOMED, dYeM peOpo Kjacca j upu ¢ < j.
[Ipumep Takoro rpada npu n = 7 u k = 3 nokazan #a puc. 7. MoKHO IPOBEPUTDH, ITO TOTJIA OT

KazKJI0f BEPIIUHBI JI0 KaxKJI0il mpoxoasaT k + 1 pebepHO HelepeceKaronuxes myTel.
Eciu n gerno, To K npeapbiyieit KOHCTPYKIIMKA TPUCOSMHIM €Ille OJHY BEPIINUHY, COE/IMHUB
ee k + 1 pebpom c 1epBoii BepruHoii, Beca pedbep OyayT 2.5, 3.5, 5.5, 7.5, ..., 2k + 1.5.

b) Ouennm 7(n, k) gepes p(n, k). Illycts G — rpad 3BOHKOB, B KOTOPOM Jlazke MOCJIe YA eHUsT
k pebep mHbOpMaIus OT KaxKJION BEPIIUHBI Oy/IeT JOXOJAUTL 10 JiIoboit jpyroit. [Tocmorpum na
CUTYAITIIO TIOCJIe TOTO, KaK MBI CEIATN I epBbIX 3BOHKOB. OcTaBinecs 3BOHKH 0O6pa3yor rpad
Ha TeX JKe BEpIIMHAX, KOTOPbIi OyieM HasbiBaTh H. PaccMOTpuM MTPOU3BOJIBHYIO BEPIIUHY U TPa-
dba H. Bamernm, 4T0 9TOI BepIInuHe JJisi Oy IeHusl TOJTHON nH(bOpMAIn (JazKe ¢ y9eToM yjaJie-
Hust k pebep) TpebyIOTCs TOJBKO TePBble T 3BOHKOB U 3BOHKH BHYTPH €€ KOMIOHEHTBI CBSI3HOCTH
B rpacde H. 3naqnt, amncyio pedep rpada, cogepkariero pedbpa, KOTopble eifi MOryT MPUTOIUTHCS,
Goubitie b0 paBHo p(n, k). Bymem canrtars, aro r = p(n, k) — &, tae € noabepem takum o6pazoM,
9TOOBI TIOJIydnTh HAaWIydInyio onenky. Ouesuino, |E(G)| = r + |E(H)|. Yrobbl oneHuTh 9nciio
pebep H cuuzy, OyjemM cIuTaThb, 9YTO BEPIINHA U JICXKUT B KOMIIOHEHTE CBA3HOCTU HAMMEHDIIErO
pasmepa, MycThb | — |ucyio pebep 9Toit KOMIIOHEHTHI, TOT/Ia KOJIMIeCTBO KOMIIOHEHT He MeHbITe 7, 1
|E(H)| > n— 7% (mpaBag 9acTb — 9T0 KOIM4ecTBO pebep B Tpade B IPE/IIoI0KeHIH, 9TO BCE KOM-
[IOHEHTBI COJIEPIKAT 110 | BEPIIUH U ABJISIOTCs jiepeBbsiMu). [pu arom [ > £, Tak Kak B IPOTHBHOM
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Puc. 7. Koncrpykmus rpada

clIydae paccMaTpUBaeMasl BEpIIUHA U MOXKET He IOJTydUTh HOJHON nHbOpMAaIum, ¢iej0BaTe IbHo,
|E(H)| 2 n—g. Homyanm |E(G)| = (u(n, k) = &) + E(H) 2 (u(n, k) — &)+ (n— ). lIpasas sacts
MUHUMaJIbHA TIpu § = /N 1 MBI mostydaeM HepaseHcTBo E(G) > u(n, k) +n —2[y/n|.

5.4. Mbl B3siiu 910 yTBepKaenue B |3, Teopema 3.2].

a) Kak 00bI1HO, OlleHKa CBEpXY HOJIydaercs HpebsiBieHueM npumepa. Ilycrs R — peryisp-
HbI (MM TOYTH peryJispHbIil) (MynbTi)rpad Ha n BepInHaX, B KOTOPOM KazK/lasl BEPIINHA HMeeT
crenenb k (3a MCKIIIOUEHHEM, BOSMOXKHO, OJIHOf BEPIIMHBI, NMeoIeii crenenb k + 1). Pacemorpum
caeyIontyio cxemy onopemenns. CHadasa BBIIOJTHUM 21 — 4 3BOHKA B COOTBETCTBHUHU C JIIOOBIM
HaubbICTpeiimuM criocoboM oroserienus. Ilociie 3T0ro Npou3BOILHO BBIIOJIHUM 3BOHKH, COOTBET-
crBytomme pebpam rpada R. Bee ciyxu, norydeHnble B&ehﬁ)ld CILIETHUKAMU B 9TOM CXeMe, OYeBH,IHO,

+4)n

ABJIAIOTCA HaJdC2KHBIMM. HpI/I 9TOM CXEMa COUECP2KUT ’VT—‘ —4 3BOHKOB.

6) lemma 1 [3, memma 3.1]. Ilycrs nano nepeso T’ Ha n BepIIMHAX, B KOTOPOM Ha KazKJIOM Peb-
pe 3aJiaH BeC, MO3BOJIAIONINI «XPOHOJIOINYECKU» YIIOPsI0unBaTh pebpa. s Kazk10if BepImHbl
u 0603HAMUM |epe3 T, HAubOJIbIIee KOJIMIECTBO BEPIINH, B KOTOPBIE MOYKHO IIPUITH U3 BEpIIH-
HbI U, IBUI'asdACb TakK, 4TOOLI BeC Ipu JABU2KEHNHN BO3pacTa.Jl. MununmMmajabHoe 0 BCEM BeplHinHaM
JepeBa 3Hadenne r, obosnadnm depe3 R(T'). O6osnatnm 1depes r(n) makcumyM sesnannsl R(7)
110 MHOJKECTBY BCEX OPUEHTHPOBAHHBIX jepesbe T ¢ n Bepumuamu. Torma r(n) = |logyn .

Hoxkazarenbcrso. Pacemorpum jepeso T, uist koroporo R(T') = r(n). Ilycrs xy — pebpo
MaKCHMAaJILHOTO Beca, Ty, T}, — KOMIIOHEHTBI CBSI3HOCTHU, KOTOPBIE IIOJIy 9AI0TCSI IIOC/IE €0 Y/IAIeHNS
(x € T,, y € T;). Moxuo caurars, 1o B T}, He 6obiite Bepiuut, yeM B 1), Torna R(T,) < r(|n/2]).
Beibepem B T, Bepmuny u, peasmsytonryio 3uadenue R(T,). B nepese T' myTh u3 BepIiuHbl U He
MOZKET IIPOIITU B KOMIIOHEHTY T} JaJjiblile BEPIIUHBL ¥, HOCKOJBKY Iy — pPedpo MaKCHMAILHOI'O
seca. Torma r(n) = R(T) < r,+1=R(T,) +1 < r(|n/2]) + 1. Buecre ¢ HagaIbHbIM yCIOBHEM
r(1) = 0 mbI mosrygaem HepasercTso 7(n) < |log, n.

[Tpumep, peasmsyionuii paBeHCTBO, CTPOUTCA 10 MHYKIMK. Ha odepearom rrare 6epeMm jiBe
KOIIMU JIepeBa, CJIyXKalllero IMpuMepoM i n — 1, u, coXpaHssi OTHOCHTEJbHbIH HOPsAI0K pedep
BHYTPH KazKJIOH KOIUU, COEJMHsIEM WX KOPHU peOPOM MaKCHUMAaJbHOI'O Beca. O

Jdemma 2 [3, crepcrsue 2.1]. ITyers B (Mmysnibr)rpade G Ha n BepuIMHAX Ha KaxKJI0M pebpe
3aJIaH BEC, C IMIOMOIIBIO KOTOPOI0 MOYKHO XPOHOJIOTHYECKH YIIOPSI09uTh pebpa. [lycts u — duk-
cupoBanHas BepimHa rpada G. [lycrs oKazamock, 9To /i KaxKJI0W BEPIIUHBI U # U CYIIECTBYET
HEe MeHee k BO3PACTAIONIMX IyTell W3 % B U, KOTOPbIE OTIMYAIOTCH JAPYT OT JIPYra IOCIETHUMEI
pebpamu. [lycTs, HaKoHeI, cpen Beex TpadoB ¢ TakuMu cBoiicTBamu Tpad GG MMeeT HaMMeHbIIIee

ynucsio pedep. Torja B HEM {WW pebep.

JlokasaTenbcTBo. I'padp G mpencrapisier coboit oObeaUHEHNE OCTOBHOTO JepeBa U k-
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peryisipaoro nojarpada (uam modTu k-peryisipHoro mojrpada) Ha MHOXKECTBE BCeX BepINUH, 3a
UCKJIIOUeHNeM u. B aToM caydae dbopmyrna odeBniHA.

[TocTporm 9TO OCTOBHOE JIEPEBO: st KarKI0H BEPIIUHBL U 7 % OTMETUM PeOPO €, ¢ HAauMEHb-
IITUM BECOM, IIPUHAJIIEXKAIee KAKOMY-HUOY/Ib BOCXO/AIIEMY MyTHu u3 u B v. Mbl ormermin n — 1
pebep, OHM 3aJIeBAIOT BCe BepHIUHbI Tpada (MUHUMAJILHOE PeOPO BEPIIUHBI U TOXKE OKAYKETCs
OTMeUYeHHBIM ), TI09TOMY 9TO OCTOBHOe JiepeBo. Jlasee, cpeau pebep BepiuHbl U PeGPO €, — €JIIH-
CTBEHHOE PEOPO, MPUHAICXKAIIEE XOTH KAKOMY-TO BOCXOJANIEMY IIyTH U3 U B v. JlelicTBUTE/IBHO,
ecsin pedpo €, THIUJCHTHO BEPIITUHE U 1 JIEXKUT Ha IIyTH U3 U B ¥, TO TOT IYTh POXOJUT Y€pe3 w
U TOTJIa OH JIOJIZKEH BXOJUTDb B W 110 PeOPY, Yy KOTOPOT'O BEC MEHBIIE, Y€M BEC €,,, ITO HEBO3MOXKHO.
Takum obpazom, rpad G st KaxK10#l BEPIIUHDBI U COJIEPXKUT, IIOMUMO €,,, elle He Menee k pebep,
UHIMJICHTHBIX 1. YICHO, YTO MUHUMAJIbHOE YHUCJIO Pebep OyIeT B k-peryjisipHOM CJIydae. 0

C moMoIbio 3TUX JIBYX JieMM pertuM 3aja4y. [lycts nmeercs criocob onoserenusi, obecrievn-
BaIOMIUIl CIJIETHUKOB HaJlesKHbIMU ciiyxamu. llepBbie n — 1 3BOHKOB 3TOTO €11oco0a OMOBEIeHust
3ataoT nojrpad H B rpade 3BoHKOB. B cmty MasiocTn KoJimdecTBa 3BOHKOB XOTd ObI OJIHA U3
KoMIIoHeHT rnojrpada H asiagerca jgepeBoM, obosnadum ero 1. Ilo jemme 1 B sepee T MOKHO
BBIOPATH BEPIIUHY U, U3 KOTOPOl MOKHO J00PaThCs M0 BO3PACTAIOINIUM Iy TSM JIUIIHL He Oojiee deM
B |log, n| Bepmun. Y6epem pebpa Bcex sTux myreil u3 rpada H, noaydenusiii rpad HazoBem H',
OH cojiep:KuT He MeHee n — 1 — |log, n| pebep.

Hng rpada G — H' u BepIuHBI ¥ BBIIOJIHEHBI YCJIOBUSA JIeMMbI 2 (0TOpOIieHHbIe HaMu pebpa
HE MOIVIM OBITh WMCIIOJIB30BAHBI JjI MOCTPOEHUsI IyTell W3 BEpPIINHBI U, TaK KaK OHU ObLIN XPO-
HOJIOTHYECKU <«CJIUITKOM PAHHMMU» ), 3HAYUT, B HEM He MeHee [Ww pebep. Torma B G He

2
menee n — 1 — |logyn| + {WW pebep.

6.1. a) |5, lemma 3| Uuaykuus o k. Basza rpusuanbua. s gqokazarebersa nepexoa OTMEHUM

IIEPBBII 3BOHOK. B pesyibrare jepeBo OKarKeTcsd pa3dOUTHIM Ha JIB€ KOMIIOHEHTBI, B KaKJIOi u3

KOTOPBIX IIEPECTAHET ObITh U3BECTHLIM OJIMH CJIYyX U3 IIPOTUBOIOJJIOXKHON KOMIOHEHTHI. 110 nHIyK-

IIMOHHOMY IIPE/IIOIOKEHIIO TOTVIa KazK/asd 3 KOMIOHEHT COJEPyKHUT He Menee 2F~1 eprrmm.
[IyukT 6) perraercs: aHAJIOITYHO.

6.2. lIpumep [5, Jlemma 1|. Tlogenum n na 2°~1 ¢ ocrarkom: n = 2¥"1n; + ny. Pazobbem cruiet-

HUKOB Ha M rpymi no 2°~! geoBex u moc/ieiHioo rpymiy us ny 4ejosek. B Kaxk1oii rpymme us
281 yenosex MoxkuO ciienarh 2771 3B0HOK Tak, 4TOOBI B pesysibTaTe BCe W/eHbl IPYIIbI 3HAJI 10
k ciyxoB (J1BO€ 3BOHST JIPYT JPYIy — B PE3YJILTATE JBOE 3HAIOT 110 2 CJIyXa; HOTOM KazK/[blil 13 HUX
Pa3roBaprBaeT HOBBIM WIEHOM I'DYIIIbI, B PE3yJIbTaTe YeTBEPO 3HAIOT 110 3 CJIyXa; IIOTOM KazKIblii
U3 YeTHIPEX PasroBapUBAET C HOBBIM WIEHOM IDYIIIBI, B Pe3y/IbTaTe BOCEMb UeI0BEK 3HAIOT 110 4
ciayxa u T.71.). Y10 Kacaercs moc/ieHeil IPYIIIBI, IIyCTh KayK/Iblil 9eJI0BEK U3 Hee MO3BOHUT KOMY-
HuOY/Ib U3 IIEPBBIX TPYIIL, KOIJA TaM yrKe 3aKOHYaTCsl 3BOHKH, 9TOOBI y3HATH k ciyxos. Wroro,
k-1 _ [2F1-1
k—1_

Onenka [5, Temma 4]. Toxazxkem onenky P(n, k) > 25—n, He HaKIabIBast HIKAKIX YCJIO0-
Buil Ha k.

Pacemorpum nocsetoBaTebHOCTD, gaougyio P(n, k) 3Bonkos. Ilycers s kaxoro i > 1 stor
rpad 3BoHKOB G MMeeT n; KOMIOHEHT CBSI3HOCTH, COJEPIKAIUX ¢ BEPIIHH, TOL/a

E n; =n.
i

BameTum, 4TO KaxKkjias KOMIIOHEHTA C ¢ BepIInHAME HMeeT He Menee ¢ — 1 pebep. Bosiee Toro,
110 yTBEePzKICHHUIO 3ajaun 6.1 Majble KoMIOHeHTHI (Te, [yl KoTopbix ¢ < 2871) He MoryT GbITH
JIEpEBbsIMU, 3HAYUT, B HUX He MeHee ¢ pebep. Takum obpasom,

P(nk)> > ini+ Y (i—1)n.

i<2k—1 iz2k-1
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. k—=1_1. . _
Ocrasiock 3aMeTuTh, 9TO 1 — 1 > %z npu i > 2871 u cnenosarensho,

6.3. [5, Jlemma 2| BoigesnM 3 MHOMKECTBA BCEX CIUIETHHKOB JIBA HEIEPECEKAONINXCA Habopa:
Habop X, COCTOSIIHIT U3 i CIIETHUKOB, 1 Habop Y = {y1, s, ..., Yor—i—2} U3 2F712 crerHuKos.
3BOHKH Opranudyem cJjeyomnM oopazoM. CHadasra KaxKIblil 4eI0BEK 13 MHOYKeCTBa X co00ImaeT
CIUIETHUKY Y; CBOII ciiyX. B pesysbrare ciiesiano ¢ 3BOHKOB, a CIIETHUK Y1 3HAET Tenepb ¢+ 1 ciyx.
Jlajiee nTepalmoOHHBIM IIPOIIECCOM Mbl HAYMHAEM Y/IBAMBATH YHCJIO «OCBEJIOMJIEHHBIX» CIJIETHUKOB
B MHO)KecTBe Y. Daza: mesraem 3BOHKW: Y12, Y34, Y1Y3, Y2U4; B PE3yJbTaTe clesaHo 4 3BOHKA 1
nepBbie 4 Ye0BeKa U3 MHOXKeCTBa Y 3HAIOT 110 1 + 4 ciyxa. [lepexos. Eciu na npejpiiyieM mare
nepBbie 2" 9e/IOBEK W3 MHOXKECTBa, Y 3HAJU © + 1 + 2 cIyXa, TO Ha OYEPE/IHOM IIare MbI JIeJIaeM
2" 3BOHKOB

Y1Yi+or,  Y2Ya42r, ...,  YarYortl

1 Teneph 1epeble 27! crleTHIKOB 13 MHOXKecTBa Y 3HAIOT 110 i+ + 3 ciiyxoB. [Iporecc 3aBepiunt-
cs1, Korjia OyJleT «oxBadeHo» Bee MHozKecTBo Y. K aToMy MoMeHTy Gyzer Beero caenano i+ 282
3BOHKOB U BC€ CIUVIETHUKH U3 Y Oy/yT 3HATH k ciryxoB. [lociie 5T0r0 1mycTh ¢ O3BOHUT BCEM CILIET-
HuKamu He u3 Y, coobmus um ceou k ciryxos. Takum obpasom, P(n, k) < i+2F 724 (n—2k"172) =
n+1.
B sTOM paccyK/ieHnn Mbl HCIOJIb30BAJN JIUIL HEPABEHCTBO 1; < n.

6.4. IlycTb nuMeeTcs MOC/IeIOBATEILHOCTD ¢; 3BOHKOB cruteTHHKOB (1 < i < §). Bamernm, 4To ecim
BO BpeMsl HEKOTOPOT'O 3BOHKA ¢; TIOTOBOPHJIN JIBa Y€JI0BEKA, a CJICIYOIINi 3BOHOK C; 41 OCYIIECTBIIs-
0T J[Ba, JIPYTUX YEJIOBEKA, TO MbI MOXKEM [I€PECTABUTH 9TH 3BOHKH JAPYT C JIPYTOM, 9TO He IIOBJIUAECT
Ha Pe3yJIbTAT PACIPOCTPAHEHNUS CIIETEH C MTOMOIIBIO JAHHOI [OC/Ie[0BATEILHOCTH 3BOHKOB. Takoe
JKE NEPECNAHOB0UHOE NPAGUAO TEHCTBYET [T HAOOPOB N3 HECKOJIBKNX 3BOHKOB: €CJIU JIBE TDYIIIIbI
U3 HECKOJIBKUX IIOCJIE0BATEIBHBIX 3BOHKOB Cj_p, Cj_pils - - - Cjm1 B Cj, Cjg1, . - -, Cjpq—1 HEIOCPEJI-
CTBEHHO CJIEJYIOT OJIHA 3a JIPYIOWl W He IEePECEeKAITCs [0 MHOYKECTBY Da3rOBAPUBABIINX B HUX
JIEOJIEi, 9TH JIBe TPYIIIBI 3BOHKOB MOXKHO HOMEHATH MecTaMi. [losyaurcs mocieoBaTesbHOCTD

Cly--,Ci—p-1, Cj,Ci41,-+-3Cj4q-1, Cj—p;Cj—pt1y---,Ci—-1, Cjiqy---,Cs,

KOTOpas JaeT TO ke (PUHATIbHOE PACIpPEIe/IeHne CIUIETeH, 4To U ucxoqnast. IlocienoBarebHocTH
3BOHKOB, HOJIy9ICHHBIE JAPYT U3 Jpyra C IIOMOIIBIO TAKUX IIEPECTAHOBOK, Oy/JeM HA3BIBATDH IKGUGH-
AEHMHOMU.

C yderoMm pesynbraTa IPEJbIIYINeH 3a/1adn, A JOKa3aTeJIbCTBA TPEOYEeMOro YTBEPIKICHU
JOCTATOYHO IIPOBEPUTH, 4TO 1pu t; < n < t;_1, rae 0 < i < k — 4, uMeer MeCTO HEPABEHCTBO
P(n,k) > n+i. Mbl jokazkeM 6oJiec TOHKUIA BapuaHT 9TOro HepaseHcTsa |5, Jlemma 5|, u3 koToporo
9TO yTBEPIKJIEHUE CPa3y CJedyeT. BygeM Ha3bIBATD CIUIETHUKA 0C6eJOMACHHbIM, ECTIU B PE3Y/IbTaTe
Pa3roBOPOB OH y3HAET HE MeHee Kk CIIyXOB.

Jlemma. Ilpegmnonoxkum, uro n < t;_; — 1, tne 0 <7 < b — 4. Ilyers ¢y, .. ., ¢y — 1OCIIEJI0-
BaTE/JLHOCTH U3 ¢ + J 3BOHKOB. Torjia

1) B pe3ysbTaTe 9THX 3BOHKOB 00pa30BasIoch He O0jIee j OCBEIOMJICHHDIX CILJIETHUKOB;

2) ecsin B pe3y/IbTraTe TUX 3BOHKOB 00PA30BAIOCh POBHO j OCBEIOMIIEHHBIX CIUIETHHKOB (3aI0M-
HEM UX), TO CyIIECTBYeT SKBHBAICHTHAA MOCIEI0BATETLHOCTD €y, . . ., C;, ;, B KOTOPOil MOC/Te/THIe
j BBOHKOB Cj,1,Cj g, --,Ci; OBLIH TOJBKO CTPOTO MEKJly OCBEJOMJCHHBIMU CILJIETHUKAMH (T.e.
TOJILKO MEXK/Iy TEMH JIOIbME, KOTOPBIX MbI 3AIIOMHHJIN).

HoxazaTesabcTBo. Unaykius mo j.

Baza 1 < j < k—i—2 Torma i +j < k — 2, T.e. obasg KOMIIOHEHTA CBI3HOCTU T'pada
3BOHKOB COJIEpKUT He Oosiee k — 1 BEPIIUHBI, IO9TOMY HU OJIMH U3 CIIETHUKOB IIOKA eIlle He CTaJl
ocsetoMsteHHBIM. O0a JI0Ka3bIBAEMbBIX YTBEPK/ICHUST OKA3AIUCH HEMHTEPECHBIMHE.
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[Mepexon. Ilycts j > k —i— 1, w qyist j' = j — 1 BBINOJIHSIETCST IPEJIITIOIOKEHIE WHLYKITAH.

Hokaxem yrBepxkenue 1). Ilycts B pesyiabrare MoCIe0BATEILHOCTH U3 j 3BOHKOB MMEETCsI
J + 1 ocBegomennslii cmleTHUK. IIocKOIbKY B pesy/bpTaTe HOCJIEIHETO 3BOHKA Cjyj MOIVIO IIO-
ABUTBCA He 6oJlee IBYX OCBEIOMJICHHBIX CIUIETHHKOB, K MOMEHTY 3aBEPIICHUs 3BOHKA C;y;_1 OBLIO
B TOYHOCTH j — 1 OCBEIOMJICHHBIX CIJIETHUKOB T1, ..., £j_1, & HOCJICIHUI 3BOHOK COCTOATICH MEK-
JIy «HOBBIMH» OCBCJIOMJIEHHBIMH CIIETHUKAMW T; W Tji1. B CHIy BTOPOrO yTBEp:KJIEHUS IpeJ-
ITOJIO?KCHUA WHJYKIIUA MBI MOYKEM CUUTATH, UTO BCE 3BOHKH Ciil,. .., Citj—1 OBLIN CTPOTO MEXKILY
CIJIETHUKAMHA X1, ..., Tj_1, U TOTJa 3Ty TPYIILy 3BOHKOB MOXKHO IIEPECTaBHUTH C Ci4j. Ho Torma
B pesyJbTaTe ¢ + 1 3BOHKA C1, C, . . ., Cj, Citj—1 HOABUJIOCH [[B& OCBEJOMJICHHBLIX CIJIETHHKA. DTOTO
HE MOYKET OBbITb, IIOCKOJIbKY U OrPpAHMYEeHUAX ¢ < kK — 4 Ha IepeMeHHyIO ¢ He MOYKeT MOSBUTHCS
BOOOIIEe HU OJIHOIO OCBEJIOMJIEHHOTO CILJIETHHKA (KOMIIOHEHTa CBA3HOCTH, COJEpPZKAIlasi OCBEIOM-
JIEHHOT'O CILJIETHUKA — 9TO KaK MUHUMYM JIEPEBO, cojiepzKaliee k BEPINWH, TIO9TOMY B Heil He MeHee
k—1>i+ 1 pebep).

Hoxkazxkem yrBepxkienue 2). [Ipesmosioxkum aro B pesysbrare i + j 3BOHKOB Mbl HMEEM DPOB-
HO j OCBEJIOMJIEHHBIX CIUIETHMKOB, HO IIPU 9TOM IIOCJEIHUE j 3BOHKOB 3aTPArvBaJId HE TOJIBKO
9TUX CIUIETHUKOB. Torja BbibepeM MaKCHUMAJIHLHO BO3MOXKHOE P, TAKOE UTO MOCJIEIHUE 3BOHKU
Citpt1,- - -, Citj OBLIN TOTBKO MEXKJY OCBEJOMJICHHBIMI CIIJIETHHKAMI. 3aMETHM, 9TO TOI/IA OJUH
13 coOECeTHUKOB 3BOHKA Cjt, — TOXKE OCBEJIOMJICHHBI, TaK KaK MHaYe MBI MOIVIH OBl IIepeHeCTH
9TOT 3BOHOK B KOHEII II0C/IE/I0BATEILHOCTH 3BOHKOB U MbI TIOJIYUMIN ObI T€X K€ j OCBEIOMJICHHBIX
CILJIETHUKOB y2Ke II0CJIe ¢ + J — 1 3BOHKOB, 9TO MPOTUBOPEUUT IIPE/IITOJIOKEHNUIO UHJLYKITUH.

IIycte G — rpad 3BonKOB, G' — ero noarpad, 06pa3OBAHHDIA 3BOHKAME Citp, - - . , Citj.

Pacemorpum cradasta ciydait, korya p = 1 u nipu 3rom rpad G okazadicst cesasubim. Torma G —
nepeBo (B HeM j pebep u j+1 BepiHa — Bce OCBEJIOMJIEHHbIE CINIETHUKY U OJ[H HEOCBEIOMJICHHBII
YUYaCTHHK 3BOHKA C;4,). Pacemorpum kommonenty C’ rpada G, koropas cogepxkut G'. Ilycrs sra
KOMIIOHEHTa coJiepKuT ¢ BepinuH BHe G’ Torjia oHa JI0JKHA COJIepKaTh ellle 110 Kpaiineit mepe i’
pebep (kpome pebep, Jexkamux B G'). D1u pebpa 3aa10T KAKHe-TO U3 3BOHKOB (1, . . ., Cj, TO9TOMY
i" < i. Ynaaum 911 ¢ 3BOHKOB M3 IIOJIHOM [TOC/IE0BATEIbHOCTH 3BOHKOB, 9TO IIPUBEJIET K TOMY, 9TO
10 OKOHYAHWN 3BOHKOB B jiepeBe (G’ Bce CIUIETHUKM, KPOME OJIHOrO, OYy/yT 3HATh He MeHee k — i
cayxoB. Torma mo yrBepzkienuto 3a1a4qu 6.1 6) BBITOTHEHO HEPABEHCTBO j + 1 > 2k—i'=1 _ 1. Torna

tig—1=i—242" " > n>d+j+12d+2M" 1> 2 1 =4

[Iporusopeune. B mocienreM HepaBEeHCTBE MbI BOCIIOJIB30BAINCH YOBIBAHUEM I10CJIEI0BATETHLHO-
CcTH t;.

Tenepb paccMoTpuM ocTasbHBIE Ciydan: Korga p > 1 uiu rpad G’ cocrout us aByx uim Oojee
komioneHT. O6o3nadnM depes C' komnonenty rpada G, comepKaIryio 3BOHOK ¢;4;. [lepeobosna-
YUM 3BOHKH: IIyCTb ¢} = Citj, Cy, ..., C, — 9TO 3BOHKU B XPOHOJIOTHYECKOM HOPSIJIKE, COBEPIICHHbIE
B KoMmmonente C, u myctsb ¢, ¢, ..., ¢ — ocrambuble 380HKN B G'. B 060oux paccmarpuBaeMbIX
ciydasx 7 < j (a BOT mapamerp s MOxeT ObITh paBeH HyJIIO, Korua p > 1).

B cnity mepectanoBOYHOIO IIpABUIIA BCE 3BOHKH €], ..., €2 MOXKHO OCYIIECTBUTD JI0 3BOHKOB ¢},
o

T

T. €. ICXOJHad ITOCJICA0BATC/IBHOCTD 3BOHKOB 9KBHUBAJICHTHA ITOCJICI0BATCJIHBHOCTU

C1,C2y oy Citp1, ClyeeesCoy oo cl

[TockoIBKY 3BOHOK ) 3aTparmpBaeT TOJBKO OJHOTO OCBEJOMJICHHOIO CILUIeTHHKa, KomronenTa C
COIEPZKUT He 0oJIee T OCBEJOMJICHHBIX CIUIETHUKOB (B Heil r pebep m we Gosee r + 1 Bepimwm).
BHaunT, MOCC i + j — r 3BOHKOB U3 BBLINTUCAHHOI IMOC/IE0BATEILHOCTH 06pPa30BaIoch He MeHee
J — T OCBEJIOMJICHHBIX CILIETHUKOB. TOr/ia 10 MHYKIMOHHOMY MPE/IIOJI0KEHIIO KOJIMIECTBO OCBEe-
JIOMJIEHHBIX CILJIETHUKOB JIOJIZKHO OBITH B TOYHOCTH paBHO j —1 (1 Torja Kommonenta C' conepKuT
POBHO 7" OCBEJIOMJICHHBIX CILJIETHUKORB), ¥ MOYKHO PEOPraHu30BaTh 3TU i + j — I 3BOHKOB TaK, ITO
HOCJIe/THIE § — 7' 3BOHKOB OY/IyT MKy OCBEJIOMJIEHHBIMU cIiieTHHKamu (He Jjexamumu B C'):

/

~ ~ ~ /
C1,C2y -« oy Cigj—r, Ciy. ooy G
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Tax Kak B 9T0il 1OC/IEIOBATEILHOCTH 3BOHKH Ciy1, - - ., Citj—r COBEPINAIOTCS MEXKJLy OCBEJOMJICH-

HBIME CIUTeTHUKaMu He n3 C', MBI MOXKEM II€PECTABUTH UX CO 3BOHKAMHU Ci,...,c,. llomyunrea

» G
dKBHUBaJICHTHaA I10CJI€J0BaTC/ILHOCTD

~ ~ / / ~ ~
Cly.. ., Ciy  Cpy.noy Cpy Cit1y- s Cigj—r-

[IepBoie 7+ 7 3BOHKOB 3TOIi ITOC/IE/I0BATETHLHOCTH TPUBOJIAT K ITOSABJICHUIO " OCBEJIOMJIEHHBIX CILIET-
HUKOB. 3HAYUT, 110 IPEIIIOJOKEHIIO NHIYKIIMH MOYKHO IE€PEYIOPSIIOUUTh 9TH ¢ + 7 3BOHKOB TaK,
9TOOBI TIOC/IEHUE T 3BOHKOB M3 HUX OCYIIECTBJISJINCH MEXK/LY OCBEIOMJIEHHBIMHU CILIETHUKAMH.
CrenraB 310, MBI TIOJTyIuM TpebyeMoe: B 00pa30BaBIIeiics MOCIeI0BaATETbHOCTI TTOCIEIHAE | 3BOH-
KOB IIPOUCXOAT MEXKJIYy OCBEJIOMJIEHHBIME CILIETHUKAMU. JlemMMa jjokazaHa. O]
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