
Figure 7: Zooming out and adding points.

Proof. Notice that if the number of vertices is even, then every line has an
even halving difference. Consider a geograph representing our underlying
graph. We will process the configuration line by line. Take a line. Suppose
we want to make it a halving line. For this we need to add an even number
of points on one side of the line, without disturbing the halving difference of
other lines. If it is a halving line and we want to make it a non-halving line we
can add 2 points one one side. Let us draw all possible lines connecting the
points and zoom out. From a big distance the point configuration will look
like a bunch of lines intersecting at one point, see Figure 7. On Figure 7 the
thick line is the line we are processing. Suppose the line needs an addition
of 4 points below it. We add half of the points (two in our example) below
the line far away on each side.

Each line that should be an edge in the new underlying graph requires an
addition of at most 2k − 2 vertices. All of the future edges require at most
2ek − 2e extra points. Other lines require at most 2 points each for a total
of 2(

(
2k
2

)
− e).

5.5 Cliques

Underlying graphs with 4 vertices have cliques of size 2. We can have a clique
of size 3 in a graph with six vertices (See Figure 8).

By the Theorem 5.8 we can have a clique of size n as an induced subgraph
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