
Figure 5: Path.

5.3 Cycles

Here we consider the size of cycles in underlying graphs. Vertices on the
convex hull cannot be part of a cycle, so an easy upper bound for the length
of the largest cycle is n − 3. It turns out that this bound is asymptotically
exact. We start with a lemma:

Lemma 5.6. Suppose a configuration of points with two neighboring points
on the convex hull, denoted by A and B, is given. We can segmenterize in
such a way and choose a direction on the segment so that A becomes the fist
point of the segment and B the k-th point, for 1 < k ≤ n, where n is the
total number of points.

Proof. Draw a line that passes through A and does not pass through B. After
segmentarization the segment will be on this line. Choose a line through B
that has k−1 points on the same side as A. Segmentarize along this line.

Theorem 5.7. When n is a multiple of 6, the maximum length of a cycle is
exactly n− 3.

Proof. We can write n = 3b, where b is even. Using Lemma 5.5, we can
create a configuration of b points with a path of length b− 1. Note that the
endpoints of the path (of the V-shape) are neighboring points on a convex
hull. This allows us to use Lemma 5.6 to seqmentarize this configuration so
that the endpoints of the path occupy the positions 1 and b
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