
4.3 The Y-shape construction

Suppose we have three configurations G1, G2, and G3 with n points each and
k1, k2, and k3 halving lines correspondingly. The Y-shape construction allows
to build a new configuration with 3n points which has each of the three initial
configuration as a subgraph and has a total of k1 + k2 + k3 + 3n/2 halving
lines.

The construction works as follows. We segmentarize each set of points
Gi. Then we draw three rays emanating from the origin, forming an angle
120 degrees between each other, and place each segmentarized set of points
along one of the rays. (See Figure 4.) This makes a Y-shape of 3n points,
with n points on each branch.

Figure 4: The Y-shape construction.

All halving lines that served a branch remain to be halving lines. In
addition, we can find halving lines that go through 2 points on different
branches of the Y-shape. There are a total of 3

2
n such lines, so we have

produced a configuration with 3n points and k1 + k2 + k3 + 3
2
n halving lines.

Note that we can use the Y-shape construction on three copies of the
same configuration with n points and k halving lines. It produces a new
configuration with 3k + 3

2
n halving lines.

One can use the Y-shape construction repeatedly to produce an elemen-
tary lower bound of n log n for the maximum number of halving lines.
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