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1 Introduction

Two piecewise-linear closed surfaces in R4 generically intersect in an even
number of points. When the two surfaces are not in general position but
share a common vertex x, we will show that this theorem may be corrected
by adding the linking number between the restrictions of the two surfaces to a
small sphere around x. The main technique is to decompose our surfaces into
tetrahedra, whose pairwise intersections may be studied in R2. Analogous
results hold in the case of a closed surface and a closed curve in R3.

For a triangle T = ABC, we define NT to be the 2-dimensional triangle
with these vertices. For a closed broken line T = A0A1 . . . An in general
position in R3, define NT = NA0A1A2+NA0A2A3+ . . .+NA0An−1An, where
+ denotes the symmetric difference of sets. We make the same definition for
spherical polygons.

For two closed broken lines T1 and T2 in general position in R3 or S3, we
define their linking number by link(T1, T2) = |NT1 ∩ T2| mod 2. A priori,
the linking number may depend on the order of vertices we chose in order to
construct NT1.

(Main result) Parity theorem for 2 closed surfaces in R4. Let T1
and T2 be the two piecewise-linear, closed surfaces in R4 sharing a vertex
x. Assume that their vertices are in general position. Further, let T̃1 and
T̃2 be the intersections of T1 and T2 with a small sphere around x. Then
|T1 ∩ T2|+ link(T̃1, T̃2) is even.
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2 Proofs

Fix a point x in R4. Let S be a small 3-sphere around x. For any object T ,
let T̃ denote the intersection of T with S.

Lemma 1 (easy case). Any two tetrahedra T1 and T2 in general position in
R4 intersect in an even number of points.

Proof. The hyperplanes containing T1 and T2 respectively intersect in a 2-
dimensional plane π. Let T1 and T2 intersect π in the convex polygons P1

and P2 respectively. By our hypothesis of general position, the vertices of
P1 and P2 are in general position in the plane. Therefore, P1 ∩ interior(P2)
in a union of broken paths or a cycle. The intersections between P1 and P2

are precisely the endpoints of broken paths in this set, of which there are an
even number as desired.

Lemma 2 (harder case). Consider two tetrahedra T1 and T2 in R4 sharing
a common vertex x. Assume that the seven vertices are in general position.
Let a small 3-sphere S around x intersect T1 and T2 in two spherical triangles
T̃1 and T̃2. Then link(T̃1, T̃2) + |T1 ∩ T2 \ x| is even.

Proof. As in lemma 1, let P1 and P2 be the intersections of T1 and T2 with
their common 2-dimensional plane π. Again, P1 ∩ interior(P2) is a union of
broken paths or a cycle. The intersections between P1 and P2 are precisely
the endpoints of broken paths in this set, with the possible exception of x.
Let S intersect π in the circle s. In other words, s is the common circle of
T̃1 and T̃2. Observe that T̃1 and T̃2 are linked if and only if they intersect s
in an alternating pattern. This is true if and only if x is an endpoint of a
broken path in P1 ∩ interior(P2), which yields our theorem.

Proof of the main result.

Proof. We may assume that T1 and T2 have only triangular faces. Let T 1 =
{T 1

1 , T
1
2 , . . . , T

1
n1
} be a triangulation of a (possibly singular) Seifert surface

with boundary T1. By this we mean a set of tetrahedra in R4 such that
each face of T1 appears once among the faces of tetrahedra in T 1, and every
other triangle appears 0 or 2 times in among these faces. One way to do
this is to choose an arbitrary point v in general position and let T 1 consist
of tetrahedra with base a face of T1 and last vertex v. Similarly, give T2 a
triangulation T 2 = {T 2

1 , T
2
2 , . . . , T

2
n2
}.
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Now we claim that

|T1 ∩ T2 \ x| ≡
∑
i,j

|T 1
i ∩ T 2

j \ x| mod 2

This is because intersections counted on the right side which lie on a face
not in T1 or T2 are counted an even number of times due to the triangula-
tion condition. Conversely, intersections between two faces of T1 and T2 are
counted on the right side precisely once.

Now observe that, triangulations T 1 and T 2 descend to triangulations T̃ 1

and T̃ 2 of T̃1 and T̃2 respectively. Again by the triangulation condition, we
have

link(T̃1, T̃2) ≡ |NT̃1 ∩ T̃2| ≡
∑
i,j

|NT̃ 1
i ∩ T̃ 2

j | ≡
∑
i,j

link(T̃ 1
i , T̃

2
j ) mod 2

Combining our two equations, we get

|T1 ∩ T2 \ x|+ link(T̃1, T̃2) ≡
∑
i,j

(
|T 1

i ∩ T 2
j \ x|+ link(T̃ 1

i , T̃
2
j )
)

mod 2

≡ 0 mod 2

The last congruence holds by the two lemmas. Therefore, the left side
vanishes, as desired.

These results generalize in a straightforward manner to the case where
our surfaces share several common vertices but no common edges. Here, we
should simply sum the linking numbers at each common vertex.

We can also generalize to the case of the intersection between a k-dimensional
and an l-dimensional closed surfaces intersecting in Rk+l. Take as an example
the case of a 2-dimensional surface T1 and a closed curve T2 intersecting in
R3. The definition of the linking number remains |NT̃1 ∩ T̃2| mod 2, where

T̃2 is now simply 2 points. T1 and T2 still share a common plane π, and the
proofs of the parity theorems may proceed as above.
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