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1 Problems up to the semi-final

What are these problems about?

The following problem is well known: can a given graph be embedded in the plane, i.e., can the
graph be drawn on the plane so that its edges have no pairwise intersections and no self intersections
except at end points? The present cycle of problems is about the embedding of the two-dimensional
analogs of graphs (called hypergraphs) in three-dimensional space and even in four-dimensional space.
Here some beautiful and nontrivial results on the embedding of hypergraphs will be stated in in the
language of certain systems of points, so that we will not need the notion of hypergraph. We will work
in four-dimensional space only at the end, when this will not seem scary, because by then we will have
learned how to reduce geometric problems to problems of lesser dimension (for more details, see the
beginning of the section ”Embedding into four-dimensional space”).

The most important results are simple proofs of the non-realizability in four-dimensional space of the
complete hypergraph on seven vertices and (solution of the Menger Problem) of the product K5 × K5.
2 See Problems 1.19.a,mn; another most interesting problems are 1.11, 1.12 and 1.13.

Participants who succeed in solving the problems can obtain additional problems about piecewise
linear realizability and algorithmic questions of realizability.

General conventions

Whenever the formulation of the problem is an assertion, the problem is to prove the assertion.
A student (or a team of students working together on a problem) obtains a ‘bonus point’ for each

written solution of any problem, for which he/she/it received a + or a +.. A large size picture that jury
member can understand counts as a written solution for those items of Problems 1.13 and 1.19 where
the answer is ‘yes’. The Jury will also award more bonus points for beautiful solutions, for solutions of
difficult problems and for (some) solutions typeset in TeX. The Jury has an unlimited number of bonus
points. The student (or the team) can try to present solutions orally (without handing in a written
text), but it loses one bonus point at each such attempt.

We ask all participants working on our problems to feel free to discuss with us any questions that
may arise or ideas of solutions.

The solutions of Problems 1.2.abc, 1.4.ab and 1.7 will be given at the presentation, you may submit
these problems only before the presentation.

Realizability in the plane

A collection (=subset) of points in the plane is in general position, if no 3 points of the collection
belong to one line.

By n points on the plane (in space) we mean an n-element subset of the plane (space). So these n
points are considered to be different.

The following assertion can be used further without proof.

1After the Summer Conference a Russian up-to-date version will be available as a part of the book
www.mccme.ru/circles/oim/algor.pdf. We are grateful to A. Sossinsky for English translation of parts of the text, to
P. Kozhevnikov for useful discussions and to I. Bogdanov for preparing some figures.

2Usually the proof of these classical examples involves complicated techniques [Pr06]. Actually the proofs of the
topological unrealizability is indeed harder compared to the linear unrealizability mentioned above, and the piecewise-

linear unrealizability, for which the proofs are analogous. [Sk03], [Sk08, §5].
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1.1. Parity Theorem. If the 6 vertices of two triangles in the plane are in general position, then the
contours of the triangles intersect in an even number of points.

A subset of the plane or space is called convex, if for any two points from this subset the segment
joining these two points is in this subset. The convex hull of set X is the minimal convex set that
contains X.

1.2. (a) There exist 4 points in the plane such that for any of their decompositions into two pairs ,
the segment joining the points of the first pair does not intersect the segment joining the points of the
second pair.

(b) Any 4 points in the plane can be decomposed into two groups such that the convex hull of the
points of the first group intersects the convex hull of the points of the second group.

(c) From any 5 points in the plane, one can choose two disjoint pairs of points such that the segment
joining the points of the first pair intersects the segment joining the points of the second pair.

(d) Two triples of points are given in the plane. Then there exist two intersecting segments without
common vertices such that each segment joins the points from distinct triples.

A set of segments (in the plane or in space) is called embedded, if the following conditions hold:
• segments without common vertices are disjoint; and
• segments with a common vertex intersect only at this vertex.
Perhaps you would like to solve the following weaker versions before solving points (c) and (d)

themselves:
(c’) For any 5 points in the plane, the set of all the segments joining them is not embedded.
(d’) For any two triples of points in the plane, the set of all the segments joining the points from

distinct triples is not embedded. 3K5 K3;3
Figure 1: Nonplanar graphs

1.3. Count the number of unordered pairs {{i, j}, {k, l}} of disjoint two-element subsets {i, j}, {k, l} ⊂
{1, 2, 3, 4, 5}.

1.4. Let a collection f := {1, 2, 3, 4, 5} of five points in general position in the plane be given. For
any four distinct points i, j, k, l of the collection, the segments ij and kl either are disjoint or have a
unique common point. Define v(f) to be the parity of the number of intersection points of the segments
ij and kl for all unordered pairs {{i, j}, {k, l}} of disjoint two-element subsets {i, j}, {k, l} ⊂ f :

v(f) :=
∑

{|ij ∩ kl| : {i, j}, {k, l} ⊂

(

f

2

)

, {i, j} ∩ {k, l} = ∅} mod 2.

(a) For the collection f0 of five points in the plane shown in Figure 1 to the left we have v(f0) = 1.
(b) v(f) does not depend on f .

1.5. (a,b) State and prove the analogues of Problems 1.4.a,b for six points (in general position in
the plane) decomposed into two triples.

(c,d) State and prove the analogues of Problems 1.2.c,d for points in the sphere.

3Of course these assertions are versions of the nonplanarity of K5 and K3,3. But they are easier to prove: it is sufficient
to use Problem 1.1 instead of nontrivial versions of the Jordan theorem. If your solution uses such versions, then please
do not forget to prove them.

2



1.6. Is it possible to draw without self-intersections graphs K5 and K3,3 (fig. 1)
(a) on the sphere? (b) on the lateral surface of the cylinder (Fig. 2)?
(c) on the torus (Fig. 2)? (d) on the Möbius strip (Fig. 2)?

Figure 2: Torus, Möbius strip and a cylinder

The torus is the surface of a doughnut (Fig. 2, left). Or, equivalently, the figure obtained by gluing
the opposite sides of the square in ’the same directions’, i.e. without a twist. The Möbius strip is the
figure obtained by gluing the short opposite sides of a long rectangular strip in ’opposite directions’,
i.e., after a 180◦ twist (Fig. 2, middle).

Realizability in space

The main problems of this subsection are 1.11, 1.12 and 1.13.

1.7. There exist 100 points in space (i.e. in R
3) such that the set of all the segments joining the

points is embedded.

A set of points in space is in general position, if no 4 points of the set belong to one plane.A6A5A4 A3 A2 A1� � � ��� A6A5A4A3 A2 A1� �
����

Figure 3: A set of points in general position

1.8. The following sets of points are in general position:
(a) (See Figure 3.) Consider a regular hexagon in a horizontal plane. The set of points A1, A2, A3,

A4, A5, A6 exactly above the vertices of the hexagon at the heights 1, 2, 3, 4, 5, 6, respectively.
(b) The points with Cartesian coordinates (t; t2; t3), where t ∈ (0, 1).

1.9. (a) There exist 4 points in space which cannot be decomposed into two groups such that the
convex hull of the points of the first group intersects the convex hull of the points of the second group.

(b) Any 5 points in space can be decomposed into two groups such that the convex hull of the points
of the first group intersects the convex hull of the points of the second group.

1.10. Several points in general position and a point O are marked in space. It is known that for any
three marked points A, B, C there is a marked point D such that the point O belongs to the interior of
the tetrahedron ABCD. Prove that exactly 4 points are marked.

1.11. (a) From any 6 points in space one can choose 5 points O, A, B, A′, B′ such that the two-
dimensional triangles OAB and OA′B′ have a common point other than O.

(b) For 5 points an analogous assertion is not true.

3



A set of two-dimensional triangles in space is embedded, if the following conditions hold:
• triangles without common vertices are disjoint;
• triangles with exactly one common vertex intersect only at this vertex; and
• triangles with a common side intersect only along this side.
These conditions formalize the ‘non-existence of self-intersections in the construction’. Accurate

checking of these conditions in the proofs is required only the first time or when the jury asks to do it
(this will not be the case when these conditions are clear from the construction).

Figure 4: Five points in space: the vertices and the center of a tetrahedron

For instance, in Figure 4 one can see 5 points in space such that the set of all triangles with the
vertices at these points is embedded. Problem 1.11.a shows that no 6 points with this property exist.

1.12. (a) There exist 6 points A0, A1, . . . , A5 ∈ R
3 such that the set of all triangles A0AjAk, 1 ≤ j ≤

k ≤ 5, k 6= 2 is embedded.
(b) Suppose that we have 5 points in R

3. If the set of all triangles with vertices at these points is
embedded, then for each point of R

3 one of the 5 segments connecting this point and one of given ones
intersects at least one triangle with vertices at given points.

You may prove the existence by an explicit construction of required points. While proving that the
intersection is unavoidable, you can use without proof facts like ‘the surface of a convex polyhedron
splits R

3 into 2 parts’ if these facts are confirmed by Jury.

Aj

Bj

Ak

Bk

Ajp′

Ajq′

Akp′

Akq′

Figure 5: To the problem on a cylinder and on a Cartesian product

1.13. (n) Cone. For which n does there exist n + 1 points O, A1, . . . , An ∈ R
3 such that the set of

all the triangles
OAjAk, 1 ≤ j < k ≤ n,

is embedded? (Items (4), (5) of the problem are accepted separately.)
(lmn) Join. For which l, m, n does there exist l+m+n points A1, . . . , Al, B1, . . . , Bm, C1 . . . , Cn ∈ R

3

such that the set of all the triangles

AiBjCk, 1 ≤ i ≤ l, 1 ≤ j ≤ m, 1 ≤ k ≤ n,
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is embedded? (Items (222), (223), (233) are accepted separately.)
(2n) Cylinder. For which n does there exist 2n points A1, . . . , An, B1, . . . , Bn ∈ R

3 such that the set
of all the triangles

AjBjAk and AkBkBj , 1 ≤ j < k ≤ n,

is embedded? (Items (24), (25) are accepted separately.)
(mn) Cartesian product. For which m, n does there exist mn points Aj,p ∈ R

3, j ∈ {1, 2, . . . , m},
p ∈ {1, 2, . . . , n}, such that the set of all the triangles

Aj,pAj,qAk,p and Ak,qAk,pAj,q, 1 ≤ j < k ≤ m, 1 ≤ p < q ≤ n,

is embedded? (Items (33), (34), (35), (44) are accepted separately.)

Figure 6: So (m, n)-realizations look like

We will call the embedded set of two-dimensional triangles from Problem 1.13.mn an (m, n)-
realization in R

3. (A more common term is a linear embedding of the complex Km × Kn.) An (m, n)-
realization is an annulus if m = 3 and n = 2, or a torus if m = n = 3.

Realizability in four-dimensional space

How to work with four-dimensional space? One can define
• the line as the set of all real numbers;
• the plane as the set of all ordered pairs (x, y) of real numbers x and y;
• three-dimensional space as the set of all ordered triples (x, y, z) of real numbers;
• four-dimensional space as the set of all ordered quadruples (x, y, z, t) of real numbers.
Then one can ‘analytically’ define lines in a plane, lines and planes in three-dimensional space, lines,

planes and (three-dimensional) hyperplanes in three-dimensional space. However, only the simplest
properties of planar and spatial geometric objects are deduced from the analytic definition (or just
accepted as axioms). More complicated properties can be deduced ‘synthetically’ from the simplest
ones (i.e., as in school geometry, without using the analytic definition). Often it is convenient to reduce
a planar problem to a linear one (i.e., to a problem in a line), and a spatial problem to a planar one.
Similarly, the most important approach to the following four-dimensional problems is a reduction to
spatial ones. While solving problems about R

4, you can use without proof all rigorously formulated
facts about solutions of systems of linear equations, if these facts are confirmed by Jury.

The definition of an embedded set of two-dimensional triangles in four-dimensional space is analogous
to the three-dimensional case. One should only replace ‘space’ by ‘four-dimensional space’.

An example of an argument with four-dimensional space.
Let us prove that there exist 101 points O, A1, . . . , A100 in four-dimensional space such that the set

of all the triangles OAjAk, 1 ≤ j < k ≤ 100, is embedded. This proof is analogous to the solution
of Problem 1.13.4 (see Figure 7). Take 100 points O, A1, . . . , A100 in a three-dimensional hyperplane in
four-dimensional space such that the set of all the segments joining them is embedded (see Problem 1.7).
Take a point O in four-dimensional space not belonging to the three-dimensional hyperplane. Then the
points O, A1, . . . , A100 are the required ones.
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Figure 7: 101 points in four-dimensional space; four-dimensional space is shown as three-dimensional
space and a (three-dimensional) hyperplane in four-dimensional space is shown as a two-dimensional
plane in three-dimensional space

1.14. (a) For each two points, which are not in the plane x = y = 0 in R
4, there exists a broken line

which connects these points and does not intersect this plane.
(b) For each hyperplane in R

4, there exist two points not in this hyperplane such that each broken
line connecting them intersects this hyperplane.

1.15. (a) There exist 5 points in R
4 which cannot be decomposed into two groups such that the

convex hull of the first group intersects the convex hull of the second group.
(b) Any 6 points in R

4 can be decomposed into two groups such that the convex hull of the first
group intersects the convex hull of the second group.

In Problems 1.16 and 1.17 it is sufficient to write the correct answers.

1.16. What is the intersection of the 3-dimensional sphere

S3 := {(x, y, z, t) ∈ R
4 | x2 + y2 + z2 + t2 = 1}

with the following sets:
(a) the line x = y = z = 0, containing the center of the sphere;
(b) the plane x = y = 0, containing the center of the sphere;
(c) the (3-dimensional) hyperplane x = 0, containing the center of the sphere;
(d) the intersection of the positive sixteenth of R

4 and the union of the 2-dimensional coordinate
planes, i.e.

{(x, y, z, t) ∈ R
4 | x ≥ 0, y ≥ 0, z ≥ 0, t ≥ 0 and two of four numbers x, y, z, t are zeros}.

A set of points in R
4 is in general position if no 5 points from the set are in one hyperplane. For

example, points (t, t2, t3, t4), t ∈ (0, 1) are in general position.

1.17. Eight points 1,2,3,4,5,6,7,8 in general position in R
4 are given. What is the intersection of:

(a) the line 12 and the hyperplane 5678? (b) the line 12 and the plane 567?
(c) the plane 123 and the hyperplane 5678? (d) the hyperplanes 1234 and 5678?
(e) the planes 123 and 567?
(Note that our definition of a general position is different from what is usually accepted in such

problems.)

1.18. (a) There exist 6 points in R
4 such that the set of all triangles with vertices at these points is

embedded.
(b) There exist 7 points in R

4 such that the set of all triangles, except one, with vertices at these
points is embedded.

The first item of the following problem shows that an analogous assertion for 7 points is not true.
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1.19. Main examples. (a) From any 7 points in R
4 one can choose two disjoint triples such that

the triangles formed by the triples intersect each other.
(b) Three triples of points in R

4 are given. Then there exist two intersecting triangles without
common vertices such that the vertices of each triangle belong to distinct triples.

(mn) For which m, n does there exist an (m, n)-realization in R
4?

(The definition is analogous to (m, n)-realization in R
3, only one should take points from R

4.)
(Items (35), (3n), (44), (45), (4n), (55) are accepted separately.)

It may be rather difficult to prove that the intersection is unavoidable without the hints (in the form
of new problems) which will be given after the semi-final.

1.20. There are 100 points in five-dimensional space such that the set of all the triangles with
vertices at these points is embedded.

2 Solutions and hints suggested at the presentation

1.2. (a) A triangle and a point inside it.
(b) Consider points A, B, C, D in the plane.
If some three of these points are on one straight line, then one point, say B, is in the segment with

vertices at the two other points, say A, C. Denote by [XY ] the segment with vertices at points X, Y .
Then [AC] ∩ [BD] 6= ∅.

Suppose that no three of these points are on one straight line. If one of the four points is inside the
triangle with vertices at the other three points, then the problem is solved. Suppose that each point
of these four is outside the triangle with vertices at the other three points. Then point D is outside
triangle ABC. So D is either inside one of the angles symmetric to the angles of ABC with respect to
the corresponding vertex of ABC or inside one of the angles of triangle ABC.

Case 1. D is inside one of the angles symmetric to the angles of ABC with respect to the corre-
sponding vertex of ABC. Suppose that D is inside the angle symmetric to ∠ACB with respect to point
C. Then point C is inside triangle ABD, a contradiction.

Case 2. D is inside one of the angles of triangle ABC, say ∠BAC, by the previous arguments and
because no three of these four points are on one line. Point D is outside triangle ABC and inside
∠BAC, so points A and D are in different half-planes bounded by line BC. Then [AD] and [BC]
intersect.

(c) First solution. It follows from 1.4.
(c) Second solution. Assume the converse, i.e., there exist 5 points OABCD in the plane such that

it is impossible to choose such a pair. Then A 6∈ OB and B 6∈ OA. So A is not in the half-line OB.
So we can think that points A, B, C, D are in the order A, B, C, D if we look at them from point O.
Then triangles OAC and OBD intersect in one point (O). This intersection is ‘transversal’. So, by the
Parity Theorem, (i.e. as in Problem 1.1) AC ∩ BD 6= ∅. Contradiction.

(d) Analogous to the first solution of (c), see Problem 1.5.

1.4. (b) It suffices to prove that for any points 1, 2, 3, 4, s, s′ ∈ R
2 in general position and sets

A := {1, 2, 3, 4}, f := A ∪ {s} and f ′ = A ∪ {s′} we have v(f) = v(f ′).

Let us prove this fact. For each i ∈ A denote by Ai the triangle with vertices from A − {i}. Then the
problem follows from

v(f ′) − v(f) =
∑

i∈A

(|si ∩ Ai| − |s′i ∩ Ai|) =
∑

i∈A

|ss′ ∩ Ai| = 0 mod 2.

The second equality holds because |ss′i ∩ Ai| is even for each i ∈ A by the Parity Theorem. The
last equality holds because for each non-ordered pair {i, j} ⊂ A there exist exactly two triangles with
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vertices from A containing the segment ij. So for each non-ordered pair {i, j} ⊂ A the number |ss′∩ ij|
appears in the sum twice for two triangles Ai, Aj.

1.5. Statement. Assume that there are six points in general position in the plane. Split them into
two triples f1 = {1, 2, 3} and f2 = {4, 5, 6}. For each two points i, j ∈ f1 and two points i′, j′ ∈ f2, the
segments ii′ and jj′ either do not intersect or have only one intersection point. Define v(f1, f2) as the
parity of the number of intersection points of segments ii′ and jj′, ij′ and ji′ for each 2-element subsets
{i, j} ⊂ f1, {i

′, j′} ⊂ f2

v(f1, f2) :=
∑

{|ii′ ∩ jj′| + |ij′ ∩ ji′| : {i, j} ∈

(

f1

2

)

, {i′, j′} ∈

(

f2

2

)

} mod 2.

(a) For the sets f1, f2 in Figure 1, right, v(f1, f2) = 1.
(b) v(f1, f2) does not depend on f1, f2.
(c,d) A spherical line is the intersection of the sphere with a plane containing the center of the

sphere.

Figure 8: Gluings of a rectangular strip that yield the torus and the Möbius strip

1.6. You can draw a graph not only on the torus or on the Möbius band from fig. 2, but also on a
square ‘respecting’ gluings, Fig. 8.

1.7. Choose three points in 3-space that do not belong to one straight line. Suppose that we have
chosen n ≥ 3 points in general position. Then there is a finite number of planes containing triples of
these n points. Then we can choose a point that is neither of these planes. Add this point to our set
of n points. The obtained set of n + 1 points has no four points in one plane, because the new point is
not in one plane with any three of these n points. So for each n there exist n points in 3-space that are
in general position.

Consider 100 points in 3-space that are in general position. Denote by A the set of all segments
joining pairs of these points. If some two segments from A with different endpoints intersect, then four
endpoints of these two segments are in one plane. If some two segments from A with common endpoint
intersect not only at their common endpoint, then the three endpoints of these two segments are on
one line.

1.8. Use coordinates.

1.13. (n),(lmn), (44) Use Problem 1.11.

3 Solutions presented at the semi-final

If the text on a problem starts with a word hint of answer, then the details (for example, proving
propositions stated or completing solutions) remain for your individual work. You can hand in solutions
of such problems even after the semi-final.

1.3. Answer-solution: 5 ·
(

4

2

)

/2 = 15.

1.6. (a), (b). Impossible.
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(a) Let there be a graph K5 drawn on the sphere without self-intersections. Remove one point, that
does not belong to K5, from the sphere. We obtain a plane and a graph K5 on it. A contradiction.

(b) The graph K5 is non-planar, and a cylinder can be projected onto a plane without self-
intersections.

(c), (d). Yes, it is possible. The beautiful realizations of a graph K5 on the torus and a graph K3,3

on the Möbius strip are shown in Fig. 9.

Figure 9: Realization of Kuratowski graphs

Also there are other solutions. For example, draw one of Kuratowski graphs on the plane with
exactly one intersection and ...

1.9. (a) Any four points that are not in one plane satisfy the statement.
(b) See Radon Theorem at the end of Section 3.

1.10. Hint. Denote by A1, A2, ...An the marked points. Denote by li the half-line with endpoint O
that contains point symmetric to Ai with respect to point O. Prove the following fact.

Proposition. Consider triangle AiAjAk. Point O is inside the tetrahedron XAiAjAk if and only if
point X is inside the trihedral angle with vertex O whose sides are half-lines li, lj, lk.

Consider a tetrahedron whose vertices are marked points containing point O. Without loss of
generality we may assume that this is the tetrahedron A1A2A3A4. The union of all trihedral angles
with sides l1, ..., l4 is the 3-space. Each of these angles must contain a marked point by the Proposition.
The half-line l5 is inside exactly one of those trihedral angles. This half-line ‘splits’ that trihedral angle
into 3 angles each of whom must contain a marked point. The half-line l6 is inside exactly one of those
6 angles. This half-line ‘splits’ that angle into 3 angles each of whom must contain a marked point. So
for n > 4 this process is infinite.

1.11. (a) Consider a small sphere with center at any point O of the given ones. The intersection
of this sphere with the union of triangles OAB for all pairs A, B of given points is a graph K5. A
contradiction.

Another solution follows from the Conway-Gordon-Sachs Theorem (Problem 4.5). Note that the
following proof of the Conway-Gordon-Sachs Theorem in fact repeats the reduction to the non-planarity
of the graph K5 as above.

(b) See Fig. 4.

1.13. Answers: (n) n ≤ 4; (lmn) at most one of numbers l, m, n is greater than 2;
(2n) for each n; (mn) either m < 3, or n < 3, or m = n = 3, or {m, n} = {3, 4}.
(35) Solution. Suppose to the contrary that there exists a (3, 5)-realization in R

3.
A triangle i × pqr is the triangle Ai,pAi,qAi,r.
An annulus ij × pqr is the (2, 3)-realization ‘corresponding to subscripts i, j and p, q, r’.
A torus ijk × pqr is the (3, 3)-realization ‘corresponding to subscripts i, j, k and p, q, r’.
By the Jordan Theorem the torus 123× 123 splits the 3-space into two parts. The union 14× 123∪

24× 123 of the annuli 14× 123 and 24× 123 is an annulus. This annulus intersects the torus 123× 123
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along the triangles 1×123 and 2×123. The annulus 34×123 intersects the annulus 14×123∪24×123
along the triangle 4 × 123. The annulus 34 × 123 intersects the torus 123 × 123 along the triangle
3 × 123. Denote by K4 ×K3 the (4, 3)-realization ‘corresponding to the subscripts 1, 2, 3, 4 and 1, 2, 3’.
By a version of the Jordan Theorem K4 × K3 splits the 3-space into 4 parts. In the (5, 3)-realization
the vertex A5,1 is joined

• to the vertex Ai,1 by the segment A5,1Ai,1, for each 1 ≤ i ≤ 4;
• the vertex Ai,j by the broken line A5,1A5,jAi,j, for each 1 ≤ i ≤ 4, 2 ≤ j ≤ 3.
Since subscript 5 does not ‘participate’ in K4×K3, each of these segments and broken lines intersects

K4 ×K3 only at the endpoints. Consider the connected component of R
3 −K4 × K3 that contains the

point A5,1. The boundary of this component contains the point Ai,j for each 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3,
because this point is joined to A5,1 by a segment or a broken line whose interior is disjoint with K4×K3.
Thus this boundary contains 12 points Ai,j for 1 ≤ i ≤ 4 and 1 ≤ j ≤ 3. On the other hand, this
boundary is a torus, i.e. a (3,3)-realization. Hence this boundary has only 9 points of the given 15
points. A contradiction.

1.15.(a) Five points that are not in one 3-space.
(b) See Radon Theorem at the end of Section 3.

1.18.(a) Take 5 vertices of 4-dimensional simplex and a point inside it.
(b) Let ABCD be a regular tetrahedron in R

4 and let E be centre of this tetrahedron. Choose a point
X on the interior of ABCE so that points A, B, C, D, E, X are in general position in R

3. Erect a line
l which is perpendicular to the hyperplane ABCD and intersects ABCD at X. Finally, choose points
X1, X2 on l which are on opposite sides of X. Let us prove that the set V = {A, B, C, D, E, X1, X2} of
seven points is as required, i.e. the set

(

V

3

)

\△X1X2D of triangles is embedded.
Let α, β, γ be distinct points from {A, B, C, D, E}. Now there are three classes of triangles:
• △X1X2α for α 6= D;
• △Xiαβ for i ∈ {1, 2};
• △αβγ.
It is easy to check that the set of triangles from each class are embedded.
A triangle from class 1 intersects a triangle from class 2 either in a common vertex Xi or in a

common edge Xiα.
A triangle from class 2 intersects a triangle from class 3 either in a common vertex α or a common

edge αβ. Finally, let’s consider the intersection of class 1 triangles and class 3 triangles.
Consider the intersection of triangles from class 1 and class 3. A triangle △X1X2α intersects

hyperplane ABCD in the line segment Xα. Since X lies in ABCE, we have that XA, XB, XC, and
XE intersect class 3 triangles in at most a common vertex.

Therefore the set
(

V

3

)

\△X1X2D of triangles is embedded.

1.19. (a) Analogous to Problems 1.2.c and 1.4. Follows from Problem 4.3.

(b) Analogous to Problems 1.2.d and 1.5. Follows from Problem 4.4.

(mn) Answer: min{m, n} ≤ 4.
(4n) Hint. Let us prove that there exist a (4, n)-realization in R

4. Take points Aj,1, 1 ≤ j ≤ n
in general position in R

4. Take an ordered set K of four points in the plane in R
4 such that the

fourth of them is inside two-dimensional triangle, formed by other three points. For example, K :=
((0, 0, 0, 0), (2, 0, 0, 0), (1, 2, 0, 0), (1, 1, 0, 0)). Take the images of this set under translations by vectors
Aj,1, 1 ≤ j ≤ n. I.e. denote (Aj,1, Aj,2, Aj,3, Aj,4) := K + Aj1. Then:

• for each 1 ≤ j ≤ n point Aj,4 is inside two-dimensional triangle Aj,1Aj,2Aj,3;
• for each i, j sets K + Ai,1 and K + Aj,1 are congrous by translation by vector Aj,1 − Ai,1;
• for each i, j, k all 12 points from the set (K +Ai,1)∪ (K +Aj,1)∪ (K +Ak,1) are not in one 3-space

because points Aj,1, 1 ≤ j ≤ n are in general position.
Deduce from these facts that these points form the required (4, n)-realization in R

4.
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(55) Hint. See Problems 4.14 and 4.15.

1.20. Analogous to Problem 1.7. A set of points in R
5 is in general position if no six of these point

are in one four-dimensional hyperplane.

Denote convex hull of set V by conv(V ).

Radon theorem. Given n+2 points in R
n, one can split into two sets {X1, . . .Xk} and {Xk+1, . . . , Xn+2},

such that conv{X1, . . . , Xk}
⋂

conv{Xk+1, . . . , Xn+2} 6= ∅.

Proof. We identify points and vectors in R
n. Lets prove that there exist c1, . . . cn+2 ∈ R, some of

which are nonzero, such that

c1X1 + c2X2 + · · ·+ cn+2Xn+2 = 0 and c1 + · · · cn+2 = 0.

Indeed, consider vectors X1 − Xn+2, X2 − Xn+2, . . . , Xn+1 − Xn+2. Since this is a set of n + 1 vectors
in R

n, there exists a non-trival linear dependence c1(X1 − Xn+2) + · · ·+ cn+1(Xn+1 −Xn+2) = 0. Thus
the set c1, . . . , ck+1,−c1 − · · · − cn+1 is as required.

Rearrange our points so that all positive ci will be in the beginning. Bring the summands with
negative ci to the right side: c1X1 + · · ·+ ckXk = −ckXk − · · ·− cn+2Xn+2. Multiply this equation by a
positive constant such that the sums of coefficients on the left side and on the right side equal 1. The
obtained equation implies that conv{X1, . . . , Xk} and conv{Xk+1, . . . , Xn+2} have a common point.

4 Problems suggested after the semi-final

Hard Problems about non-realizability could be solved by two different ways. The first way is to
generalize a proof of non-planarity of graph K5 (i.e. the first solution of Problem 1.2.c) using the Van
Kampen obstruction (Problem 1.4). This way is realized in the first subsections of this section. The
second way is to generalize another proof of non-planarity of graph K5 (i.e. the second solution of
Problem 1.2.c). It is based on the reduction to the lower dimension. This way is realized in the second
and the third subsections of this section.

Problems 1.19.a,b are implied by the following Problems 4.3, 4.4. The nonexistence of the (5, 5)-
realization in R

4 follows from a spherical version of the Sachs Theorem (Problem 4.9.b) and the following
Problems 4.14, 4.15. To get closer to this idea, first you could solve the Problem 1.13.53 in other way
using Problems 4.10, 4.11 and also 1.19.a using a spherical version of the Conway-Gordon-Sachs Theorem
(Problem 4.9.a) and Problems 4.12, 4.13.

We call a triangle (in R
3 or in R

4) its contour (i.e. a clozed broken line), and a two-dimensional
triangle a convex hull of its vertices. Analogously we call a tetrahedron (in R

3 or in R
4) the union of its

two-dimensional faces, and a three-dimensional tetrahedron a convex hull of its vertices.
Let us call a (m, n)-realization (in R

3 or in R
4) also the union of triangles of a (m, n)-realization.

Generalizations of the Van Kampen obstruction

4.1. (a) For each points 1,2,3,4,5,6,7 in general position in R
3 triangle 123 and two-dimensional

tetrahedron 4567 intersect by finite set of points. 4

(b) For each points 1,2,3,4,5,6,7,8 in general position in R
4 two-dimensional tetrahedrons 1234 and

5678 intersect by finite set of points.

4.2. Find the number of all non-ordered pairs {{i, j, k}, {l, m, n}} of disjoint three-element subsets
of a seven-element set.

4In your solutions of this problem you must not use without proof the Jordan Theorem, that a polyhedron splits R
3

into two parts (because the Jordan Theorem is proved using this Problem).
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4.3. Let a set f := {1, 2, 3, 4, 5, 6, 7} of seven general position points in R
4 be given. For any six

different points i, j, k, l, m, n two-dimensional triangles ijk and lmn do not intersect or intersect at
a unique point. Denote v(f) as the parity of the number of intersection points of two-dimensional
triangles ijk and lmn for all non-ordered pairs {{i, j, k}, {l, m, n}} of disjoint three-element subsets
{i, j, k}, {l, m, n} ⊂ f :

v(f) :=
∑

{|ijk ∩ lmn| : {{i, j, k}, {l, m, n}} ⊂

(

f

3

)

, {i, j, k} ∩ {l, m, n} = ∅} mod 2.

(a) For set f0 of seven points from the solution of Problem 1.18.b, v(f0) = 1.
(b) v(f) does not depend on f .

4.4. (a,b) State and proof the analogs of Problems 4.3.a,b for three triples of points in four-
dimensional space such that all nine points are in general position.

Elements of Ramsey linking theory

In this section, we will sketch the proof of the linear cases of the Conway–Gordon–Sachs and Sachs
theorems (Problems 4.5 and 4.8). They will be needed in the impossibility proof in the main four-
dimensional examples and, at the same time, are interesting in themselves. Such statements, as well as
their methods of proof constitute Ramsey linking theory. For more details, see [PS05].

Triangles ∆ and ∆′ in space whose six vertices are in general position are said to be linked if ∆
intersects the interior of triangle ∆′ in exactly one point. For example, triangles A1A3A5 and A2A4A6

from Problem 1.8.a are linked.

4.5. Conway–Gordon–Sachs Theorem for linear embeddings. For any 6 points in general position in
space, there are two linked triangles with vertices at these points.

The next problem 4.6 is not necessary for the proof of the Conway–Gordon–Sachs Theorem, but it
clarifies the notion of linking.

4.6. (a) If one of the triangles ∆, ∆′ whose six vertices are in general position, does not intersect
the plane of the other triangle, then ∆ and ∆′ are not linked.

(b) Suppose that two red points and two blue points are marked on a straight line, the 4 points
being pairwise distinct. We say that the four points are linked if they alternate: red-bue-red-blue or
vice-versa.

Triangles ∆ and ∆′ are linked ⇔ the common line l of the planes of the triangles intersects each of
them in two points and these pairs of points are linked.

(c) If the vertices of two triangles in space are continuously moved so that they remain in general
position, then the triangles remain linked or unlinked.

(d) Triangles ∆ and ∆′ are linked if and only if ∆′ and ∆ are linked.
(e) For what positions of the point A1 on the vertical line are the triangles A1A3A5 and A2A4A6

from Problem 1.8.a are linked?

A plane is in general position w.r.t. a set of points in R
3 if orthogonal projections of these points

onto the plane are in general position.

4.7. (a) Assume that we have the projection of two triangles on a general position plane, and on
the projection it is shown which of the sides passes above the other at the intersection points of the
projections (as in Fig. 3, left). Then the triangles are linked if and only if the number of intersection
points of the projection at which the first triangle passes above the second triangle, is odd.

(b) Suppose 6 points in general position are given. We say that a non-ordered pair of triangles with
vertices at these points with no common vertices is a splitting of the 6 points. Then the number of
linked splittings is odd.

Two closed quadrangular broken lines ABCD and A′B′C ′D′ in space whose 8 vertices are in general
position in space are called linked if the number of transversal intersection points of the broken line
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ABCD with the union of the interiors of the triangles A′B′C ′ and A′D′C ′ is odd.

4.8. The Sachs Theorem for linear embeddings. Suppose we are given 4 red points and 4 blue points
in space such that any two line segments with endpoints of different colors have no common interior
points. Then there are two linked closed quadrangular broken lines with vertices at these points each
edge of which has endpoints of different colors.

4.9. (a,b) State and prove analogs of problems 4.5 and 4.8 replacing space by S3. (Linking is defined
similarly to the case of R

3. Triangles ∆ and ∆′ such that no four of their six vertices are in one two-
dimensional sphere with center in the center of S3, are called linked if ∆ intersects a 2-dimensional
spherical triangle spent by ∆′ in exactly one point. Note that there are exactly two such 2-dimensional
spherical triangles.)

Applications of Ramsey link theory

4.10. Suppose that a closed broken line of length 3 and a (3, 3)-realization N in R
3 have a unique

common point x, which is their common vertex. Then any sufficiently small sphere S2 with the center x
intersects the broken line at a pair of points belonging to one connected component of the complement
S2 −N . (Before the half-final the facts like this could be used without proof. But here we suggest you
to prove it to prepare for proving analogous fact for R

4.)

4.11. Assume that there exists a (5, 3)-realization in R
3.

(a) The intersection of any sufficiently small sphere with the center A1,1 and the (5, 3)-realization is
the graph K4,2 ‘linearly’ embedded into the sphere.

(b) Suppose that in this graph we have a cycle without self-intersections and a pair of vertices not
belonging to the cycle. Then in the given (5, 3)-realization there exist a closed broken line of length
3 and a (3, 3)-realization intersecting each other in a unique point and intersecting the sphere at the
given cycle and the given pair of vertices, respectively.

4.12. Assume that two (two-dimensional) tetrahedra in R
4 have a unique intersection point x,

which is their common vertex. Then each sufficiently small three-dimensional sphere S3 with the center
x intersects the tetrahedra by a pair of spherical triangles that are not linked in S3.

4.13. Assume that there are 7 points 0, 1, 2, 3, 4, 5, 6 in R
4, among which one cannot choose two

disjoint triples such that the two-dimensional triangles formed by these triples intersect each other.
(a) The intersection of a sufficiently small three-dimensional sphere with the center 0 with the union

of all the triangles 0ij, 1 ≤ i < j ≤ 7, is a complete graph K6 embedded into S3.
(b) For any decomposition {1, 2, 3, 4, 5, 6} = {i, j, k}∪{p, q, r} the tetrahedra 0ijk and 0pqr intersect

at a unique point.

4.14. State and prove an analogue of Problems 4.12 for two (3, 3)-realizations in R
4.

4.15. Assume that there is a (5, 5)-realization in R
4.

(a) The intersection of each sufficiently small three-dimensional sphere with the center A1,1 and the
(5, 5)-realization is the graph K4,4 linearly embedded into the three-dimensional sphere.

(b) For each two disjoint non-self-intersecting cycles in this graph there exist two (3, 3)-realizations
in the (5, 5)-realization, which intersect each other at a unique point and intersect the sphere at the
given cycles.

5 Solutions presented after the final

1.1. Cf.[BE82, §5]. Let A, B, C, D, E, F be 6 general position points on a plane. Note that the
intersection of the triangle ABC and two-dimensional triangle DEF is the union of finite number of
broken lines, each of whom is a subset of ABC. The endpoints of these broken lines form the set
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ABC ∩ DEF . A closed broken line has zero endpoints, an unclosed one has 2, thus the number
|ABC ∩ DEF | is even.

1.13. (mn) For m = n = 4. Prove that (4,4)-realization in R
3 does not exist. Analogous to

the solution of Problem 1.11.a. The intersection of a small sphere with center at A1,1 with the (4,4)-
realization is the graph K3,3 linearly embedded to this sphere. A contradiction.

For m = 3, n = 5. Prove that (3,5)-realization in R
3 does not exist. Another solution. Analogous to

the proof of non-planarity of graph K5 (i.e. the second solution of Problem 1.2.c). Suppose that there
exists a (5, 3)-realization in R

3. Consider a small sphere S2 with center at A1,1. The intersection of S2

and (5, 3)-realization is a linear embedding of the graph K4,2

In every embedding the of graph K4,2 on the sphere there exist two vertices X, Y of a part with 4
vertices that are in different pcomponents bounded by cycle Σ formed by other four vertices. Without
loss of generality assume that the segments, corresponding to vertices X, Y connect the vertex A1,1 with
vertices A2,1 and A3,1. Denote by γXY a broken line A1,1A2,1A3,1 and by γ a torus 145 × 123. Then
γXY ∪ S2 = {X, Y } and γ ∪ S2 = Σ.

Because on the sphere S2 vertices X, Y are in different regions bounded by cycle Σ, the intersection
of γ and γXY at the point A1,1 is transversal. A contradiction with the Parity Theorem (Problem 4.10).

1.17. (a), (e) A point or the empty set.
(b) The empty set.
(c) A line or the empty set.
(d) A plane or the empty set.

4.1. Similar to 1.1.

4.2. Answer-hint: 7 ·
(

6

3

)

/2 = 70.

4.3. (a) See the solution of Problem 1.18.b. The intersection of two-dimensional triangle X1X2D
and three-dimensional tetrahedron ABCD is a segment [DX]. Since X is inside three-dimensional
tetrahedron ABCD and D is outside it, we have that [DX] intersects �ABCE at a unique point. So
the two-dimensional triangle X1X2D intersects only one of the two-dimensional triangles with vertices
in other points, i.e. v(f) = 1.

(b) It suffices to prove that for general position points 1, 2, 3, 4, 5, 6, v, v′ in R
4 and sets

A := {1, 2, 3, 4, 5, 6}, f := A ∪ {v}, f ′ := A ∪ {v′} we have v(f) = v(f ′).

Denote by Tij the 2-dimensional tetrahedron with vertices from A − {i, j}.

v(f) − v(f ′) =
∑

{i,j}∈(A

2
)

(|vij ∩ Tij| − |v′ij ∩ Tij |) =
∑

{i,j}∈(A

2
)

vv′i ∩ Tij = 0 mod 2

The second equality follows from the problem 4.1.(b). The last equality holds because for any
a, b, c ∈ A − {i}, there exist exactly two tetrahedrons Tij , Tik, j, k ∈ (A − {i, a, b, c}), that contain this
triangle. So each summand |vv′i ∩ abc| enters this sum twice. Then v(f) = v(f ′).

4.4. Statement. Consider 9 points 1, 2, . . . 9 in R
4 satisfying the following condition: for each

i, i′ ∈ f1 = {1, 2, 3} i 6= i′, each j, j′ ∈ f2 = {4, 5, 6} j 6= j′ and each k, k′ ∈ f3 = {7, 8, 9} k 6= k′ we have
that the two-dimensional triangles ijk and i′j′k′ intersect in at most one point. Remark: this condition
is weaker than the condition that points 1, . . . 9 are in general position. Define

v(f1, f2, f3) :=

(

1

2

∑

{|ijk ∩ i′j′k′| : (i, i′) ∈ f 2

1 , (j, j′) ∈ f 2

2 , (k, k′) ∈ f 2

3}

)

mod 2.

(a) Example. Consider the graph K3,3 and call the vertices of one of its parts 1, 2, 5, of the other
part 3, 4, 6. Embed this graph in R

3 in such a way that 1, 2, 3, 4 are vertices of a square and no other 4
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points are in one plane. Let 7 and 8 be in different half-spaces cut out by a hyperplane containing the
embedding of the K3,3, in R

4. Finally, take a point, say 9, inside the pyramid 12347.
Check that v({1, 2, 3}, {4, 5, 6}, {7, 8, 9}) = 1.
(b) Analogously to the Problems 4.3.b and 1.5.

4.5. Follows from Problem 4.7.b.

4.6. (a) It is sufficient to prove that if triangles ∆ and ∆′ are linked, then triangle ∆′ intersects
plane containing ∆ and triangle ∆ intersects plane containing ∆′.

The first fact is obvious. Then the interior of ∆ intersects plane containing ∆′. So ∆ intersects
plane containing ∆′.

(b) Let triangle ∆ be linked with triangle ∆′. By (a) we have that ∆ intersects plane containing ∆′,
so ∆∩ l 6= ∅. By general position, the intersection ∆∩ l is exactly two points. Now let us prove that the
pairs of points are proved. Denote by A, B the intersection points ∆ ∩ l and by A′, B′ the intersection
points ∆′ ∩ l. The intersection of ∆ and two-dimensional triangle ∆′ is a subset of segment A′B′. So
exactly one of points A and B is in the segment A′B′. So pairs A, B and A′, B′ are linked in l.

Let us prove the converse. Let the pairs A, B and A′, B′ be linked in l. Then according to the
previous assertion, ∆ intersects the two-dimensional triangle ∆′ by exactly one point, i.e. ∆ is linked
with ∆′.

(c) Let us use (b). While moving points so that they remain in general position and the planes
containing triangles are not parallel, the four points in the line l move continuously, so they are either
always linked or always unlinked. If there is a moment when the planes containing the triangles are
parallel, then by (a) at this moment and during some time before and after this moment the triangles
are unlinked.

(d) Each of these two conditions is equal to the condition from (b).
(e) Denote by t height of point A1 above the horizontal plane. The triangles are linked if t ∈

(−∞; 2) ∪ (3, 5; 4, 5) ∪ (6; +∞) and are unlinked if t ∈ (2; 3, 5) ∪ (4, 5; 6). This follows from Problem
1.8.a and the following lemma (which is implied by (b)).

The motion Lemma. Let the vertex A of the triangle ∆ be moving with constant velocity along a
segment in R

3, and let other two vertices and triangle ∆′ be fixed. Denote by ∆t the position of triangle
at the moment t, for 0 ≤ t ≤ 2. Suppose that 6 vertices of triangles ∆t and ∆′ are in general position
for each t, except t = 1.

• If ∆1 ∩ ∆′ = ∅ then pairs (∆0, ∆
′) and (∆2, ∆

′) are either both linked or both unlinked.
• If ∆1 and ∆′ intersect in exactly one point, that is not a vertex of these triangles, then exactly one

pair of (∆0, ∆
′) and (∆2, ∆

′) is linked.

4.7 and 4.8. See [Zi].

4.9. Denote by a spherical segment an intersection of a 3-dimentional sphere and 2-dimentional
angle with vertex at the center of the sphere in R

4.
A spherical analogue of the Conway-Gordon-Sachs Theorem is the following statement.
For each 6 points in general position in the three-dimensional sphere there exist two linked closed

trinangle broken line with vertices at these points.
Two closed 4-segment broken lines ABCD and A′B′C ′D′ in the three-dimensional sphere are called

linked if the number of intersections of a broken line ABCD with the union of two-dimensional spherical
triangles A′B′C ′ and A′D′C ′ is odd.

A spherical analog of the Sachs Theorem is the following statement.
Suppose we are given 4 red points and 4 blue points in S3 such that any two spherical segments

with endpoints of different colors have no common interior points. Then there are two linked closed
quadrangular broken lines with vertices at these points each edge of which has endpoints of different
colors.

The proofs of these Theorems are absolutely similar to their analogs.
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4.10, 4.12. See [Zu].

4.11. (a) For each triangle of (5, 3)-realization N , not containing vertex A1,1, there exists a ball
with center at A1,1 that does not intersect this triangle (because there exist a point of this triangle for
which the function ‘distance to A1,1’ reaches its minimum and this minimum is not equal to zero). Since
the number of triangles of N is finite, there exists a ball with center at A1,1 that does not intersect any
triangle of N , that does not contain A1,1. Consider the bounding sphere of this ball. It intersects only
those segments and triangles of N , which contain vertex A1,1. They are segments A1,1A1,a, A1,1Ab,1 and
triangles A1,1Aa,1Ab,1 for each 2 ≤ a ≤ 5 and each 2 ≤ b ≤ 3. The intersection of these segments and
triangles with a sphere is

• four points corresponding to segments A1,1A1,a,
• two points corresponding to segments A1,1Ab,1,
• eight spherical segments connecting points of the first set to points if the second set.
This is a graph K4,2, linearly embedded to a sphere.
(b) See the second paragraph of the solution of Problem 1.13.

4.13. (a) By i′ denote Oi∩S3. By the Problem 1.16.b the intersection of a two-dimensional triangle
Oij and sphere S3 is a spherical segment i′j′. Thus the intersection of S3 with the union of triangles
Oij, 1 ≤ i < j ≤ 6 is a graph K6. It is an embedding since 0, 1, . . . , 6 are in general position.

(b) By the statement, the triangles with different vertices do not intersect. Since points are in general
position, we have that the triangles with one or two common vertices intersect in the corresponding
vertex or side.

4.14. Statement. Given two (3,3)-realizations R
4 such that their intersection is exactly one point,

their common ‘(1,1)-vertex’. Then each sufficiently small sphere S3 with center at this vertex intersects
these (3,3)-realizations in a pair of spherical polygons that are unlinked mod 2 in S3.

4.15. (a) Analogous to Problem 4.11.a.
(b) The length of both cycles is 4. Without loss of generality vertices of the first cycle correspong to

points A1,2, A2,1, A1,3, A3,1, and the vertices of the second — to points A1,4, A4,1, A1,5 and A5,1. Then
the first of the required two (3, 3)-realizations is a torus 123× 123. And the second of the required two
(3, 3)-realizations is a torus 145 × 145.
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6 Additional material: intuitively visual embedding problems

This section is independent of the other ones.
The requirements concerning mathematical rigor in this section are less strict as in the other ones.

Figure 10: Gluing of a handle

A sphere with g handles is the surface obtained by making 2g circular holes in the sphere and gluing
g copies of the lateral surface of the cylinder along their boundary circles to the boundaries of the holes
(Fig. 10 and 2,right for g = 3).

Consider n rectangles XY BkAk, k = 1, 2, . . . , n in the three-dimensional space such that any two
of them intersect exactly at the segment XY . An n-page book is the union of such rectangles as it is
shown in Fig. 11 for n = 3, left.

Figure 11: A 3-page book

6.1. Any graph can be drawn without self intersections
(a) in 3-space;
(b) on a sphere with a certain number of handles depending on the graph;
(c) on a book with a certain number of pages depending on the graph;
(d) on the book with three pages. (Fig. 11).

Figure 12: An annulus

An annulus is the surface obtained by gluing the short opposite sides of a long rectangular strip in
”the same direction”, i.e., without twisting (Fig. 12).

6.2. (a) Can one cut the Möbius strip so as to obtain a cylinder?
(b) Can one cut a cylinder and a Möbius strip out of the Möbius strip?
(c) Can one cut the Möbius strip so as to obtain a cylinder and a Möbius strip?

The Klein bottle is the figure obtained by gluing one pair of opposite sides of the square ”in the
same direction” and the other pair ”in opposite directions”, (Fig. 13).
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Figure 13: Klein bottle: gluing of a rectangular strip (!) and image in R
3

6.3. (a) Cut the Klein bottle (Fig. 13)into two Möbius strips;
(b) Cut the Klein bottle so as to obtain one Möbius strip.

6.4. From the 3-page book (Fig. 11) cut out
(a) a Möbius strip;
(b) a torus with a hole.

6.5. For any 6 points 0, 1, 2, 3, 4, 5 ∈ R
3, if the set of triangles

(a) 0jk, 1 ≤ j < k ≤ 5, k 6= 2, is embedded, then the triangles 012 and 345 are linked;
(b) 0jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3)}, is embedded, then either the triangles 012 and 345,

or the triangles 013 and 245, are linked;
(c) 0jk, 1 ≤ j < k ≤ 5, (j, k) 6∈ {(1, 2), (1, 3), (1, 4)}, is embedded, then either the triangles 012 and

345, or the triangles 013 and 245, or the triangles 014 and 235 are linked.

Solution of Problem 6.1. (a) Draw this graph (possibly, with self-intersection) on the plane such
that the edges are not self-intersecting. If there are points (except vertices) that belong to more than
two edges, then move some edges so that only points of intersection of two edges remain. For each two
intersecting edges lets raise one on them up, so that the intersection dissapear.

Or see solution of Problem 1.7.
(b) Use the idea from the solution of (a).
(d) We may assume that all the intersection points are ‘good’ and are in one line. Let us glue the

third page along this line. Then for each intersection point let us raise one of the edges up into the
third page like a ‘bridge’. So we can delete all intersection points.
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