Webs from lines and circles
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Closure with period 6
0.1.

Through a point A1 belonging to the side AB of a triangle ABC one draws a line
orthogonal to the bissector of the angle A. The drawn line intersects the side AC
at a point A2 . Through the point A2 one draws a line orthogonal to the bissector
of the angle C. The line intersects the side CB at a point A3 . Analogously one
gets points A4 , A5 , A6 , A7 . Prove that A7 = A1 .
Three lines l1 , l2 , l3 have a common point. Let A1 be an arbitrary point of the
plane. The points A2 , A3 , A4 , A5 , A6 , A7 are obtained from A1 by consecutive.
reflections with respect to the lines l1 , l2 , l3 , and then l1 , l2 , l3 again. Prove that
A7 = A1 .
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Three lines l1 , l2 , l3 have a common point. On the lines l1 and l2 one takes arbitrary
points A1 and A2 , respectively. The point A3 is the intersection of the line l3 and
the line symmetric to A1 A2 with respect to l2 . The point A4 is the intersection
of the line l1 and the line symmetric to A2 A3 with respect to l3 . Analogously one
gets the points A5 , A6 , A7 . Prove that A7 = A1 .
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The F. Petrov Theorem. Three rays l1 , l2 , l3 have a common starting point O.
Take arbitrary points A1 and A2 on the rays l1 and l2 , respectively. Take a point
A3 on the ray l3 such that the angle between A2 A3 and l3 equals the angle between
A1 A2 and l1 . Take a point A4 on the ray l1 such that the angle between A3 A4 and
l1 equals the angle between A2 A3 and l2 . Analogously get the points A5 , A6 , A7 .
Prove that A7 = A1 .
A billiard table has the shape of a triangle ABC. A billiard ball starts its movement
from a point A1 of the side AC under the angle ABC to the side. Denote by A2 ,
A3 , A4 , A5 , A6 , A7 the points where the ball consecutively hits the borders of the
table. Prove that A7 = A1 .
Through a point A1 on the side AB of a triangle ABC one draws a line parallel
to BC. The line intersects CA at a point A2 . Through the point A2 one draws a
line parallel to AB. The drawn line intersects BC at a point A3 . Analogously one
gets the points A4 , A5 , A6 , A7 . Prove that A7 = A1 .
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The Pappus Theorem.
B a) Suppose that the lines containing the sides of a nonconvex hexagon pass
alternately through two fixed points. Then the lines containg the diagoinals either
A3
have a common point or are parallel to each other.
A2
b) A red (R), a green (G) and a blue (B) points are marked in the plane (see the
A4 O A1 = A7
figure to the left). Each line passing through exactly one of the marked point is
A5 A
6
paint the same color as the point. Take an arbitrary point O inside the triangle
RGB. Draw the red, the green, and the blue line through the point. On the red line
G
take an arbitrary point A1 inside the triangle RGB. Draw the green line through
the point. Suppose that the green line intersects the blue line through the point
O at a point A2 . The green and the blue line through the point A2 have already
been drawn; draw the red line through A2 . The intersection point of the obtained
red line with the green line through the point O is denoted by A3 . Continuing this
construction we get the points A4 , A5 , A6 , A7 . Prove that A7 = A1 .
The Brianchon Theorem.
a) The diagonals of a circumscribed hexagon have a common point.
b) A circle with center I and a point O outside the circle are given. The lines
A
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I
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O A = A7 passing through the center I are paint red. The tangent lines to the circle are
A3 A2 1
paint either green or blue depending on the position of their common point with
the circle with respect to the line OI (see the figure to the left). On the line OI
take an arbitrary point A1 . Draw the green line through the point. Suppose that
the green line intersects the blue line through the point O at a point A2 . The
green and the blue line through the point A2 have already been drawn; now draw
the red one. The intersection point of the obtained red line with the green line
through the point O is denoted by A3 . Continuing this construction we get the
points A4 , A5 , A6 , A7 . Prove that A7 = A1 .
The Blaschke Theorem. A red (R), green (G), and blue (B) point are marked in
R the plane (see the figure to the left). Each circle passing through exactly two of the
points is paint the color of the remaining point. Take an arbitrary point O inside
A3
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the triangle RGB. Draw the red, the green, and the blue circle through the point.
A2
On the red circle take an arbitrary point A1 inside the triangle RGB. Draw the
A5 O
A1 = A7
green circle through the point. Suppose that the green circle intersects the blue
A6
circle through the point O at a point A2 distinct from R, G, and B. The green
and the blue circles through the point A2 have already been drawn; draw the red
B
circle through A2 . The intersection point (distinct from R, G, B) of the obtained
red circle with the green circle through the point O is denoted by A3 . Continuing
this construction we get the points A4 , A5 , A6 , A7 . Prove that A7 = A1 .

Definition of a web
Definition.

Suppose that some lines in the plane are paint red, green, and blue. The paint lines
form a (hexagonal ) web if there is a disk Ω satisfying the following 2 conditions:
Foliation condition: For each point A of the disk Ω there exists exactly one line
of each colour passing through A; and the lines of different colours do not coincide.
Closure condition (see figure to the left): Take an arbitrary point O inside the
disk Ω. Draw the red, the green, and the blue line through the point. On the red
line take an arbitrary point A1 inside the disk Ω. Draw the green line through the
point. Suppose that the green line intersects the blue line through the point O at
a point A2 . The green and the blue line through the point A2 have already been
drawn; draw the red one. The intersection point of the obtained red line with the
green line through the point O is denoted by A3 . Continuing this construction we
get the points A4 , A5 , A6 , A7 . Closure condition asserts that if all the above points
belong to the disk Ω then A7 = A1 .
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Example.

Three sets of lines parallel to the sides of a fixed triangle form a web. One can
always obtain a triangulation of certain part of the plane from the lines of a web.
In the figures of webs we always show such triangulations; e.g., see small bottom
figures in Problems 0.7–0.9.

Remark.

An arbitrary web (from arbitrary curves on arbitrary surface) can be obtained
from the previous example by an appropriate continuous bijective map of a part
of the plane onto the disk Ω.

Replacing the word “line” by the word “line or circle” in the definition of a web, and requiring that lines
and circles pairwise do not touch each other, we get the definition of a web from lines or circles.
The Blaschke Problem (1920s). Find all webs of circles in the plane.
Replacing the word “disk” by the word “intersection of a surface with a ball” in the definition of a web
we get the definition of a web in the surface.
Remark. Webs from circles are completely described for all the surfaces except the plane and the sphere
[3]; some example are shown in the figure below.

Remark.

1

The interest to webs grows because of possible application in architecture. An
important problem in modern architecutre is rationalization of freeform surfaces,
i.e., their decomposition into relatively simple panels. One of the approaches
to rationalization are circular arc structures, i.e., triangulations by circular arcs
obtained from certain web. In the figure to the left one can see such a structure
on Eidhoven Blob by architect M. Fuksas.

Webs from lines in the plane

Which of the following triples of sets of lines form a web? Hint: Geogebra software could be useful for
experiments and drawing figures.
1.1. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) passing through the origin O.
1.2. Three sets of lines passing through three fixed pairwise distinct points in the plane.
By the unit semicircle we mean the set of points with coordinates satisfying the conditions x2 + y 2 = 1
and x > 0. By the complementary semicircle we mean the set given by the conditions x2 + y 2 = 1 and
x < 0.
1.3. (R) Lines tangent to the unit semicircle; (G) tangent to its complementary semicircle; (B) passing
through the origin O.
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1.4. (R) Lines tangent to a unit semicircle; (G) tangent to its complementary semicircle; (B) passing
through a fixed point.
1.5. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) tangent to the unit semicircle.
1.6. (R) Lines tangent to the unit semicircle; (G) passing through the origin O; (B) parallel to the Ox
axis.
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Webs from circles in the plane

2.1. Give an example of a web from circles in the plane (with a proof).
Which of the following triples of sets of lines and circles form a web?
2.2. (R) Lines tangent to the unit semicircle; (G) tangent to its complementary semicircle; (B) circles
with centers at the origin.
2.3. (R) Lines tangent to the unit semicircle; (G) passing through the origin; (B) circles with centers at
the origin.
2.4. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) circles touching both segments
x = 0, 0 ≤ y ≤ 1 and x = 1, 0 ≤ y ≤ 1 simultaneously.
2.5. (R) Lines passing through the origin; (G) circles touching both segments x = 0, 0 ≤ y ≤ 1 and
y = 0, 0 ≤ x ≤ 1 simultaneously; (B) circles touching both segments x = 0, 2 ≤ y ≤ 4 and y = 0, 2 ≤ x ≤ 4
simultaneously.
2.6. (R) Lines passing through the origin; (G) circles with centers at the origin; (B) circles touching both
segments x = 0, 0 ≤ y ≤ 1 and y = 0, 0 ≤ x ≤ 1 simultaneously.
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3D

A torus is the result of rotation of a circle around a line lying in the plane of the circle but not intersecting
the circle itself; see the left part of the figure below. Circles obtained as the trajectories of individual
points are called parallels. The initial circle and all the circles obtained from it by the rotation are called
meridians. Through each point of the torus one can draw two more circles lying on the torus; they are
called the Villarceau circles (this can be used without proof in your solutions).

3.1. The parallels of a torus with the Villarceau circles form a web.
3.2. The meridians of a torus with the Villarceau circles form a web.
A hyperboloid of revolution is the result of rotation of a line around a skew line; see the right part of
the figure above. Through each point of the hyperboloid one can draw two lines lying on the hyperboloid
(this can be used without proof).
3.3. The lines lying on a hyperboloid of revolution with its parallels form a web.
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Webs from circles: general constructions

Supplement the given sets of red and green lines with a set of blue a) lines; b) circles to obtain a web
(provide as many examples of such blue sets as possible; try to find all the examples and prove that there
are no other ones):
4.1. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis.
4.2. (R) Lines parallel to the Ox axis; (G) passing through the origin O.
A pencil of lines is a set of all the lines passing through a fixed point (vertex ) or parallel to a fixed line.
A pencil of circles is a set of all the circles having a common radical line; see the figure below. If the pencil
contains “circles” of zero radius then they called limit points of the pencil (bold points in the figure).

4.3. A pencil of circles with two limit points and two pencils of lines with vertices at these two points
form a web.
Remark. All webs formed by three pencils of circles were found by A. Shelekhov [4, Theorem 0.1].
In what follows by general circles we mean circles and lines. By general arcs we mean circular arcs,
circles, segments, rays, and lines. A web from general arcs is defined analogously to a web from circles or
lines. The following problem can be useful for solution of problems from sections 1–3.
4.4. Generation of webs using transformation groups. Suppose that the following conditions hold:
• For each t ∈ R there is a map Rt of the plane taking general circles to general circles. For arbitrary
t, s ∈ R and an arbitrary point A we have Rt (Rs (A)) = Rt+s (A). Also for each point A the set
γA = {Rt (A) : t ∈ R} is a general arc.
• Let γ1 , γ2 be two distinct general arcs passing through some point. For each point A ∈ γ1 paint the
general circle γA red. Paint the arcs Rt (γ1 ), where t ∈ R, and the arcs Rt (γ2 ), where t ∈ R, green and
blue, respectively. Suppose that any two colored arcs have at most one common point.
• There exists a disc Ω, such that exactly one arc of each color passes through each point of the disc.
Then the red, green and blue general arcs form a web.
The following series of problems contains more complicated ones (except the very first one).
If a line in the plane has equation px + qy = 1 then the pair (p, q) is called the coordinate of the line.
4.5. All the lines whose coordinates satisfy a fixed linear equation form a pencil.
4.6. * All the lines whose coordinates satisfy a fixed equation of degree 2 either are tangent to one conic
or form two pencils or form one pencil or form an empty set.
4.7. * The generalized Pascal theorem. Three red lines intersect three green lines at 9 distinct points. If a
curve given by an equation of degree 3 is passing through 8 of these points then it is passing through the
remaining point.
4.8. * The Chasles theorem. Let 9 lines form hexagonal configuration as in figure below. If the coordinates
of 8 of these lines satisfy an equation of degree 3 then the coordinate of the remaining line satisfies the
same equation.
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A set of uncolored general circles is a web, if there is a disk Ω satisfying the following conditions:
• Generalized foliation condition. Through each point of the disk Ω there passes a finite nonzero number
of general circles of the set.
• One can paint some of the general circles of the set red, green, and blue so that the paint ones form
a web in the disk Ω.
4.9. * If a set of lines in the plane satisfies the generalized foliation condition in a disk and their coordinates
satisfy a fixed equation of degree 3 then these lines form a web.
4.10. * Normal lines to a parabola form a web.
4.11. * Simson lines in a triangle form a web.
We conclude this list of problems by a few very hard ones.
4.12. ** The Graf–Sauer Theorem ([2, 1]). Suppose that a set of lines satisfies the generalized foliation
condition. Then these lines form a web if and only if in some cartesian coordinate system their coordinates
satisfy a fixed equation of degree 3.
Remark. This result allows to find all webs from circles orthogonal to a fixed circle [5].
A cyclic is a curve given by equation of the form
λ(x2 + y 2 )2 + (x2 + y 2 )(µx + νy) + Q(x, y) = 0,
where λ, µ, ν ∈ R and Q(x, y) is a polynomial of degree at most 2.
The following problem is addressed to the readers who know the definitions of complex points and
continuous families of circles.
4.13. ** The Wunderlich Theorem ([6]; see figure below). Three continuous families of circles are doubly
tangent (possibly in complex points) to a cyclic. If these families satisfy the generalized foliation condition
then they form a web.

4.14. *** Give an example of a web of circles different from the above.
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