
PERSPECTIVES ON SHIRSHOV’S HEIGHT THEOREM

ALEXEI KANEL-BELOV AND LOUIS H. ROWEN

In this survey we consider the impact of Shirshov’s Height Theorem on algebra. In
order to avoid duplication, we often refer to Kemer’s survey article [Kem09] in this
volume for further details. Proofs of various quoted results are given in the book
[BBL97], and in the authors’ book [BR05].

1. Historical background to Shirshov’s Theorem

Let F denote a field. An F -algebra is called affine if it is finitely generated as an
algebra. An F -algebra is algebraic if each element a satisfies an algebraic equation
over F ; i.e., if the dimension [F [a] : F ] < ∞. We say that an algebra A has PI-degree n
if A satisfies a multilinear polynomial identity (PI) of degree n. One of the early tests
of the utility of PI-theory was whether it could provide a framework for a positive
solution of the following famous problem of Kurosh:

Are affine algebraic algebras necessarily finite dimensional?

Although now known to be false for associative algebras in general (cf. [Gol64]),
Kurosh’s problem was solved for associative PI-algebras by Kaplansky [Kap50], build-
ing on work of Jacobson and Levitzki, as described in [Kem09]. However, Kaplansky’s
elegant proof, relying on topology and structure theory, is not constructive.

Digression. In hindsight, Kurosh’s problem for PI-algebras has an easy solution
using standard results from structure theory. Here is a modification of the argument
given in [Pro73]. By [Pro73, Lemma 2.6], if A is not finite dimensional, there is a
prime ideal P maximal with respect to A/P not being finite dimensional, so we may
assume that A is a prime affine algebraic PI-algebra. But then the center C of A
is a field, so A is simple, by [Row88, Corollary 6.1.29], and thus finite dimensional
over C, by Kaplansky’s Theorem. Then a version of the Artin-Tate Lemma [Row88,
Proposition 6.2.5] says the field C is affine and thus finite dimensional over F , implying
R is finite dimensional over F . (This argument also works more generally for affine
algebras integral over a commutative Noetherian ring.)

A different approach to Kurosh’s problem, taken by A. I. Shirshov [Shir57a], [Shir57b],
involves the detailed analysis of words and their relations, as given in Shirshov’s
Height Theorem:

Let A be a finitely generated algebra of PI-degree d. Then there exists a finite set
Y ⊂ A and an integer H ∈ N such that A is linearly spanned by the set of elements of
the form

vk1
1 vk2

2 · · · vkh
h where h ≤ H, vi ∈ Y .
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For Y we may take the set of words of length ≤ d. Such Y is called a Shirshov base of
the algebra A.

The object of this survey is to describe the impact of this pioneering theorem. Shir-
shov’s Theorem immediately yields an independent positive solution of Kurosh’s prob-
lem and of other related problems for PI-algebras. Specifically, if Y is a Shirshov
base consisting of algebraic elements, then the algebra A is finite-dimensional. Thus,
Shirshov’s theorem explicitly determines the set of elements whose algebraicity implies
algebraicity of the whole algebra. (It is worth noting that Procesi [Pro73] later discov-
ered a structural proof of Shirshov’s Theorem also, by means of reducing first to prime
rings and then utilizing traces). We also have

Corollary 1.1. If A is a PI-algebra of PI-degree d and all words in its generators of
length ≤ d are algebraic, then A is locally finite.

Let us briefly sketch the proof of Shirshov’s Theorem. Suppose that A = F{a1, . . . , a`}
is an affine algebra. Ordering the letters a1 < · · · < a` induces the lexicographic order
on the set Ω∗ of words in the generators {a1, . . . , a`}. We consider this as a total order,
where a proper subword v of a word w is defined to precede w. But note that this
order is not preserved under multiplication; for example a2 ≺ a2a1 but a2

2 Â (a2a1)
2. A

word w is reducible if it can be written as a linear combination of smaller words.

Definition 1.2. A word w is called d-decomposable if it contains a subword w1 · · ·wd

such that w1 · · ·wd Â wπ(1) · · ·wπ(d) for any permutation π of {1, . . . , d}.
A (multilinear) PI of degree d can be used to rewrite any d-decomposable word as

a sum of smaller words; thus, the irreducible words are d-indecomposable. Shirshov
proved Shirshov’s Lemma, which asserts that, for any given r > 0, any long enough
d-indecomposable word must contain a nonempty word ur where |u| ≤ d. Shirshov’s
height theorem follows from an algorithmic argument given in [BR05, p. 50].

Shirshov’s Height Theorem also yields a result about the Gelfand-Kirillov dimension
GK(A) of an affine algebra A. Recall that

GK(A) = lim
n→∞

ln dim(VA(n))

ln(n)
,

where VA(n) is the vector space generated by the words of length ≤ n in the generators
of A. A related concept is the (Poincaré-)Hilbert Series

HA = 1 +
∑

dnλn,

where dn = dim(VA(n)/VA(n − 1)), the number of irreducible words of length n.
(Strictly speaking, HA depends on the given set of generators of A, whereas GK(A) is
independent of the choice of generators.)

Corollary 1.3 (Berele [Ber93]). GK(A) < ∞, for any affine PI-algebra A.

To prove the corollary, it suffices to observe that the number of solutions of the
inequality k1|v1| + · · · + kh|vh| ≤ n with h ≤ H does not exceed NH , and therefore
GK(A) ≤ h(A).

Shirshov’s beautiful theorem, which also is formulated for algebras over arbitrary
commutative rings, opened the way to the combinatoric school of PI-theory, which has
led to many breakthroughs in recent years. (Ironically, Shirshov’s work was unknown
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in the West until 1973. Thus, for many years, there was a parallel development of PI-
theory on both sides of the former “iron curtain,” along mostly combinatoric lines in
the former Soviet Union and along structural lines in the West. Although our focus in
this survey is on Shirshov’s influence, and thus on the Russian school, we also describe
parallel results in the West.)

1.1. The radical of an affine PI-algebra and the Nagata-Higman Theorem.
One of the early applications of Shirshov’s Theorem was in a seemingly unrelated
direction. Using structure theory, Amitsur [Am57] showed that the Jacobson radical
J(A) of an affine PI-algebra is nil. This led to the question of whether J(A) is nilpotent,
which was formally raised by Latyshev in his dissertation. Shirshov’s Theorem is a key
tool in verifying this assertion when R satisfies the PI’s of n × n matrices, as shown
by Razmyslov [Raz74a], who also proved that a complete solution is equivalent to
the conjecture that every affine PI-algebra satisfies the standard PI. Kemer[Kem80]
verified this latter conjecture in characteristic 0. Braun [Br84] was the first to prove
the nilpotence of J(A) for arbitrary affine A, using the structure of Azumaya algebras.
A nice exposition of Braun’s theorem can also be found in Lvov[Lv83].

Incidentally, much earlier, Dubnov and Ivanov, and independently, Nagata and Hig-
man [Hig56] showed that in characteristic 0, any nil algebra of bounded index n is
nilpotent. The original bounds for the nilpotence index were exponential in n. Better
bounds have been obtained as an outgrowth of Shirshov’s work. Razmyslov [Raz74b]

showed that n2 is an upper bound, and Kuzmin obtained the lower bound n2+n−2
2

,
described in [BR05, p. 341].

1.2. Representable algebras. An F -algebra is called representable if it can be em-
bedded into Mn(K) for some field extension K ⊃ F and some n. (More generally,
we can take K commutative Noetherian, in view of [An92].) Shirshov’s Theorem im-
plies that for any representable affine PI-algebra A, one may adjoin the characteristic
coefficients of finitely many words of the generators, to obtain a PI-algebra Â, called
the trace ring or characteristic closure, which is finite over its center but also pos-
sesses a nonzero ideal contained in A. The use of this “conductor” ideal, discovered by
Razmyslov[Raz74a] (and later, independently, by Schelter [Sch76]) is one of the keys
to the structure of affine PI-algebras, and is used in Razmyslov’s work on the Jacobson
radical described above.

Another application of the characteristic closure is to the Hilbert series of an alge-
bra; Answering a question raised by Procesi [Pro73], Belov proved that any relatively
free, affine PI-algebra has a rational Hilbert series (with respect to a suitable set of
generators); cf. [BR05, Chapter 9] for this and related results. On the other hand, The-
orem 3.1 below provides examples of representable algebras with non-rational Hilbert
series.

1.3. Specht’s conjecture. One of the most famous problems in PI-theory was Specht’s
conjecture, that every set of identities is a consequence of a finite set of identities. (More
formally, every T -ideal of the free algebra is finitely generated as a T -ideal.) As de-
scribed in [Kem09], this question was settled affirmatively by Kemer [Kem87], [Kem90b]
whenever the base field F is infinite, and later by Belov for arbitrary affine PI-algebras.
The characteristic closure is one component of the proofs, and the nilpotence of the
radical is another important aspect, so Shirshov’s theorem plays an important role.
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The key step of Kemer’s theorem is that each affine PI-algebra over an infinite field
satisfies the same PI’s as a suitable finite dimensional algebra; it follows at once that
the corresponding relatively free algebra is representable. (Belov extended this fact to
arbitrary fields.)

2. Generalizations to nonassociative algebras

Shirshov’s Height Theorem has been extended to various classes of nonassociative
algebras. In his original paper, Shirshov applied his theorem to special Jordan algebras.
Zelmanov [Zel91] obtained the following analog for ad-identities of Lie algebras:

Say an associative word in X is special if it is the leading word appearing in
some Lie word (i.e., word with respect to the Lie multiplication). The word w is
Zelmanov d-decomposable if it can be written as a product of subwords w =
w′w1w

′
1w2w

′
2 · · ·wdw

′
dw

′′ with each wi special and w1 Â w2 · · · Â wd. Then, for any
`, k, d, there is β = β(`, k, d) such that any Zelmanov d-indecomposable word w of
length ≥ β in ` letters must contain a nonempty subword of the form uk, with u
special.

Zelmanov’s result is a major ingredient in his celebrated solution of the restricted
Burnside problem. S. P. Mishchenko [Mis90] obtained an analogue of Shirshov’s Height
Theorem for Lie algebras with a “sparse” identity. S. V. Pchelintsev [Pch84] proved an
analog for alternative and (−1, 1) cases. Belov [Bel88b] proved a version for a certain
class of rings asymptotically close to associative rings, including alternative and Jordan
PI-algebras.

3. Questions arising in connection with Shirshov’s Theorem

Shirshov’s Height Theorem also gives rise to various notions, which we examine in
turn.

3.1. d-decomposable words. We start with d-decomposable words; cf. Definiton 1.2.
An equivalent definition: A word w is d-decomposable if it has the form s0v1s1v2 . . . s−1vdsd

where v1 Â v2 Â · · · Â vd. The next proposition below demonstrates the importance
of the notion of d-decomposability.

Proposition 3.1 (A. I. Shirshov).
a) Suppose that a word w is d-decomposable. Then any word obtained from w by

means of a nonidentical permutation is lexicographically less than w.
b) If an algebra A satisfies a PI

x1 · · · xd =
∑

σ 6=id∈Sd

ασxσ(1) · · · xσ(d)

of degree d, then any d-decomposable word w can be written as a linear combination of
words of lower order.

Thus in an algebra of PI-degree d, any word not representable as a linear combination
of lower-order words is not d-decomposable, and it suffices to check that the set of d-
indecomposable words has bounded height.
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3.1.1. d-decomposable words and codimensions. Regev [Reg72] introduced the codimen-
sion sequence in order to prove that the tensor product of PI-algebras is a PI-algebra.
Namely, let Wn denote the F -space of multilinear polynomials in x1, . . . , xn, and

cn = dimF (Wn/(Wn ∩ id(A));

then cn is exponentially bounded, for any PI-degree n.
A theorem of Dilworth enables one to bound the number of d-indecomposable words

of length n by n2(d−1). Latyshev [Lat72] discovered a quicker proof of Regev’s tensor
product theorem by using Dilworth’s Theorem, and showing that cn(A) is bounded by
the number of d-indecomposable multilinear words. This estimate of the codimension
series led to the result of Kemer, Regev, and Amitsur that any polynomial identity
whose Young tableau contains a rectangle (whose size is a suitably large function of n)
is a consequence of any given polynomial identity of degree n. (This is the basis of
Kemer’s “super-trick” to pass from identities of nonaffine algebras to identities of affine
superalgebras.)

On the other hand, there is an interesting refinement of the Hilbert series. The
multivariate Poincaré-Hilbert series of an affine algebra A = F{a1, . . . , a`} is defined
as

H(A) =
∑

diλ
i1
1 · · ·λi`

` ,

where
di = dimF

(
V̄A(i));

here i = (i1, . . . , i`), and V̄A(i) is the vector space spanned by irreducible words of
length ≤ iu in the generator ai of A, for 1 ≤ u ≤ `.

Kemer [Kem95, §2] proved that the number of d-indecomposable multilinear words
of length n equals the codimension of the space of multilinear polynomials of degree n,
with traces, of Md(F ). By Formanek [For84], this codimension sequence can be calcu-
lated precisely, using the multivariate Hilbert series.

Thus, Shirshov’s approach motivates the use of combinatorics to compute codimen-
sions, and to introduce the use of invariants of matrices. In this regard, Razmyslov
[Raz74b], Helling[Hel74], and Procesi[Pro76], independently showed in characteristic 0
that every PI is a consequence of the Hamilton-Cayley equation (which can be written
as a trace identity). This follows from the two Fundamental Theorems of Invariant
Theory, which respectively are as follows:

• All invariants can be expressed in terms of traces.
• All relations between invariants are consequences of the Hamilton-Cayley trace

identity.

In characteristic p > 0 one must study all of the coefficients of the Hamilton-Cayley
equation as individual functions, arising from homogeneous forms (not necessarily lin-
ear), since they cannot be computed in terms of the trace. Kemer [Kem90b] developed
the theory of identities involving these forms. Donkin[Do94] proved the analog of the
First Fundamental Theorem of Invariant Theory, and Zubkov [Zubk96] proved the
analog of the Second Fundamental Theorem.

In a similar vein, Razmyslov’s student Zubrilin developed the technique of incor-
porating coefficients of the characteristic polynomial into Capelli polynomials, which
leads to a combinatoric proof of the Razmyslov-Kemer-Braun theorem, as exposed
in [BR05, §2.5].
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Kemer [Kem95] showed that, unlike the situation in characteristic 0, any PI-algebra A
(not necessarily affine) of characteristic p > 0 satisfies all the multilinear identities of
a finite dimensional algebra; combining this with the cited work of Donkin, Zubkov,
and Zubrilin, yields that A satisfies all PI’s of a finite dimensional algebra; cf. [Bel00].

3.2. Estimates of Shirshov height. Shirshov’s original proof was purely combina-
torial (based on an elimination technique he developed for Lie algebras), but did not
provide a reasonable estimate for the height. Kolotov [Kol81] obtained an estimate for
ht(A) ≤ ssm

(m = PI-deg(A), and s is the number of generators). In the Dniester
Notebook (most recent version [Dne93]), Zelmanov asked for an exponential bound,
which was obtained later by Belov [Bel88a]:

Theorem 3.1. Suppose A is a PI-algebra of PI-degree d, generated by ` elements.
Then the height of A over the set of words having length ≤ m is bounded by a function
H(m, `) where H(m, `) < 2m`m+1.

3.2.1. Burnside-type problems. A word w = uk, for k > 1, is called cyclic or periodic.
By problems of Burnside type, we mean problems related to periodic words. Combi-
natorics play an important role. The following basic lemma yields computational tools
involving subwords which are described in [Bel07] and provide the bounds given in
Theorem 3.1. The technique is illustrated in the slightly weaker result given in [BR05,
Theorem 2.74].

Lemma 3.2 (on overlapping). If two periodic words of respective periods m and n
contain identical subwords having length m + n − gcd(m,n) then they have identical
periods.

3.3. The essential height of an algebra.

Definition 3.3. An algebra A is said to have essential height ≤ h over a subset Y ,
if there is a finite set S ⊂ A (which may depend on Y ) such that A is spanned as a
vector space by

Y [h],S = {s0y
m1
1 s1 · · · st−1y

mt
t st : mi ∈ N, yi ∈ Y, si ∈ S, t ≤ h}.

In this case, Y is called an essential Shirshov base, and S the supplementary set.

Essential height is an estimate for GK-dimension; also, the converse is true for rep-
resentable algebras.

Theorem 3.2 (A. Ya. Belov [BBL97]). Suppose A is a finitely generated representable
algebra and HEssY (A) < ∞. Then HEssY (A) = GK(A).

This equality is useful in both directions. First of all, it shows for a representable
algebra A that that HEssY (A) independent of the choice of Y . In the other direction,
since HEssY (A) must be an integer, one has:

Corollary 3.4 (V. T. Markov). The Gelfand-Kirillov dimension of a representable
affine algebra is an integer.

Due to the representability of relatively free affine algebras (noted above), the
Gelfand-Kirillov dimension of a relatively free algebra also equals the essential height.

Clearly, an s-base is a Shirshov base iff it generates A as an algebra. Boundedness of
essential height over Y implies a positive solution of “Kurosh’s problem over Y .” The
converse is much less trivial.
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Theorem 3.3 (A. Ya. Belov). Suppose A is a graded PI-algebra, and Y is a finite
set of homogeneous elements. Let Y (n) denote the ideal generated by all nth powers of
elements of Y . If the algebra A/Y (n) is nilpotent for each n, then Y is an s-base for A.
If in this situation Y generates A as an algebra, then Y is a Shirshov base for A.

We proceed to formulate a generalization of this theorem for the non-graded case. We
must confront the following counterexample to the straightforward converse of Kurosh’s
problem: Suppose A = Q[x, 1/x]. Each projection π such that π(x) is algebraic has
finite-dimensional image. Nevertheless the set {x} is not an s-base for A.

Thus we need a stronger definition:

Definition 3.5. A set M ⊂ A is called a Kurosh set if it satisfies the condition that
for any projection π : A ⊗ K[X] → A′, if the image π(M) is integral over π(K[X]),
then π(M) is finite over π(K[X]).

Theorem 3.4 (A. Ya. Belov). Let A be a PI-algebra, M ⊆ A a Kurosh subset in A.
Then M is an s-base for A.

Thus, boundedness of essential height is a non-commutative generalization of inte-
grality. The following proposition shows that Theorem 3.4 does generalize Theorem 3.3:

Proposition 3.6. Let A be a graded algebra, Y a set of homogeneous elements. If the
algebra A/Y (n) is locally nilpotent for all n, then Y is a Kurosh set.

3.4. Normal bases and monomial algebras. Shirshov’s combinatoric approach
leads us to the combinatoric study of bases. Let A = F{a1, . . . , a`} be an associative
affine algebra. A words is called reducible if it can be written as a linear combination
of lexicographically smaller words; the normal base of the algebra A is the set of all
irreducible words in the generators; cf. [BBL97], [BRV06], [Dr00], [Lat88], [Ufn85].

A monomial algebra is an algebra that can be described in terms of relations that
are monomials in the generators. Any affine algebra A has its associated monomial
algebra possessing the same Hilbert series; namely one factors the free algebra by the
set of reducible words in the generators of A, cf. [BR05, Proposition 9.8]. The associated
monomial algebra of an algebra A also has the same Shirshov base, although it may
not satisfy the same PI’s. Nevertheless, their easier relations make monomial algebras
a useful tool in studying Shirshov bases. This discussion follows [BRV06]; the reader
should also consult [BBL97].

In case an affine monomial algebra A is PI, it has bounded essential height over a
(finite) Shirshov base Y , which we may assume to be a set of words in the generators.
Take a supplementary set S as in Definition 3.3 that contains Y . Choose a subset of
Y [h],S that spans A. Given

w = s0y
m1
1 s1 · · · st−1y

mt
t st (1)

(with yi ∈ Y and si ∈ S, and t bounded by the height), we rewrite it in the same
manner with s0 ∈ S of maximal possible length, then with ym1

1 of maximal possible
length, and so on. (s0, y1, s1, . . . , st−1, yt, st) is called the type of w. The type of a
subword of a w of type θ is called a subtype of θ.

By an exponential polynomial in the variables m1, . . . , mt we mean an expression of
the form ∑

fj(m1, . . . , mt)α
m1
1j · · ·αmt

tj
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where fj are polynomials over a finite algebraic extension K of F , and αij ∈ K. For
example,

P (m1, . . . , mt) = (5−
√

2)m1 −m4
2 · 3m1

is an exponential polynomial over Q.

Theorem 3.1. A monomial algebra A over F is representable iff:

(1) A has essential height over a finite set Y (with a supplementary set S), such
that every word in the generators of A has a unique type, and there are finitely
many types.

(2) For each type θ = (s0, y1, s1, y2, . . . , yt, st), there is a finite system Pθ,j of expo-
nential equations over k, in the variables m1, . . . ,mt, such that

⋃

θ

{s0y
m1
1 s1 · · · ymt

t st : ∃j Pθ,j(m1, . . . , mt) 6= 0}

is a normal base.

The construction of monomial algebras is thus equivalent to the solution of arbitrary
exponential polynomials. But this is algorithmically unsolvable by the celebrated the-
orem of Davis-Putnam-Robinson [DPR61]. Thus there is no algorithm to determine
whether there is an isomorphism (given in terms of the generators) for two mono-
mial subalgebras of the matrix algebra over a polynomial ring of characteristic 0. On
the other hand, this isomorphism problem is algorithmically solvable in characteris-
tic p > 0. More precisely, Belov and Chilikov [BC00], [BRV06] proved over a field of
characteristic p that the set of p-adic representations of exponential equations (with
unknowns in N) forms a “regular language.” Thus, an inaccessible problem in charac-
teristic 0 becomes algorithmically solvable in positive characteristic.

3.5. The conjecture of Amitsur and Shestakov. S. Amitsur and I. P. Shestakov
conjectured that if the algebra A satisfies the identities of Mn(F ) and all words having
length not exceeding n are algebraic, then A is finite-dimensional. I. V. Lvov reduced
this assertion to the following:

Let A = F{a1, . . . , a`} be a finite-dimensional subalgebra (without 1) of a matrix
algebra of order n. If all words in a1, . . . , a` of length ≤ n are nilpotent, then the
algebra A is nilpotent.

Shestakov’s conjecture was proved by V. A. Ufnarovsky [Ufn85] and by G. P. Chekanu
[Che88]. Their Independence Theorem may be formulated as follows [Che88], [Ufn90]:

Theorem 3.5 (Independence Theorem). Suppose the following is true:

(1) a word w = ai1 · · · ain is minimal under the lexicographical order in the set of
all nonzero products of length n;

(2) all terminal subwords of w are nilpotent.

Then the initial subwords of w are linearly independent.

Here is a key step. A word is called extremal if it does not lexicographically precede
any nonzero word.

Lemma 3.7. Any set of pairwise incomparable subwords of an extremal word is inde-
pendent.
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To deduce I. P. Shestakov’s conjecture (or, equivalently, I. V. L’vov’s assertion) from
this theorem, we consider the following construction:

Remark 3.8. Given an algebra A and a right module V , the algebra Ã is defined
additively as A⊕ V , with multiplication defined as follows: V · V = A · V = 0, and the
product of elements from V and A is given by the module multiplication.

We take a faithful representation of A acting on an n-dimensional right vector
space V . Taking a base v1, . . . , vn of this space, then, for some vi we have viw 6= 0.
Viewing V as a right A-module, we form the algebra Ã of Remark 3.8, ordering the
generators by v1 Â · · · Â vn Â a1 Â · · · Â as, and apply the Independence Theorem.
Later, Belov and Chekanu showed that we may take the {vi} to be the set of words
from Shestakov’s conjecture. Another proof of this fact was obtained by V. Drensky.

The original proofs of the Independence Theorem were rather complicated. Appli-
cation of hyperwords, described below, allow a considerable simplification.

Subsequent papers of these authors contained various refinements and generalizations
of these theorems. Here is another elegant result of Chekanu [Che96]:

Theorem 3.6. Suppose a word w is extremal and non-periodic, of length n. If wn 6= 0,
then the algebra generated by the letters of w contains a nilpotent element of index
exactly n.

3.6. Hyperwords in algebras. Many of the combinatorial results in this survey are
most easily proved using infinite words, or hyperwords, so we conclude with a discussion
of basic auxiliary facts and constructions related to hyperwords in algebras.

Definition 3.9. A hyperword is a word infinite in both directions; a word infinite only
to the left (resp. right) is called a left (resp. right) hyperword.

u∞ denotes the hyperword having period u, and u∞/2 the left (resp. right) hyperword
having period u and terminal (resp. initial) subword u.

The context will always make clear whether we consider a left or right hyperword,
so we do not distinguish the notation between them. For example, the expression
u∞/2wv∞/2 indicates that u∞/2 is a left hyperword and v∞/2 is a right hyperword.

Right hyperwords form a linearly ordered set with respect to the lexicographical
order. For a right hyperword w, we let (w)k denote the initial subword of w having
length k.

Lemma 3.10 ([BBL97]). Let C be an arbitrary collection of words having unbounded
length. Then there exists a hyperword w such that each of its subwords is a subword of
a word from C.

Although evaluating a hyperword in an algebra does not make sense, we can define
whether or not it equals 0 (according to whether some subword equals 0), and this
leads to the notion of linear independence of hyperwords in A:

Definition 3.11. a) A hyperword w is called a zero hyperword if it includes a subword
of finite length equal to 0, and a nonzero hyperword otherwise.

b) A finite set of right hyperwords {wi} is called linearly dependent if there exist {αi}
such that some of them are not zero and for all sufficiently large k we have∑

αi(wi)k = 0.
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c) Suppose w is a right hyperword in an algebra A, M is a right A-module, and
m ∈ M . We say that mw 6= 0 if m(w)k 6= 0 for all k. Otherwise Mw = 0.

d) Suppose {w1, . . . , wn} is a set of right hyperwords in an algebra A, and M is
a right A-module. We say that

∑
miwi = 0 for mi ∈ M if

∑
mi(wi)k = 0 for all

sufficiently large k.

Proposition 3.12. a) A finitely generated non-nilpotent algebra A contains non-zero
hyperwords.

b) Suppose A is a finitely generated algebra, M is a finitely generated right A-module.
If MAk 6= 0 for all k > 0, then there exist m ∈ M and a right hyperword w such that
mw 6= 0.

The existence of a least upper bound and of a greatest lower bound for any set of
right hyperwords implies the following

Proposition 3.13. a) Let w be a hyperword. Then the set of right hyperwords whose
subwords are all subwords of w contains maximal and minimal hyperwords.

b) Suppose ∀k mAk 6= 0. Then the set of right hyperwords w such that mw 6= 0
contains a maximal and a minimal hyperword.

c) If A is non-nilpotent, then the set of nonzero right hyperwords in A contains a
maximal and a minimal hyperword.

Let u be the maximal word in an algebra A among all nonzero words in A having
length ≤ n. Unfortunately u may have no extension to a word of greater length. Thus,
to utilize hyperwords, we need the following construction:

Construction 1. Let A be an algebra having generators as Â · · · Â a1. Put a1 Â x
and consider the free product A′ = A ∗ F 〈x〉.

Each word u in A is an initial subword of some hyperword in A′. If u is the maximal
word in A among all words having length at most |u|, then the maximal hyperword
in A′ beginning with u is a hyperword in A. If ũ is a hyperword in A for which each
initial subword has this property, then the maximal hyperword in A′ is ũ.

The following construction is useful for treating modules.
Construction 2. Suppose A is an algebra having generators as Â · · · Â a1, and V is

a finitely generated right A-module having generators mk Â · · · Â m1. Put m1 Â as,

a1 Â x, and Ã as in Remark 3.8. Define A′′ = Ã∗F 〈x〉/I where the ideal I is generated
by elements of the form xmi.

In the algebra A′′, the maximal right hyperword begins with mk, and each word

in Ã may be extended to a hyperword in A′′; if MAk 6= 0 for all k, then the maximal

hyperword in Ã begins with some mi.
If u is the maximal word in A among all words having length at most |u| that act

nontrivially on the generators of the module, then after renumbering the mi suitably,

the maximal hyperword in A′′ is a hyperword in Ã. If u is a hyperword in Ã such that
each its initial subword has the above property then the maximal hyperword in A′′ is u.

Note that if an algebra has no nonzero nilpotent ideals, then any word may be
extended to a hyperword. The following observation is useful.

Proposition 3.14. If an algebra contains no nonzero periodic hyperword, then all of
its words are nilpotent.
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The technique of hyperwords seems to lie rather close to the lines of structure theory,
as illustrated in the following theorem and its proof, cf. [Bel07].

Theorem 3.7. The set of irreducible words in a PI-algebra A has bounded height over
the set of words whose degree does not exceed the PI-degree of A.

Proof. Suppose m is the minimal degree of identities holding in an algebra A of PI-
degree d. Since A has bounded height over the set of words having degree ≤ m, it
suffices to show that if |u| is a nonperiodic word of length > n then the word uk for
sufficiently large k is a linear combination of words of smaller lexicographic order.

Step 1. Consider the right A-module M defined by a generator v and by the relations
vw = 0 whenever w ≺ u∞/2. Our goal is to show that Muk = 0 for some k. Indeed,
some power uk is spanned by smaller lexicographic words. By virtue of Shirshov’s
Height Theorem, the set of irreducible words has bounded height over Ym, the set of
words of degree ≤ m. But if each sufficiently large power of a nonperiodic word having
length d may be linearly represented by smaller words, then the words having length
> d may be excluded from Ym.

Step 2. The correspondence λ : vs → vus defines a well-defined endomorphism of
the module M , hence M may be considered as an A[λ]-module. Our goal is to show
that Mλk = 0 for some k, or equivalently that M = M ⊗ F[λ, λ−1] = 0.

Step 3. If Mλk ∈ M · J(Ann M) where J(Ann M) is the Jacobson radical of the
annihilator of M , then Mλ`k ∈ M · J(Ann M)`, and by the nilpotence of the radical,
Mλ`k = 0 for sufficiently large `. Hence, we may assume that J(Ann M) = 0.

Step 4. Using primary decomposition, we reduce to the case for which M is a
faithful module over a primary ring B.

Step 5. Elements of the center Z(B) have trivial annihilator, so we may localize
relative to them; replacing Z(B) by an algebraic extension, we reduce to the case for
which B is the algebra of some dimension k ≤ n over a field, and M is a k-dimensional
vector space.

Step 6. Since M is a vector space of dimension < |u|, the vectors ~vu0, ~vu1, . . . , ~vun−1

are linearly dependent (where ui is the initial subword of length i in the word u, and
u0 = 1). Thus we have the equality

∑
i∈I

λi~viui = 0 (2)

where I ⊆ {0, . . . , n−1}, λi ∈ F\0. To each ui we attach a word u(i) so that uiu
(i) = u|u|.

Let u(j) be the least of those u(i) which are involved in the formula (2). Write the
equality 2 in the form

~vjuj =
∑

i∈I\{j}
βi~viui (3)

where βi = −αi/αj. But then

~vu|u| = ~vjuju
(j) =

∑

i∈I\{j}
βi~viuiu

(j). (4)

If i ∈ I\{j}, then u(j) ≺ u(i) and uiu
(j) ≺ uiu

(i) = u|u|; hence vuiu
(j) = 0. Thus all

terms in the right side of (4) are zero. Hence ~vu|u| = 0, as desired. ¤
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Hyperwords facilitate proofs of the Independence Theorem, Shirshov’s Height The-
orem, nilpotence of the Lie algebra generated by sandwiches [Ufn90], proof of the
Bergman Gap Theorem, (that any algebra of GK dimension greater than 1, has GK di-
mension at least 2, together with a description of the base having growth function

VA(n) = n(n+3)
2

), and also describe various properties of monomial algebras [BBL97] as
well as other combinatorial results for semigroups and rings.
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