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2 De arte kombinatoria

Problem 2.1. Karlsson know how to write only words which does not contain subwords
with two or more di�erent letters. How many words of length n Karlsson know how to
write, if his alphabet contains l letters?

Solution. Karlsson can write only words with one repeating letter. There are precisely l
such words.

Problem 2.2. The dictionary of Winnie-the-Pooh tribe has 20 letters. The language of
this tribe consider as a phrase any combination of this words. There exists two verbal
spells �earth stay on Great Crocodile� and �every evening Crocodile eat Sun�, which
evoke an earthquake. How many phrases from 10 words does not provide the tribe with
an earthquake?

Answer. 2010 − 12 · 205 + 4.

Problem 2.3. The alphabet of a small-wide-tribe �Smeshariki� consists of l letters. May
the language of this tribe contains a word of length l which contains precisely

a) l + 1

b) l(l−1)
2

− 1
c*) 2l

di�erent subwords?

Solution. a) There are no such words for l = 1. For l = 2 such word do exist: ab. Further
we assume that l > 3.

We consider words with one repeating letter. They have precisely l subwords. If a word
W contains at least two di�erent letters, then W contains at least 2 di�erent subwords of
length 1 and at least 2 di�erent subwords of length 2 (note that l > 3). Then the number
of subwords of W is greater or equal then l + 2.

b) We left this problem for l 6 4 as an exercise to a reader. We provide examples of
such words for l = 5, 6, 7;

ababa, aaaabb, aabbabb.

∗If you have any suggestations or �nd any bugs please write me on krab8nog@yandex.ru.
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If l > 8 we construct such word by induction: we add to the end of a word of this kind
of length l − 3 new letter, which is not used before, 3 times.

ñ) We left this problem for l 6 4 as an exercise to a reader. Further we assume that
l > 5.

We will prove that there are know such word W over alphabet of l-letters such that
W has precisely 2l subwords. Assume that such a word W exists. If the only one letter is
used in W , W can't contain 2l subwords. Therefore we assume that 2 or more letters are
used in W . This implies that for any 1 6 k < l there exist at least two di�erent subwords
of length k (otherwise the only one letter is used in W ). We consider subwords of W of
length 2. If only two such words exist, W is of one of the following types:

ababab...ab, or ababab...aba, or abbb...b, or aaa...ab.

All these words has 2l−1 subwords or less. Therefore words of these types does not satisfy
the conditions of problem. Further we assume that W has at least 3 di�erent subwords of
length 2. By the same arguments we assume W has at least 3 di�erent subwords of length
3. Hence the number of di�erent subwords of W is not smaller than 2+ 3+3+ ...+2+1
(l summands). This sum equals 2l+1 and therefore for l ≥ 5 there are no words of length
l with precisely 2l subwords.

Problem 2.4. An alphabet of Endeans has N letters, and any word of Endeans consists
of letters of their alphabet. It is known that a word W repeated twice means the same
with W , and that the meaning of a word W1W2W3 is the same with W1W2W2W3. For
example �BC� means the same with �BBC�. Prove that the number of words with di�erent
meanings is �nite if

à) N = 2;
b) N = 3;
c) N is arbitrary.

Proof. We start with a de�nition. We say that a word is uncancellable, if any word A′,
which smaller than A, has di�erent meaning with A.

We use induction by a number N of letters of an alphabet.
The base for N = 1 is obviously true.
We prove that from N -th statement follows (N + 1)-th statement. By the hypothesi

of induction the number of uncancellable words in alphabet of N letters is �nite. We
denote by d a number which is greater then the length of any uncancellable word of this
alphabet. Now we consider alphabet An+1 of n + 1 letters. Assume that there exists an
uncancellable word W of An+1 of length (d+1)(N +1)d+2 or more. This word is a union
of (N + 1)d+2 blocks of length (d + 1) with some other piece. Obviously, there are two
non-isomorphic non-intersecting blocks B among them. If N or less letters are used in B,
then B is cancellable by the induction hypothesi B and thus W is cancellable. Therefore
all letters of AN+1 are used in B.

We now show that if all letters of AN+1 are used in a word B and C is any word,
then B has the same meaning with BCB (if it is so, then the word W of the previous
paragraph is cancellable and we prove the induction hypothesi).

To prove this fact we have to prove that there exists a word Y such that B has the
same meaning with BCY (if it is so, then the words

B ↔ BCY ↔ BCBCY ↔ BCB
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have the same meaning and we prove the induction hypothesi). Assume that C = c1c2...ck.
As c1 is used in B,

B = Sc1M.

Then B has the same meaning with the word Bc1M . Hence c2 is used in B, B = Ec2D
and the words B1M and Bc1c2Dc1M have the same meaning. And so on. Therefore,
and Y have the same meaning for some word Y .

Thus there is no uncancellable words of length (d+1)(N+1)d+2 or greater over AN+1.
We �nish with induction.

As a corollary, the number of words over AN for any N is �nite.

Problem 2.5. We �x an alphabet Al and consider some set of words W1, ...,Ws, which
we call {ban-words}. We say that a word W is permitted, if W1, ...,Ws are not subwords
of W . What is the minimal number of ban-words W1, ...,Ws such that the only permitted
subwords with 100 letters are (ab)50 and (ba)50?

Solution. We consider all words over Al which are repetition of one letter of length 100.
There are precisely l of them and they do not share subwords. Therefore we have to use
at least l ban-words.

We show that it is enough to use l ban-words. Namely, the set of ban-words {aa, bb, c, d, ...}
permit precisely two words: abab....ab and baba...ba.

By ut we denote t copies of a word u putted in one line.

Problem 2.6. Let k, t ∈ Z≥1. Prove that, if a word V of length k · t has not more than k
di�erent subwords of length k, then for some word v the word V contains a subword vt.

Proof. We prove that problem by induction by k.
The base (k = 1) is obvious. We denote by V − a word V without the last letter. If

V − has (k − 1) or less subwords of length (k − 1), then by induction hypothesi V − has a
period with t repetitions (note that the length of V − is bigger or equal than (k − 1)t).

Assume that V − contains at least k subwords of length (k − 1). Hence V − has not
more than k subwords of length k, in any subword of V of length k, the last letter is
determined by the (k − 1) previous letters. As we have precisely k di�erent subwords of
length k, there are two equal subwords of length k among �rst (k+1) subwords of length
k. Let i, j be the �rst letters of such subwords. We assume that i > j. Then i-the letter
coincides with j-the letter, i+ 1-th letter coincides with j + 1-th letter,..., i+ k-th letter
coincides with l+k-th letter. Hence (i−j) ≤ k, V is a subword of V1→(j−1)V

∞
j→(i−1), where

V1→(j−1) is a subword of V which starts from the �rst letter and ends in the (j − 1)-th
letter, and Vj→(i−1) is a subword of V which starts from the j-th letter and ends in the
(i − 1)-th letter. As i − 1 6 k and i − j 6 k, V contains at least t-th power of Vj→(i−1).
Therefore V contains a subword of type vt.

Problem 2.7. Provide a bijection between the following sets:

• sequences of natural numbers 1 6 a1 6 a2 6 . . . 6 an, where ai 6 i;

• transpositions of numbers 1, 2, . . . , n, such that the length of any decreasing sequence
is 2 or less.
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Proof. We consider the set of transpositions S∨
n of numbers 1, ..., n which have no increas-

ing subsequences of length 3 (we consider transpositions as words in alphabet {1, ..., n}).
We denote by b(σ) the length of the longest increasing subsequence of σ which ends in
the end of σ for any σ ∈ S∨

n . We denote by σ[m] the transposition of 1, ...,m which is
obtained from σ by eliminating letters m+ 1, ..., n for any σ ∈ S∨

n and m 6 n.
We assign to any transposition σ ∈ S∨

n the sequence of numbers

b1 := b(σ[1]), b2 := b(σ[2]), ..., bn := b(σ[n]).

Note that b1 = 1, bi+1 6 bi + 1, 1 6 bi 6 i. Set ai := i+ 1− bi. Note that

a1 = 1, 1 6 ai 6 i, ai ≤ aj.

Therefore we assign to a transposition σ ∈ S∨
n , which have no increasing subsequences

of length 3, an increasing sequence of numbers 1 6 a1 6 a2 6 ... 6 an such that ai 6 i. It
is easy to see that this map is bijective. As an exercise, a reader can explicitly construct
an inverse map.

The solution of the previous problem is also presented in the project of V. Dotsenko
�Katalan's numbers and natural maps�.

Problem 2.8. Hundred man-eaters come to a feast. During a feast man-eaters eat
themselves. Therefore appear a sequences of man-eaters such that a man-eater eats a
man-eater which eats a man-eater which eats a man eater... What is the smallest possible
the longest such sequence of man-eaters with additional condition that from any 10 man-
eaters any one eats the other one?

Proof. We produce a graph from the set of man-eaters. We assume that two man-eaters
A,B are connected with an oriented edge, if A eats B. Note that this graph is a forest (i.e.
is a union of trees). We split man-eaters on the several groups. First group consists of
man-eaters which does not eat anyone on the feast. Second group consists of man-eaters
which eats only man-eaters from the �rst group. And so on. Obviously

1. All man-eaters are presented in these groups.
2. The man-eaters from one group does not contain themselves.

We know that from any 10 man-eaters one eat the other one. Therefore the number of
man-eaters in one group does not exceed 9. Hence the number of such groups is greater
or equal than [100

9
] = 12. Therefore there is a chain of �man-eaters which eats man-eaters�

of length 12 or more.
Now we provide an example of a feast where the longest such chain has length 12. We

divide man-eaters onto 9 groups of 11 man-eaters and 1 group of 1 man-eater. Let the
second man-eater in a any group eat the �rst one, let the third one eat the second one
and so on. At the end, the man eater from the 10-th group eat all other man-eaters.

Similar problems to Problem 2.8 appear in subsection �Dilworth's theorem�.

De�nition 2.1. We call a word u non-cyclic, if u is not equal to vk, for any word v and
any k > 1.

Problem 2.9. Let u, v be di�erent non-cyclic words of length m and n respectively.
Assume that a word W contains subwords u′ = um·n and v′ = vm·n. Prove that the length
of the common part of u′ and v′ does no exceed m+ n− 2.
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Solution. Let m > n and assume that the intersection of two periodic subwords umn and
vmn has length m+ n− 1 or more. We denote this intersection S. We denote the letters
of S by s1, ..., sl, where l is a length of S.

We prove that under these assumptions u is periodic with period d =GCD(m,n). It
is enough to prove that if k = l(mod d) and 1 6 k, l < m+ n− 1, then sk = sl.

We denote by r the remainder of k modulo d. Assume that r ̸= 0. Then k−r = an−bm
for some a, b ∈ Z≥0. We construct sequences ki, ai, bi by the following inductive rules:

1. k0 = k, a0 = a, b0 = b;

2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, if ai > 0 and ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, if ai = 0 and bi > 0

i− th element is the last, if ai = bi = 0

.

It is obvious from de�nition that
1. ki − r = ain− bim for all i ≥ 0;
2. d - ki for all i ≥ 0;
3. 1 ≤ ki ≤ m+ n− 1 for all i ≥ 0.
4. If ki is the last element of the sequence, then ki = r.
From these rules follows that ski+1

= ski , and in particular sk = sl, if k = l(mod d).
Assume that r = 0. We show that sk = sn = sm. To do this we construct sequences

ki, ai, bi by the following inductive rules:
1. k0 = n, a0 = m/d− 1, b0 = n/d− 1;

2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, if ai > 0 and ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, if ai = 0 and bi > 0

i− th element is the last, if ai = bi = 0

.

Note that
1. ki − n = ain− bim for all i > 0;
2. d - ki for all i > 0;
3. 1 ≤ ki ≤ m+ n− 1 for all i > 0.
Assume that ki = n. Then nai = mbi , and in particular either ai = 0, or ai ≥ m/d.

Hence the last statement is false, ai = bi = 0. On the other hand if ai = bi = 0, then
ki = n. Therefore the sequences {ai}, {bi}, {ki} has precisely m/d+ n/d− 1 elements.

Now we prove that these elements that the elements of {ki} are pairwise di�erent.
Namely if ki = kj, then n(ai − aj) = m(bi − bj). Thus ai ≥ m/d. This statement is false.
Therefore the elements {ki} are pairwise di�erent and belong to {d, ..., d(m/d+n/d−1)}.
The number of these elements equals m/d+n/d−1. Therefore the sequence {ki} consists
from numbers d, 2d, ..., (m+ n− 1)d. Hence ski = ski+1

, sk = sn = sm.
As a corollary, if d | k, l and k = l (mod d), then sk = sl. As S is lomger than both u

and v and is d-periodic, words u, v are periodic to. This is a contradiction.
Therefore the length of the intersection of two periodic words umn and vmn does not

exceed m+ n− 2.

Problem 2.10. An in�nite band is �lled by numbers {1,..., 9}. Prove that either one can
cut of from it 10 non-intersecting numbers with 1000 digits each, which form an increasing
sequence on a band, or there exists a number with 10 or less digits which repeats 50 times
in succession.

Proof. We move from left to right on the band and consider a moment from which all 1000-
digit numbers appear in�nitely many times. If the number of such 1000-digit numbers
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exceed 10, then there exists an increasing sequence of length 10 consisting from non-
intersecting 1000-digit numbers.

Further we assume that the number of such 1000-digit numbers is smaller than 10.
Then there exist equal 1000-digit numbers which intersect by more than 990 digits. Then
these numbers are periodic of period 9 or less. Then the period in these numbers repeats
at least [1000

9
] times (what is de�nitely more than 50 times).

3 Dilworth's theorem

Problem 3.1. Is it true that, for any sequence of numbers of length 5, there exists a
subsequence of length 3 which is ordered (i.e. it is or increasing, or decreasing)?

Proof. Is a particular case of Problem 3.4.

Problem 3.2. Is it true that, for any sequence of numbers of length 9, there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing)?

Solution. No, this is not true. The sequence 3-2-1-6-5-4-9-8-7 is a counterexample.

Problem 3.3. Prove that that for any sequence of numbers of length 10 there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing).

Proof. Is a particular case of Problem 3.4.

Problem 3.4. Prove that that for any sequence of numbers of length mn+1 either there
exists a decreasing subsequence of length m + 1 or there is an increasing subsequence of
length n+ 1.

Proof. We write a ≻ b, whenever a > b and a goes earlier than b. All other pairs
of numbers are incomparable. There exists either a subsequence from these numbers
which is a chain with respect to ≻ of length n + 1 (a chain corresponds to an increasing
subsequence) or there exists an antichain, i.e. the set of pairwise incomparable numbers,
from these numbers with respect to ≻ of length m + 1 (an antichain corresponds to a
decreasing sequence) by Problem 3.7.

By de�nition a partially ordered set (POS) is a set M with a relation ≺ on it such
that, for any two elements a and b of M , or a ≺ b is true or is false. This relation should
satis�es the following axioms:

1. if a ≺ b and b ≺ c, then a ≺ c (transitivity);
2. if a ≺ b, then a is not b.

Problem 3.5. May a ≺ b and b ≺ a be true simultaneously?

Problem 3.6. Prove that the set of words with a lexicographical order is a POS.

De�nition 3.1. A POS M , for any elements a, b ∈ A of which a = b, a ≺ b, b ≺ a, is
called linearly ordered. Such POS are also known as chains.

Problem 3.7. Letm,n be natural numbers. Prove that in any POS withmn+1 elements
there exists either a subset with m+1 elements which is a chain or there is a subset with
n + 1 elements which is an antichain (i.e. such that any two elements of which are
incomparable).
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Proof. We will prove this statement by induction by m.
The base (m = 0) is obviously true.
Now we prove that from the m-th statement follows (m + 1)-th statement. We �x a

POS M with at least mn+ 1 element. We say that an element a of M is maximal if any
other element is smaller than m or is incomparable with m. We consider the set Max of
all maximal elements. By de�nition, any two maximal elements are incomparable. If the
number of elements |Max| in Max is greater or equal than n + 1, then M is a desired
antichain.

Further we assume that |Max| does not exceed n.
We denote M without |Max| as M̃ . Obviously, M̃ has at least n(m− 1) + 1 elements

and therefore has either a chain of lengthm or an antichain of length n+1 by the induction
hypothesi. If the second statement is true, we prove the induction hypothesi. Assume
that the �rst statement is true and M̃ has a chain C of length m+1. Then some element
a of Max is greater than the maximal element of C and therefore {a} ∪ C is a chain of
length m+ 1.

Problem 3.8. Let M be a POS and c(M) be the length of the longest chain of M . Then
M can be splitted on c(M) antichains.

Solution. (We use de�nitions of Problem 3.7)We prove the statement by induction by n.
The base (n = 0) is obviously true.
We denote by Max the maximal elements of M . Let M̃ be M without Max. As M

does not contain chains of n+ 1, M̃ does not contain chains of length n. Therefore M̃ is
a union of n antichains. As Max is an antichain, M is a union of n + 1 antichain. We
prove the induction hypothesi.

The following theorem is in some sense dual to Problem 3.8.
Dilworth's theorem. Let M be a POS and ad(M) be the length of the longest

antichain of M . Then M can be splitted on ad(M) chains.

4 Exponential estimates

We �x an alphabetA = {a1, a2, . . . , al} and we �x a linear order onA : a1 ≺ a2 ≺ · · · ≺ al.
This order introduces a lexicographical order on the set of words of A. We consider two
words u and v. If u begins from v or v begins from u, we call u and v incomparable

(with respect to each other). Otherwise there exist words w, u′, v′ such that u = wu′,
v = wv′ and �rst letters of u′ and v′ are di�erent (w could be an empty word). If the
�rst letter of u′ is greater than the �rst letter of v′, we say that u is greater than v and
write v ≺ u, otherwise we say that v is greater than u and write v ≺ u. The set of
words of A with respect to ≺ is a POS. The order ≺ is called lexicographical (see also
Introduction). It would be signi�cant later that some words are incomparable with respect
to the lexicographical order ≺.

Problem 4.1. Let alphabet A consists of letters a, b, c. We introduce an order on them:
a ≺ b ≺ c. Find the longest increasing sequence from the following list of words. Which
pairs of these words are incomparable?

cb, abc, bac, abb, b, ccc, abc
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Solution. The longest increasing sequence is: abb, abc, b, cb, ccc.
The pairs of incomparable elements: b ↔ bac, abc ↔ abc.

The following de�nitions will be useful later.

De�nition 4.1. A word W is called n-divisible, if there exist words u1, ..., un such that
W = v · u1 · · ·un and u1 ≻ . . . ≻ un.

De�nition 4.2. A wordW is called k-ordered, ifW is k-divisible but not (k+1)-divisible.

Problem 4.2. Find a number of
a) 1-ordered;
b) 2-ordered words

of length l with pairwise di�erent letters.
c) 1-ordered letters with not necessarily di�erent letters.

Solution. a) Answer: Cs
l .

b) The number of sequences of natural numbers 1 6 a1 6 a2 6 . . . 6 al such that
ai ≤ i by Problem 2.7. We call such a sequence a correct sequence. Let cn be the number
of correct sequences of length n. For a correct sequence {ai} we set

stup(a1, a2 . . . , an+1) = sup
16i6n+1

{ai = i}.

Obviously, 1 6stup({ai}) 6 n. Then correct sequences such that, for some 1 6 j 6 n+1,
stup(a1, a2 . . . , an+1) = j, can be described by the following conditions:

ai 6 i äëÿ i < j; aj = j; ai 6 i− 1 äëÿ i > j.

Therefore the number of the correct sequences such that

stup(a1, a2 . . . , an+1) = j,

equals cj−1cn+1−j. Thus we have

cn+1 = c0cn + c1cn−1 + . . .+ cnc0. (1)

Now we show that cn = 1
n+1

Cn
2n. To do this we de�ne a function

f(x) = c0 + c1x+ c2x
2 + ...+ cnx

n + ....

Then from the relation (1) follows that f(x) = c0 + xf 2(x). Therefore

f(x) =
1±

√
1− 4c0x

2x
= 1

1±
√
1− 4x

2x
.

Hence f(x) has no pole in 0,

f(x) = 1−(1−4x)
1
2

2x
=

∑
n≥0

1
2
(−1)n+24n+1C

1
2
n+1x

n =
∑
n≥0

4n+1 (2n−1)!!
2

2n+2 xn =
∑
n≥0

1
n+1

Cn
2nx

n.

Hence cl =
1

l+1
Cl

2l.
c) The letters in a 1-ordered word are ordered. Therefore 1-ordered words are one-to-

one correspondence with ordered sequences of nonnegative integers (k1, ..., kl) such that
k1 + ...+ kl = s. It is well known that the number of such sequences equals Cs

s+l−1.

1Obviously, c0=1.
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Problem 4.3. a) Let n be a natural number, u � noncyclic word of length n or more.
Prove that the word u2n is n-divisible.
b) Let n be a natural number and u be a word of length n − 1 or less. Prove that the
word u2n is not n-divisible.

Proof. a) Let m be the length of u. Then there is m cyclic rotations of u:

u[0], u[1], ..., u[m− 1].

The word u is non-cyclic, and hence words u[i] are pairwise di�erent. Therefore the set
{u[i]} with respect to the lexicographical order. We reorder them so that

u[i0] ≻ u[i1] ≻ ... ≻ u[im−1].

For any i there exist words ui, wi such that u = uiwi and u[i] = wiui. Then

u2n = wi0vi0wi0vi0wi1vi1wi1vi1 . . . wim−1vim−1wim−1vim−1 .

Set {
u′
ik
= vikwikvikwik+1

k = 0, 1, . . . , n− 2

u′
ik
= vikwikvik k = n− 1

γ = wi0 . Then u2n = γu′
i0
u′
i1
. . . u′

in−1
. We have u′

i0
> u′

i1
> . . . > u′

in−1
, and therefore u2n

is n-divisible (see also [18]).
b) Let u = u1...us, where s ≤ n− 1 and ui are letters. Assume that u

2n is n-divisible,
i.e. u contains nonintersecting words v1, ..., vn such that vi goes before vj and v1, ..., vn is
a decreasing sequence. Let r1, ..., rn be the numbers of the �rst letters (we count from the
left side!) of vi in u2n. We have s < n, and hence there exist i, j such that 1 6 i < j 6 n
and ri = rj(mod s). Then either vi is a subword of vj, or vj is a subword of vi. Anyway
vi and vj are incomparable or equal one to each other. As vj ≻ vi, this is a contradiction.
Therefore u2n is not n-divisible.

De�nition 4.3. a) A word v is called a tale of a word u if there exists a word w such
that u = vw.

b) If a word v has a subword ut we say that v has a period of cyclicity t

Problem 4.4. Let l, d be some natural numbers. Prove that, for a word W of length l,
or �rst [l/d] tales are pairwise incomparable, or W has a period of length d.

Solution. Assume that W does not contain a subword ud for any non-zero u. Let Ωd be
the �rst [x/d] tales. Assume that v1, v2 ∈ Ωd are two incomparable tales. Without loss
of generality we assume that v1 = uv2. Then both v1, v2 are subwords of u

∞. As v2 ∈ Ωd

and the length of u does not exceed d, W contains ud (see also [15, lemma 2.1]).

Further we assume that n 6 d.

De�nition 4.4. A word W is called (n, d)-cancellable, either if W is n-divisible, or if
there exists a word u such that ud is a subword of W .

Problem 4.5. Prove that if a word W has n pairwise equal non-intersecting subwords of
length n, then W is (n, n)-cancellable.
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De�nition 4.5. A word W is called n-divisible from tale, is there exists tales u1, . . . , un

such that u1 ≻ u2 ≻ . . . ≻ un, and, for any i = 1, 2, . . . , n− 1, ui begins earlier than ui+1.

Problem 4.6. Prove that if a word W is
a) n3d-divisible from tale,
b) 3n2d-divisible from tale,
c)∗∗ 4nd-divisible from tale,

then W is either n-divisible, or W has a subword ud for some nontrivial word u.

Solution. Parts a), follows from b).
Assume on the contrary that such a word exists. We consider the numbers of the

positions of tales ai, where a1 < a2 < . . . < a3n2d, such that tales which starts from ui

divide W . Let

Xk = {nd− tales ui | i = 3knd+ 1, . . . , 3knd+ 2nd} .

Then for any numbers i and j, if u ∈ χi, v ∈ Xj, then u and v does not intersect.
Therefore there exists k such that, for any u, v ∈ Xk, if u ∩ v = 0, then u and v are
incomparable. Without loss of generality we assume that k = 1. Assume that a subword
vi is n · d-tale ui. The subwords v1 and vnd+c does not intersect for c ∈ [1, nd]. Thus
vnd+s = vnd+t for any 1 6 s 6 t 6 nd. As and+t − and+s > n, then the subwords

u1, und+1, und+d+1, und+2d+1, . . . , u2nd−d+1

does not intersect. Therefore they are incomparable, and hence a word W is n-divisible.
This is a contradiction.

Problem 4.7. For any pair of natural numbers (n, d) (except pair (1, 1)), provide an
example of a word W of length (nd− 1) such that any set of tales of W is not increasing
and W is not (n+ 1, d)-cancellable.

Solution. Two teams from four provide the following example:
Fix an alphabet A2 := {a < b}. The word

W = (an−1b)d−1an−1

has length (nd − 1), W is not (n + 1, d)-cancellable and any set of tales of W is not
increasing.

Problem 4.8. Try to enhance an estimate from Problem 4.6.

Comment. If such estimate exists, then it does not exceed (n− 1)(d− 1), because for an
alphabet As := {a1 ≺ a2 ≺ ... ≺ an−1 ≺ ... ≺ al the word ad−1

1 ad−1
2 ...ad−1

n−1 is (n−1)(d−1)-
divisible from tale, but is not n-divisible and has no subword of period d.

We �x an alphabet A of length l, a word W of this alphabet of length r(W ) and
natural numbers n 6 d.

Further we assume that, for all words u, W does not contain a subword ud and W is
not 4nd-divisible from tale. We consider �rst [r(W )/d] tales of W (further we denote this
set of words by Ω). Then by Dilworth's theorem we can split Ω on (4nd− 1) groups such
that tales in one group form a chain.

In solutions of the following problems we expect that you use previous ones.
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Problem 4.9. Prove that, from any 4nd2 tales of Ω, there exists two tales, for which the
�rst subwords of length 4nd are pairwise di�erent.

Solution. Proof is presented in [15, íà÷àëî �3].

Problem 4.10. In some in�nite parliament any member has not more than 3 enemies
among members. Prove that there is a way to divide this parliament into two houses
such that a member of any house has not more than 1 enemy among members of his own
house.

Proof. Without loss of generality 3 we assume that the number of memebers in a parlia-
ment is countable.

We enumerate the members of parliament by natural numbers. We denote by Pn

the set of members with numbers 1, ..., n. We understand these houses us a function
f : Pn → {1, 2} (any member of a parliament is a member of the �rst house or of the
second house). We denote the set of such functions with an additional condition that
any member has not more than 1 enemy in his own house by Hn (we call such maps
admissible).

Obviously, the restriction of any admissible function to a subset is admissible. We
denote these restriction from Pm to Pn(m > n) by |n.

First we show that Hn is nonempty for any n. We start with some function and if a
member has 2 or more enemies in his own house we move him to another house (then the
number of the pairs of enemies inside the houses decreases). As the number of the pairs
of enemies in Pn is �nite, after several such procedures we obtain an admissible function.
Therefore Hn is nonempty for any n.

Set (H∞)|n := ∩m≥n((Hm)|n). As,
1. for any m > n, (Hm)|n is a non-empty �nite subset of Pn, and
2. if m1 > m2 > n, we have (Hm1)|n ⊂ (Hm2)n,

the set (H∞)n is nonempty. We build a chain of functions {fi}(fi ∈ (H∞)i) by the
following rule: fi+1|Pi

= fi (for any fi ∈ (H∞)|i such a function fi+1 always exist, because
((H∞)i+1)|i = (H∞)i). This chain de�ne two houses: i-th memeber is a memeber of
fi(i)-th house.

In the following problems we assume that l, n, d are variables and thatW is some word
de�ned over alphabet of l-letters.

Problem 4.11 (Shirshov's lemma). Prove that there exists a function f(l, n, d) such that
for any subword W de�ned over alphabet of l-letters either W is (n, d)-cancellable, or
r(W ) < f(l, n, d).

Proof. Proof of Shirshov's lemma follows from Problem ??. The original Shirshov's proof
was published in [18].

Problem 4.12. Prove that f(l, n, d) < l(4nd)4nd+2.

Proof. Proof of this problem follows from Problem 5.5.

Solutions of Problem's 5.1 � 5.5 are presented in [15, �3], problem 5.6 ðåøåíà â
ïàðàãðàôàõ 4 è 5 òîé æå ñòàòüè.

3Here we use an the axiom of choice
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