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Pavements,

olorings

and tiling groups

 E1. Consider a rectangle m×n tiled by dominoes. Check that there exists a subsquare 2×2 consisting
of two dominoes.
a) Find the minimal number of these subsquares.
b) Consider a square 2×2 tiled by 2 dominoes. Let us deﬁne a ﬂip: it is a transformation of a horizontal
tiling to a vertical one and vice versa. Prove that for any tiling of an m×n rectangle there exists a sequence
of such ﬂips such that we can obtain any other tiling.
←→
Figure 2.
c*) Find the minimal number of ﬂips which is suﬃcient for transforming of any tiling to any other one.
Definition. Below we shall examine these ﬂip transformations. To make a ﬂip, we choose the region
in the plane of ﬁxed form and change the tiling into it.
 E2. Consider a rectangle m×n tiled by 1×k tiles. Check that there exists a square k×k consisting of
k 1×k tiles.
a) Find the minimal number of these squares.
b) Consider a rectangle k×k tiled by 1×k tiles. Similarly, a ﬂip is a transformation of a horizontal
tiling to a vertical one and vice versa. Prove that for any tiling of an m×n rectangle there exists a sequence
of such ﬂips such that we can obtain any other tiling.
c*) Find the minimal number of ﬂips which is suﬃcient for transforming of any tiling to any other one.

←→
Figure 3.
 E3. a) Prove that a central-symmetric convex polygon can be tiled by parallelograms. Also prove the
converse fact that if a convex polygon can be tiled by parallelograms then it is central-symmetric.
b) Consider a tiling of the regular 2n-polygon (with unit edges) by rhombuses with unit edges. If there
exist three such rhombuses forming a hexagon then we can change this tiling to another one (see picture 3).
We shall call this transformation a ﬂip. Prove that it’s possible to obtain any tiling by some sequence of
ﬂips.
c) Find the minimal number of ﬂips suﬃcient for transforming of any tiling to any other one.
d) Find the minimal number of hexagons used in tiling of a regular 2n-polygon (with unit edges) by
parallelograms.
e) Consider a tiling of the regular hexagon (with edges of length n) by rhombuses with unit edges.
Prove that it is possible to obtain any tiling by some sequence of ﬂips. Find the minimal number of ﬂips
suﬃcient for transforming of any tiling to any other one.
Note. Draw a cube n×n×n using the picture of brick arrangement. How does the picture change
when we remove the bricks one by one?
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←→

Figure 4.

Figure 5.

 E4. Consider a ﬁnite rectangle grid on the square lattice. Suppose that any edge of this grid is oriented
(see picture 4).
Condition 1. For any vertex, there are equal numbers of ingoing and outgoing edges.
Let us call by ﬂip the following transformation. If all the arrows around the cell are oriented clockwise,
then we change the directions of all arrows, and vice versa, if all the arrows are oriented counterclockwise,
we do the same. Suppose that condition 1 holds for the placement of the arrows. Prove that this placement
can be transformed by ﬂips into any other placement satisﬁed condition 1.
Note. Consider the function h(x), with the following condition hold: if cell х contains nondirected
edge, then h(x) = 0. Let us deﬁne h by induction: if h(x) is deﬁned for some x, and y is a neighboring
cell (by edge), then h(у) is deﬁned in the following way: h(у) = 0, if the cell y contains nondirected edge,
h(у) = 1, if we intersect oriented edge which goes from the left to the right, and h(у) = −1, if we intersect
directed edge which goes from the right to the left. You may assume that this function is well deﬁned.

Figure 6.
 E5. Consider a rectangle m×n tiled by tetraminoes. Further consider the following diagonal net of
lines (see the ﬁgure 6). Prove that each edge containing diagonals of two cells meets just one tetramino,
and that m and n are divisible by 4.

←→

←→

←→

Figure 7.
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 E6. Prove that by sequences of ﬂips (see the ﬁgure 7) each dissection can be transferred into each
other.

Figure 8.
 E7. Connected tiles such that each line indicated in the ﬁgure 8 meets not more than one of its cells,
will be called р-tiles. Let Tn be the set of р-tiles consisting of n cells, and |Tn | be the number of elements
in this set. Determine |Tn |.

Figure 9.

Figure 10.
 E8. Prove that if a rectangle a×b can be covered by р-tiles shown at a) ﬁg. 9, b) ﬁg. 10, then 10
divides ab.

n

Dn
n

Figure 11.

Figure 12.

 E9. Let Dn be the ﬁgure indicated at ﬁg. 11. Prove that if the ﬁgure Dn can be covered by р-tiles
indicated at ﬁg. 10 then n ≡ 0, 4, 15, 19 (mod 20).
 E10. What is the number of possible tilings by dominoes for a) a rectangle 2×m? b) Aztec diamond?
(see ﬁg. 12)?
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Consider a tiling (possibly with several layers) of a ﬁgure F by tiles from some set T . A distribution
of numbers in cells will be called an invariant if the sum of numbers covered by any tile from the set T is
divisible by p. An invariant is nontrivial if the sum of numbers covered by F is not divisible by p.
 E11. a) Prove that if a nontrivial invariant exists then F cannot be covered by tiles from T so that
the multiplicity of covering of each cell equals 1 modulo p. b) Prove that if there are no nontrivial invariants
then such a covering exists.
 E12. For which m and n a rectangle m×n can be covered by corner triminoes so that each cell is
covered by equal number of triminoes?
 E13. A semiinvariant is a distribution of numbers in cells, such that the sum of numbers covered by
each tile from the set T is negative and the sum of numbers covered by F is positive. Prove that a) if a
semiinvariant exists then F cannot be covered by ﬁgures from T so that each cell is covered by equal number
of ﬁgures; b) if there are no semiinvariants then such a covering does exist.
 E14. There are a board with lamps and a board with buttons. Pressing a button, we change the state
of lamps connected with it, to the opposite state. a) Prove that the number of distributions possible for
the states of lamps is a power of two. b) A set of lamps will be called an invariant if each button changes
the state of an even number of lamps in it. Prove that if there are no invariants then all the lamps can be
switched oﬀ independently of the initial state. c) Prove that if no invariant distinguishes the initial and the
ﬁnal states then a transfer from the initial state to the ﬁnal state is possible.
 E15. A set of ﬂips will be called complete if any pavement of the domain can be transferred to each
one by some chain of ﬂips from this set. Is it true that for some set of tiles there exists no complete set of
ﬂips?

←→

Figure 13.
 E16*. A plane graph is dissected into domains which are hexagons with no edges inside them (we may
consider them as domino tiles 2×1). Each edge has two sides equiped by arrows. These two arrows have
opposite directions and each hexagon has clockwise orientation. It is allowed to take a domain consisting of
two adjacent hexagons and change it as is indicated at the ﬁgure 13. Is it true that every such dissection of
a plane graph can be changed into each other by a chain of such ﬂips?

