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Trilinear polar
Introductory part

Necessary Theoretical Information
1.  Menelaus Theorem. Let 

. 

 are collinear iff  


.
Note. By 

 denote the ratio in which 

 divides the segment 

.
2.  Ceva’s Theorem. Let 

. The lines 

 are concurrent iff 


.
3.  Double ratio. Let 

 be the four points in a line. The ratio
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is called the double ratioof the points A, B, C, D.
The basic property of the double ratio: The double ratio is invariant under a central projection. 
4.  Harmonic quadruples of points and rays. 
A quadruple 

 is called harmonic if 

. In this case it is said that 

 and 

 divide the segment 

 harmonically. Also it is said that 

 and 

 are harmonically conjugated to each other with respect to the segment 

. It is easy to see that 

 and 

 divide 

 harmonically.
A quadruple of rays having a common initial point is called harmonical if the four intersection points of some line with these rays form a harmonic quadruple.
5.  Harmonic qudrilateral. An insribed quadrilateral whose consequtive sides equal to 

is called harmonic if 

.
The tangents to the circumcircle of a harmonic quadrilateral passing through the endpoints of one diagonal and the other diagonal are either parallel or concurrent.
6.  The polar line with respect to the angle or with respect to the circle. Let us draw two lines passing through the point 

 and intersecting the sides of the angle at 

, 

. The diagonals of 

 intersect at 

. It is easy to show that the rays 

, 

(O is the vertex of the angle), and the sides of the angle are the harmonic quadruple.
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Considering various lines passing through 

 we obtain that 

 is the locus of points harmonically conjugated to 

 with respect to the corresponding segments TS. OQ is called the polar line of 

 with respect to the angle. If the point is inside the angle (for example 

), then 

 is the polar line of 

 with respect to the angle.

Let 

 be the diameter of the circle with center 

 such that A, B, O, P are collinear. Let 

 be a line passing through 

, 

 is the intersection point of 

 and 

.
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Note that the line passing through the intersection point of the diagonals of AMNB and the vertex S of the angle ASB is a polar line of P with respect to this angle, hence this line and P divide harmonically the segments AB and MN. AN and BM are the altitudes in the triangle ASB, hence SC is also an altitude. It follows that SC ( OP. The position of C on AB is unique (P, A, C, B is a harmonic quadruple), hence the line SC does not depend on the line MN, and P and the intersection point of SC and MN divides harmonically the segment MN. SC is called the polar line of P with respect to the circle, P is called the polus of SC with respect to the circle. 
The polar line of a point inside the circle is defined similarly. For the point P outside the circle the polar line also could be defined as the line joining the touch points of two tangent passing through P.

The polar line of P on the circle is the tangent passing through P.

The basic property of polars and poluses. If Q belongs to the polar line of P, then P belongs to the polar line of Q. 
Corollary. If Q moves in a straight line, then the polar line of Q passes through a fixed point P, P is called the polus of this line.

7.  Trilinear polar 

. Given a triangle ABC and an arbitrary point P. Let A1, B1, C1 be the feet of the cevians generated by P. It is not difficult to show that the intersection points of the corresponding sidelines of triangles ABC and A1B1C1 are collinear. The line passing through these points (A2B2C2) is called the trilinear polar of P with respect to ABC. (denote it by 

)




Note: if some two of the feet of three cevians are the endpoints of the segment parallel to the side of the triangle, then the trilinear polar is defined by two points of intersection. If there are two segments parallel to the corresponding sides then the third segment is also parallel to its side, this happens iff P is the gravity center of ABC. In that case the trilinear polar is the line at infinity.

P is called the trilinear polus of the line A2B2C2 with respect to ABC.

8.  Gergonne 
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 points, relations between them. Nagel point 
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. Using Ceva's theorem one could prove that the cevians joining the vertices with the opposite touch points with the incircle are collinear. The coomon point of these cevians is called the Gergonne point of the original triangle. The cevians joining the vertices with the opposite touch points with the excircles are also collinear. The coomon point of these cevians is called the Nagel point. Consider the median and the bisector from one of the vertices, replecting the median in the bisector we obtain the line called  the symmedian of the original triangle. It is easy to show that three symmedians are concurrent, and their common point is called the Lemoinne point. It occurs that the Gergonne point is a Lemmoine point for the triangle with its vertices as the touch points of the sides with the inscribed circle. In other words, consider the two tangents to the circumcirle passing through two vertices; the intersection of these two tangents belongs to the symmedian passing through the third vertex. Consider the lines parallel to the sides of the original triangle passing through the opposite vertices; these lines form a triangle that is homothetic to the original one. This triangle is called antimedial (or anticomplement) for the original triangle. The incenter of the antimedial triangle is the Nagel point of the original triangle. The triangle with the vertices at the midpoints of the sides is also homothetic to the original triangle and is called the medial triangle. The incenter of the medial triangle is called the Spieker center of the original triangle. The Spieker center is the radical center of three excircles, and also it is the gravity center of the perimeter of the original triangle.  
9.  Simson line. The three projections of an arbitrary point P lying on the circumcircle of the triangle to the sidelines are collinear. This line is called the Simson line of this point.

10.  A complete guadrilateral and the Miquel point. Consider four pairwise intersecting lines no three of which are concurrent. Such quadruple of lines is called a complete quadrilateral.  It has four sidelines, six vertices, and three diagonals. The four sidelines form four triangles. The circumcircles of these triangles have a common point. This point as called the Miquel point of original quadrilateral.​​
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