41-it MexknyHapoaHblidi MaTemaTudeckuii TypHup ropogon
Ocennuii Typ. Pemenust 3apa4

ba3oBblil BapuaHT, MJIaIIIHE KJIACCHI

1. [4] DokycHHK BBIKJIAJIBIBACT B s KOJOAY U3 52 KapT U O0BSIBISET, 4TO 51 M3 HUX OYyAyT BHIKHHYTHI
CO CTOJIa, @ OCTaHETCs TPOoWKa Tped. 3pUTes Ha KaXK/IOM IIare TOBOPUT, KaKyro MO CYETY C Kpast KapTy HaJ0
BBIKUHYTh, @ (DOKYCHUK BBIOMpAET, C JIEBOTO WJIM C MPABOTO Kpas CUMTATh, M BHIKUIBIBAET COOTBETCTBY-
o11y10 Kapty. [Ipy Kakux HauadbHBIX MOJOKEHHUSIX TPOUKH Tped MOKHO rapaHTHUPOBATh ycrex Gokyca?

(Anexceii Boponaes)

OTBeT: npu KpailHuX noyIokeHUsAX. Pemenne. Tpoiiky Tped npuaércs BHIOPOCUTH, TOJIBKO €CIIM OHA B
KaKOH-TO MOMEHT OKa)XETCSl B LICHTPE psijia, HHA4Ye MOXKHO BBHIOPOCUTH APYTryro KapTy. Tak Kak psij Bceraa
COJIEP>KUT OO0JIbILIE OJTHOM KapThl, TO KPalHIO KapTy MOXKHO COXPAHUTH JIO KOHIIA.

[Tycts Tpoiika Tped 7 cHayana Oblia He ¢ Kpato. [IpuBenéM 1Be CTpaTeruu JUIst 3pUTENs.

Crparerus 1. 3puTenb Ha3bIBAET YTO YIOJIHO, KPOME KPaHUX YMCeN, HE JjaBas yJalsITh KpalHUE KapThl.
Kornma ocranercs Tpu kapThl, Tpoiika Tped (eciu oHa emé OyJaeT Ha CTOJE) OKaXeTcs B IEHTpEe. 3pUTEIh
Ha30BET 2.

Crparerus 2. [lycts 3putens Bceraa yraasiBaeT HoMep nosioskeHus: 7. @okycHUK OyneT BBIKHIBIBATH
Ipyryio KapTy (y HEro HeT BbIOOpa), yMEHbIIAsk Ha €IUHUIYy OOJbIIIee U3 PACCTOSHUM OT Tpoilku Tped 10
Kpasi. 3HaYHT, KOTJa-TO PACCTOSHUS 10 KpaéB COBNAAYT U MPUAETCS BRIKHHYTH TPOHKY Tped.

2. [4] dana okpyxHOCTh ® ¢ 1IeHTpoM O u Be e€ pasnuunbie Touku A u C. [liis nroboii apyroit Touku P
Ha ® oTMeTuM cepenunbl X u Y otpe3koB AP u CP u moctpoum touky H nepeceueHus: BEICOT TPEYTrOIbHHUKA
OXY. [lokaxwuTe, 4TO MOJIOKEHUE TOYKU H HE 3aBrcHT OT BBIOOpa TOUKH P. (Apmemuit Coxonos)

Pemenne. Tak xak YH 1L OX 1L AP, 10 YH || AP, a npsamas YH comepXuT CpeaHIOI JIHHHUIO
tpeyronbauka APC. AmnanormuyHo, mpsiMas XH COAEPKUT CPEmHIO JIMHUIO 3TOTO TPEYroJbHUKA. JTH
CpeAHue JINHUM nepecekaroTcs B Touke H — cepeanne croponst AC.

3. [4] B xaxnoit kiaerke mosocku Hbl 100 crout mo ¢umike. MoxxHO 3a 1 py0iib MOMEHSATh MECTAMU
mo0bIe JIBe coceHue (PUIIKU, a TAKKE MOXKHO OECIJIaATHO MOMEHATh MECTaMH JIt0ObIe IBE (PUIIKU, MEXITY
KOTOPBIMH CTOSIT POBHO TpH (HIIKH. 32 KaKkoe HaWMEHbIIee KOJIMYECTBO PyOiedl MOKHO MEepEecTaBHUThH
¢umKu B 00paTHOM mopsiike? (Eeop Bakaes)

OtBet. 3a 50 pyOureii.

Pemenne. Oyenxa. Kaxnas ¢uinka JommKHAa TOMEHSATh YETHOCTh CBOETO HOMepa. becraTHas oneparus
HE MEHAET YETHOCTh, a IJIaTHast MeHseT €€ y AByX ¢umiek. [TosTomy nmotpedyercst xots 061 50 pyOseid.

Ilpumep. 3anymepyem ¢umku no nopsaky uuciamu ot 0 1o 99. I[lokpacum KIETKH B YeThIpe IBETA:
abcdabcd...d. Becriatnas omepanus MeHseT (DUIIKH B COCEJIHHUX OIHOIBETHBIX KieTKax. I[loaTomy B
KJIETKaX OJIHOTO I[BeTa (PUIIKM MOXHO OECIUIaTHO MepecTaBUTh B Jt0O0M mopsiake. [lomensem ¢uuku Bo
Bcex mapax bc u da — 3710 49 mnatHeIx onepanuii. B kieTkax nBera b u € dumiku yxe MOXHO paccTaBUTh
HYXHBIM 00pa3om OecruiatHO. B kietkax npera a u d caenaem Tak, yto0bl ¢uinku 0 u 99 BeTamu psaoMm.
[Tomensiem Ux mocienHel IIaTHOM onepalyel U 10paccTaBUM BCe (PUILKH B HYKHOM MOPSAJIKE.

4. [5] Jans! 1iensie uncna ai, ..., a1000. 110 Kpyry 3ammucanbl UX KBaJIpaThl af, . afooo. CymmMma kaxabix 41

MOJIPSIA UAYIIAX KBAJAPATOB HA KPyre JEIUTCS HA 412, Bepno nu, 4TO Kax10€ U3 4ucen ai, ..., 81000 ACITATCS
Ha 417 (Popuc @penxun)

Oteer: BepHo. Pemenme. M3 yciosus criemyer, uto  a,,, =& (Mod41?)  (umjeKchl cuuTaeM

3alMKJIeHHBIMH, TO ecTh 3a 1000 cesyer 1). 3naunt, a; ,,, =a’ (Mod41*) npu mo6om N. Tak kak umcia

41 1 1000 B3aMMHO MPOCTHI, TO KBAAPATHI BCEX UMCEN HA KPyre JAIOT MpH JAedeHuH Ha 412 omuH u TOT %e
octaTok. CinenoBarenbHo, 41a,f nenutcs Ha 412, mosToMy af nenutces Ha 41, a mockonbky 41 — mpocroe
YHCIIO, TO U Ak ASAUTCS Ha 41.



5. [5] V¥ Bacu ects HeorpanuuceHHBIN 3amac OpyckoB 1x1x3 u yroakoB m3 Tpéx KyomkoB 1x1x1. Bacs
[IEJIMKOM 3aIOJTHKII UMH KOPOOKY MxNxK, rme m, N u K — nenbie uncia, 6onpmiue 1. JJokakuTe, 4TO MOXKHO
OBLTO OOOMTHCH JIUIIB YTOJIKAMHU. (Muxaun Eeooxumos)

Pemenne. Tax xak mnK geaurcs Ha 3, TO OJUH U3 MHOXKUTEIEH JEIUTCA HA 3; | R
MycTh 3TO BbICOTa K. JIOCTAaTOYHO 3armoJHUTh KOPOOKY MxNx3. M3 AByX yrojkoB
MOXKHO CIOXHUTh Kupnuy 1x2x3. Ecimn mn 4€THO, TO OCHOBaAaHHE KOPOOKH MOYKHO
pa3buTh Ha AOMUHOIIKH 2x1 W MOCTaBUTH HA HUX IO KUPIUYY, 3aMOJHUB TEM e
camMbIM KOpoOKy. MHaye pa3oObéM ocHOBaHHME KOpPOOKM Ha KBaapaT 3x3 u aBa
MPSIMOYTOJIbHUKA (BO3MOXKHO MYCTHIX), CM. puc. [IpsmMoyronpHUKN pa3oObEéM Ha

JOMMHOILIKHM, a KBaJpaT — Kak Ha pucyHke. Ha IOMUMHOIIKM IIOCTaBUM IO | |
KUpIHMYY, a B OCTaBILEECS] MECTO IOJIOKUM TpH yroika. KopoOka 3amosiHeHa
YTOJIKaMH.
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CJy105KHBIA BAPHAHT, MJIAIIINE KJIACCHI

1. HazoBém crnoorcnocmopio uienoro uucia N > 1 KOJUYECTBO COMHOXHUTENIECH B €ro passioKEHUU Ha
npocteie. [l Kakux N Bce yrciia MexIy N U 2N UMEIOT CII0KHOCTh
a) [2] ue Ooubie, yem y N;  6) [2] menble, uem y N? (Bopuc ®@penkun)

Oteer. a) Ins n = 2% §) Takux umcen HeT. Pemenme. a) OueBugHO, 2 — HAUMEHbIIEE YHCIO
cioxuocTH K. TTostomy Bee uncna mexay 25 u 2! umeror cinoxnocts He Gonbire K. ITycts N — He cTeneHb
nBoriku. Torma Mexay N u 2N ecTh CTENeHb JABOMKM (MOXHO B3SITh HAaWOOJBIIYIO CTENEHb JBOWKH,
MEHBIIYIO N, ¥ yABOUTH €€). OueBHUIHO, €€ CII0KHOCTh OOJIbIIe, 4eM y N.

6) B cumry myHKTa a), JIOCTaTOYHO paccMoTperTh ciydait N = 2 rae K marypansroe. Ho umcno 3-2¢1
HMMEET TaKYIO JK€ CI0KHOCTh, KaK M N, 1 HAXOUTCA MeXAy N u 2N.

Juas 3HaToKOB. YTBepxaAeHUE 0) cienyeT u3 nocmyrama bepmpana: ecni P — IpoCTOE YUCIIO, TO Clie-
ayrouiee npoctoe MeHpuie 2p. JleicTBUTENbHO, PEeACTaBUM N B BUAE Pr, rae P — MpoCToe, I' — HaTypaJIbHOE.
[Tycte ( — cnexyrormiee 3a P mpoctoe uncio. Torma N < r < 2n, a cIoXKHOCTH (I paBHA CIOXKHOCTH N.

2. [7] ABa ocrpoyronbubix TpeyronsHrka ABC u AiB1C1 takoBbl, uto Touku B u C1 nexaT Ha cTopoHe
BC, a Touka A1 — BHyTpu TtpeyroibHuka ABC. Ilycth S M S1 — COOTBETCTBEHHO IUIOMIAAM 3TUX

S . S,
AB+AC  AB,+AC,

TPEYroiabHUKOB. JloKaxuTe, 4To (Haupu Cedpaksin, Hnvs Bozoanos)

Pemenune. Ilycts Toukm D m Di cummerpuunsl Toukam A m A:i ortHocutensHOo BC. IlpoBeném
ouccextpucel AK u A1K: Hammx TpeyroabHukoB. 3ametuM, 4to K u Ki — LEHTpHl OKpyKHOCTEH,
BrucaHHbIX B 4eThipéxyronmpauku ABDC wm A1B1Di1Ci, a TpeOyemoe HEpaBEeHCTBO NpPEBPATHIIOCH B
OYEBHJIHOE HEPABEHCTBO I > I1, Ie I' U 1 — paJnyCchl YKa3aHHBIX OKPYKHOCTEH.

3. [7] Ectb 100 BHelIHe Hepa3IMYUMbBIX MOHET TPEX THIIOB: 30JI0ThIE, CepeOPSHBIC U MEIHbIC (KaXIbIii
THUII BcTpedaeTcst XoTs Obl pa3). M3BecTHO, UTO 30510ThIE BECAT 110 3 T, cepeOpsiHble — 10 2 T, MeAHbIE — 10 1
r. Kak Ha yamieyHbIx Becax 6e3 rMpeK oNpeseIuTh TUIl Y BceX MOHET He Oosee ueM 3a 101 B3BermmBanue?

(Braoucnas Hosuxos)

Pemenue 1. (A. [llanosanos) HazoBéM cuTyanuio nobeoHoil, €Ciid mpoBeaeHo He 6omee yem K + 1 B3Be-
IIIMBAHUE U OINPE/ICJICHBI Beca K MOHET, MpU4éM Cpeu HUX eCTh cepeOpsiHas WM JIBE MEIHbIX. B modeaHoi
CUTyallu, CpaBHHMBasd HEU3BCCTHYIO MOHETY C BECOM 2 T, MbI OIIPEACTINM eé BEC, YBCIIMYUB YHCJIO U3BECT-
HBIX MOHET W YMCJIO B3BeIMBaHMii HA 1 1 Tak onpenenum Bce MOHETHI He Oosiee yem 3a 101 B3BemmBaHue.

B kax/p1if MOMEHT OyZieM CpaBHUBATh YHCIIO 3ampOoHymulx (Y1aCTBOBABIINX BO B3BELIMBAHUIX) MOHET Z
C YHMCIIOM B3BemmBaHui V. CHauana BBIICINM OJIHY MOHETY U OyZieM CpaBHUBATh HE3aTPOHYThIE MOHETHI C
HEW, moka He HauaEéM MoHeTy Apyroro Beca. [lycte A — Gonee nérkas, a B — Gonee Tsokénas u3 3aTpOHYTHIX
MoHeT. Jlanee cpaBHUBaeM HE3aTPOHYThIE MOHETHI ¢ B, moka cHOBa He OMyYuM HEpaBEeHCTBO. Temneph y Hac
V=Z-1; ecTh OJHA WJIH HECKOJIIKO MOHET OJMHAKOBOTO Beca &, OJTHA MJIM HECKOJIBKO MOHET JPyroro Beca
b >a u ogna monera C Beca C#b. CpaBaum C ¢ A. Bo3MOXHBI iBa ciiydasl.



1) c=a. CpaBuum B ¢ A+C, to ecth b ¢ 2a. Bo3amoskusr Bapuantel: b =3, a=1 (ecim b > 2a); b =2,
a=1 (b=2a); b=3, a=2 (b<2a). Bo Bcex ciyuasx curyanus nobeasas: V=2 + 1, Beca Z MOHET
OTpe/IeIICHBI U €CTh HYKHBIC MOHETHI (C OOIIUM BECOM 2).

2) ¢ # a. 3uaumr a, b, C — Tpu pasHbIX Beca, OHHM Kak-TO yropsgoueHsl (C>b>a,b>c>awum b >a>¢),
[I03TOMY OIpeJIeIeHbl OAHO3HaYHO. [Ipr 3TOM V = Z — curyanus moodeaHas.

3ameuanue. VIHOTIa HEKOTOPBIE B3BCIIMBAHKS MOKHO HE IMPOBOAUTH: Harmpumep, eciu C Tspkeree B, To
yke € > b > a; ecnu npu nepBom HepaBEHCTBE yxKe eCTh CIIé MOHETa Beca a, e€ MOXKHO B3sTh 3a C.

Pemenue 2. (4. Psbuues) CHavana TOKaKeM 10 HHIYKIMH CIICAYIOIICe BCIOMOTaTeIbHOE

Vmeepowcoenue 1. Ilyctb ecTh K MOHET, cpeii KOTOPBIX BCE TPU TUIA TPEACTABICHBI, IPUYEM PO Hapy
MOHeT A, a yxe u3BecTHO, uTo A > a. Toraa MOXHO ONpe/eauTh, Kakas u3 K MOHEeT Kakoro Tuma, 3a K — 1
B3BEIIMBAHHUE.

basza. Eciiu MOHET TpH, CpaBHUB OCTaBUIYIOCS MOHETY € A U ¢ @, Mbl YHIOPSAA0OYUM HX 110 BECY.

llae. CpaBHUM Kakue-HUOYIb JBEe MOHETHl, kpome A u a. Ecniu oHM paBHBI, TO OJHY MOKHO
OTOPOCUTH (3aIIOMHHB, C KaKOW OHA COBMAJAET IO BECY), M BOCIOIB30BATHCS MPEANOIOKEHUEM UHIYKIIUH
mist K — 1 MoHethl. Eciii oHM He paBHBI, CKaXeM uTO mojydmiachk mapa B > b. Teneps cpaBuum A+a u B+Db.
Ecnu Beca map paBHbl, T0 A=B 1 a=b, Tak 4TO MbI MOXKEM BBIKMHYTH B 1 b (3anoMHuB, 4TO OHM COBMAIAIOT
0 Becy ¢ A 1 @), ¥ BOCIIOJIb30BAThCsI IIPEANOIOKEHHEM UHIYKIUH it K — 2 MOHET.

[TycTh Beca map pasinuuHbl, Ui onpenenéunoct, A+a > B+b. 3amerum, uro toraa obs3arensio A =3 u
b = 1. Mownertsl B mape (B, a) umeror 1160 Beca (2,1), mu6o (2,2), mu6o (3,2). Urak, cpaaus A+b ¢ B+a, Mbr
0JIHO3HAYHO BOCCTAHOBUM Beca BceX 4eThIpEX MoHeT. Cpenn HUX eCTh MOHETa Beca 2, OyZieM CpaBHUBATH C
HEii BCe OCTalIbHbIC MOHETHI, Ha YTO YHIyT ocTaBiirecs K — 4 B3BemmBanus. Y TBepxkacHUE 1 T0Ka3aHo.

Tenepp BbIBeieM 110 UHIYKIIUH CIEAYIOLIEE YTBEPKIEHUE, YCUIIMBatollee TpeOyeMoe B 3aaue:

Ymeepoicoenue 2. Ecnu ecth K MOHET, cpeay KOTOPHIX BCE TPH THIA MPEACTABICHBI, TO MOXHO
OIIpeIENIUTh, KaKasi MOHETa KaKoro TUIA, 3a k 836euusanutl.

basza. Ecnu MOHET TpH, TO, CPABHHUB KaXIYIO C KaX/10H, MBI YIIOPSIOYUM UX IO BECY.

Llae. CpaBHUM Kakue-HUOYIb 1B€ MOHETHI. ECII OHM paBHBI, TO OJHY MOYKHO OTOPOCHTH (3alIOMHUB, C
Kakoil OHa COBIAIAeT 10 BECYy), © MBI MEPEXOAMM K ciiydaro K — 1 MOHETBI, Cper KOTOPBIX BCE THIIBI
npejacTaBieHbl. Eciau OHM HE paBHBL, CKaXeM, uyTo oOpa3zoBaiach mapa A > a U BOCHOJIb3yeMCs
YTBEPKJICHHEM 1.

3ameuanue. Mbl caenanu Ha OJHO B3BEILIMBAaHHE MEHbLIE, YEM IpeArnonarainock B yciaoBuu. Kpome
TOT0, MBI UCIIOJIF30BAJIM TOJIBKO TO, YTO CYyMMa BECOB JIBYX CepeOpSHBIX MOHET paBHA CYMME BECOB METHOM
U 30JI0TOM; TOT (haKT, 4YTO cepedpsHas MOHETa BIBOE TsDKEJIee METHOM, AJI JaHHOTO PELIEHUs HE Ba)KEH.

4. [7] U3 uentpa O omucanHoi#t okpyxHOcTH TpeyronbHuka ABC onyctuiu neprnennukyisipet OP u OQ

Ha OMCCEKTpUCHl BHYTPEHHETO W BHEIIHEro yrioB Ipu BepuuHe B. Jlokaxwurte, uro mpsmas PQ nemut
MOTOJIAM OTPE30K, CoeAUHsIoMmMi cepennubl cropoH CB u AB. (Apmemuii Coxonos)

B cropoHy AC. Ocranock 3aMeTHTh, 9yTO aAuaMeTp RS mpoxomurt yepe3 cepenuHy

S
Pemenne. [IpoBeném romoreTrio ¢ neHTpoM B u koapdunmentom 2. Touka O
nepeiaér B Touky D, quamerpanbHO NIpOTHBONOIOXKHYIO BepinHe B Ha onucanHOM
okpyxkHOcTH (2, Touka P — B Touky R nepeceuenus Ouccexrpucsl yria B ¢ (2, Touka
Q — B 1mameTpagbHO NPOTUBOIOJIOKHYIO R TOUKY S, «OTpPE30K, COSAMHSIONIHH. . .» — 0
croponsl AC, Tak kak R — cepenuna nyru AC. A\\&

5. [8] HazoBém mapy (M, N) pa3iu4HBIX HATypaJbHBIX YHCE M U N Xopouwiell, R D
ecmt mn u (M + 1)(n + 1) — TouHble KBagpaThl. JJOKaKHUTE, YTO JUIS KAKIOTO
HaTypaJIbHOTO M CYIIECTBYET XOTS ObI 0OIHO Takoe N>M, uto mapa (M, N) xoporasi. (FOpuii Mapxenos)

Pemenne. [Tapa (M, m(4m + 3)?) xopomras. JleficTBUTENBLHO,
(m+ 1) (M(4m + 3)? + 1) = (m+ 1)(16m® + 24m? + 9m + 1) = (m + 1)?(16m? + 8m + 1) = ((m + 1)(4m + 1)),
IIyTh k pemennio. EctecTBeHHO MOMBITATHCS HANTH Takoe N, 4TO OHO €CTh KBaJApaT, YMHOKEHHBIH Ha
M, u mpu 3ToM N+1 ecTh KBaapart, yMHOXeHHbIH Ha M+1. Torma n+1 umeer Bua k*(m+1). Tak kak n,
nosiesi€HHOE Ha M, Toxke KBazapat, umeem: (kA(m+1) — 1)/m = k? + (k* — 1)/m — kBagpar. CaMblii TPOCTOM
croco0 310 obecreunth — monoxkuTh (k> — 1)/m paBubiM 4k+4, Torna (kK — 1)/m = 4, otkyna kK = 4m+1.



6. [8] V Iletn ObLIO HECKOIBKO CTOPYOJIEBOK, APYrHX jaeHer He ObLa0. IleTs cram mokymath KHHTH
(KaxIasi KHUTa CTOUT IIeJ0€ YMCiIo pyoJeil) m moiydarh chady Menoublo (MoHeramu B 1 pyOumb). Ilpu
MOKyIIKe Oopoeoti kuuru (He nemeBne 100 py6Oneit) Ilers pacmmaumBancs TOJIBKO CTOPYOJIEBKaMH
(MUHUMAJIBHBIM HEOOXOIMMBIM HMX KOJMYECTBOM), a MpH MOKynke oewésot (nemenne 100 pyOueit)
pacruiaynBalicd MEJNIOYbl0, €CIIM XBaTajo, a €clid He XBaTalo — crtopyOnéskoil. K Momenty, korma
cTOpyOnEBOK He ocTanoch, [leTss moTpaTwin Ha KHUTHM POBHO TOJIOBHHY cBouMX jeHer. Mor nu Ilers
MOTPATUTh Ha KHUTH XOTs 061 5000 pyOieii? (Tamwvsna Kazuyoina)

Pemenue 1. [TocMoTpuM, CK0JIbKO MesIouH I1eTst MOr MOTy4HTh.

PaccmoTpuM camyio MOCHENHIOW IEMIEBYIO MOKYIKY, KOTOpas yBEJIHUYMIIa KOIU4YecTBO Menoud. ITycts
CTOMMOCTb 3TOM MOKYIIKH X, TOTJla mepeja 3TUM Obulo He Oonee X — 1 pyOseit menouu, a 3HAYUT, MMOCIE
sToro e€ craner He Oonpine yem X — 1 + 100 — x = 99 pyOneit. Tak kak AOporue MOKYIKH KOJIUYECTBO
MEJIOYM HE YMEHbILAIOT, TO BCE MPEIbIIyIINEe TOKYIIKH BMECTE C PACCMOTPEHHOM 1aju B cymMe He Oosee 99
py0. memoun. Tem Goliee Bce deutégvble TIOKYIIKHA B CyMMe TIpUHECTH He Ooiiee 99 pyoneit.

[TycTte O6b110 N TIOKYTOK goposke 100 py6neit. Kaxnas 3 Hux nodasnser He Oonee 99 pyOieir Menoun.
Ecnu ObI 1pyrux MOKYIIOK COBCEM He ObLITO, TO Ha TOpOrHe ObLIO ObI MOTpayeHo HE MEeHee 2N COTEeH, a caaya
cocraBuia Obl He Oonee 99N — MeHblIe MOJIOBUHBI MoTpaueHHOro. [loaTomy apyrue mokynku ectb. Ho
torna y [leru Obuto HEe MeHee 2N + 1 cTopy0OsI€BKHM, a METIOUU B KOHIIE CTaI0 He Oosbiie 99N + 99. 3nauwr,
(2n + 1)50 < 99n + 99, otkyna n < 49. Takum obOpazom, Menoun ocraHercst He 6osiee 99-49 + 99 < 5000
py0. 3Haunt, u norpauyeHo menee 5000 pyoOei.

Pemenne 2. [lycTh Kakoi-TO TOBap KyIuieH 3a X pyOsieil menoubto. DTa Meloub MOSBUJIACH KaK clada
IpU OPEbIIYIIMX TMOKYIMKaX. YBEIHMYUM CTOMMOCTh STHUX MOKYIOK Ha COOTBETCTBYIOIIME BEIUYUHBI, B
CyMME COCTaBIIAIOIINE X pyOJeH, a JaHHYIO MOKYNKY OTMEHUM. AHAJIOTUYHO U30aBUMCS OT BCEX MOKYIOK
3a Menouyb. Ha kaxaoMm miare KOJIM4YeCcTBO MEJIOYM YMEHbIIAETCs, OATOMY HOBBIX MOKYIOK 332 MEIOYb HE
MIOSIBUTCSI.

NmeeTcss mokymnka CTOMMOCTBbIO He Oombine 50 pyOnel (manenvkas), MHauY€ OCTANOCh ObI MEHBIIE
MOJIOBHHBI BCEX JieHEeT. MalleHbKasi OKYIKa TOJIBKO OJ[HA, TaK KaK BTOpas MaJCHbKAas MOKYyNKa Oblaa Obl
c/leTlaHa Ha cady 3a MepBYIO, a MOKYIOK 32 MEJIOYb TeNeph HET.

PazHocTh MEXIy cliadeil 3a MAJICHBKYIO MTOKYNKY U € meHoi He Oonbmie 99 — 1 = 98 py06. Jlns kaxmoit
Jpyroi MOKYIKH 3Ta Pa3HOCTh OTpUIaTeNlbHA, U OHA 4€THA (TaK Kak cyMMa IIeHbl U caauu kpatHa 100, To
ecTb 4€THA). 3HAUMT, 3Ta Pa3HOCTh HE MeHblle —98 u He Oosbuie —2. [103TOMYy OCTaIbHBIX MOKYIOK HE
Oonbiie 98:2 =49, u 3a KaXIyI0 U3 HUX OTAaHO He OoJiblIe BYX cTOpyOIEBOK (MHAYe yKa3aHHAs pa3HOCTb
He Oompme 99 — 201 < -98). CrnemoBarenbHO, Bcero ctopy0néBok Obuto He Oombire 1 + 2-49 = 99, a
MIOJIOBMHA OT 3TOM cyMMbI He Ooibiie 9900:2 = 4950 < 5000.

7. [10] B xneruarom aepeBsiHHOM KBaapate 102 kieTkd Hama3aHbl 4€pHOIl Kpackoil. [leTs, ucnonb3ys
KBaJpaT Kak mnedaTth, 100 pa3 nmpuiaoxun ero K 0enomy JIMCTY, U Kaxabli pa3 o3tu 102 kiieTku (M TOJIBKO
OHH) OCTaBIISUTM YEPHBIN OTIeYaTok Ha Oymare. Mor M B UTOTe Ha JIUCTE MONydnuThes kBaapar 101x101,
BCE€ KJIETKH KOTOPOT'0, KPOME OJTHOM YrioBOM, y€pHbIE? (Anexcanop I'pubanko)

OtBer. Mor. Pemenue. ITokaxem, uyro moboi kBampat (2N+1)x(2N+1) 6e3 u
YIJIOBOW KJIETKM MOXHO MONy4uTh, 2N pa3 npunoxus nedatb u3 2N + 2 KIeTok.
Jlns mosicHeHus npuBeaéM pucyHok st N = 4.

KBagpar 6e3 nmpaBoro BepxHero yria mnpejacraBuM Kak kBajaparT 2Nx2N ¢ aByms
MPUKIICCHBIME CBepXy M crpaBa monockamu 1x2N. Pa3o0sém kBagpat 2Nx2N Ha
yerbipe kBagpaThka NxN. [lokpacum 7neBblif HUXHMM W TpaBblii  BEpXHUUN
kBagpatuku NxN u BepxHIOIO MMOJOCKY B cepblii IBeT. Temepp Oemas dacTb
MoJTy4yaeTcsi U3 cepoil oBopoToM Ha 90° 1o yacoBoi cTpenike (OTHOCUTENBHO LIEHTpa
kBagparta 2Nx2N). JleBbrii kpait kaxxaoro ceporo kBaaparuka NxN u 1Be KIeTku cepoit
MIOJIOCKM Ha TeX e BePTUKAJAX cAeaeM TEMHBIMH. JTO OyJeT NEepBbIi OTIIeYaToK.
CaBrHYB €ro BIpPaBO Ha OAHY KJIETKY, CleJlaéM BTOpOi oTneuyaTok, u T.4. Toraa N
OTIIEYATKOB MOKPOIOT B TOYHOCTH cepyto obmacTs. Pa3BepHyB nedats Ha 90°, N
OTIIeYaTKaMH MOKpOoeM Oeryro 00J1acThb.

3ameuanue. EcTb u 1pyrue BapuanTsl nevareil. Hanpumep, Takoit (11t mpocTOTHI
paccmotpeH cirydait N = 3):




ba3oBblil BApHMAHT, CTaApLINE KJIACChI

1. [3] ®okycHHK BBIKIAABIBACT B P KOJOAY U3 52 KapT U OOBSBIAET, YTO 51 U3 HUX OYIyT BHIKHHYTHI
CO CTOJIA, @ OCTAHETCs TPOKKa Tped. 3pUTeNb Ha KaKIOM Iare TOBOPUT, KAKYIO 10 CUYETY ¢ Kpas KapTy HaJo
BBIKMHYTh, a (OKYCHHK BBIOMpAcT, C JIEBOTO WM C MPaBOr0 Kpas CUYMTaTh, M BBIKHBIBAET
COOTBETCTBYIONIYIO KapTy. [IpH KaKuX Ha4albHBIX ITOJIOKEHHIX TPOHKH Tped MOXKHO rapaHTHPOBATH YCIIEX
dbokyca? (Anexceii Boponaes)

OrtBet: npu KpaiftHux nonoxxeHusx. Pemenue. Tpoiiky Tped npuaércst BHIOPOCUTH, TOJIBKO €CIIM OHA B
KaKOH-TO MOMEHT OKaXXeTCsl B LICHTPE psijla, HHA4Y€ MOXKHO BBIOPOCUTH APYTryro KapTy. Tak Kak psja Bceraa
COZIEPKUT OOJIbIIIE OJHOM KAPTHI, TO KPAHHIOI KapTy MOXKHO COXPaHHUTh IO KOHIIA.

ITycts Tpoiika Tped 7' cHayana Oblia He ¢ kpato. [IpuBenéM aBe cTpaTeruu st 3puTeis.

Crparerus 1. 3purens Bcerna Ha3blBaeT HOMep NoJjoxeHus 1. @OKyCHUK OyJeT BBIKUABIBATH JIPYTYIO
KapTy (y Hero HeT BbIOOpa), yMEHblIas Ha €AMHHUILy OoJiblliee U3 PacCTOSIHUH OT Tpoiku Tped mo kpas.
3HaYHT, KOTAA-TO PACCTOSHUS 10 KpaéB COBNAAYT U NPUAETCS BBIKUHYTH TPOHKY Tped.

Crparerus 2. 3puTens Ha3bIBAa€T YTO YTOIHO, KPOME KPAWHUX YHCEN, HE JaBasi yJaJIiATh KpallHUE KapThl.
Kornma ocranercst Tpu kapThl, Tpoiika Tped (ecnu oHa emé OyIeT Ha CTOJE) OKaXETCs B IEHTpEe. 3pUTEINb
Ha30BET 2.

2. [4] Han Bemykisiii nstuyronsiuk ABCDE, B kotopom AE || CD u AB = BC. buccekrpucsi ero
yrioB A u C nepecekatotcst B Touke K. Jlokakute, uro BK || AE. (E2op baxaes)

Pemenne. [Tycts Ouccekrpuca yrma C nepecekaer npsimyto AE B Touke F, a A B
npsiMast, mpoxojsmas yepes B mapamtensno AE , mepecekaet otpe3ok CF B Touke c
X. Torma ZBXC = ZDCX = ZBCX. Orcroma BX = BC = BA. 3naunt, Z/BAX = F X

D /

/BXA = /FAX. CnenoBarensHo, AX — Ouccektpuca yriaa A, moatomy X /E
cosmamaer ¢ Ku BK || AE.

3ameuanue. Ha pucynke Touka F nexut Ha ctopore AE, HO B pellieHUH 3TO HE UCIIONb3yeTcsi. MOXKHO,
BIIPOYEM, JI0KA3aTh, 4TO OuccekTpuca yria C He MoxeT nepecekats ctopony AB (a cropony ED — moxer).

3. [4] JTro6oe uucno X, HamMCaHHOE HA JOCKE, pas3peniaeTcs 3aMeHHUTh b0 Ha 3X + 1, mubo Ha [/7].
JIOKaXuTe, 4TO €CIM BHAYale HAMMCAHO YKMCIO 1, TO TaKUMH ONEPAIMsIMH MOXHO MOJYyYUTh JIF00O0E
HaTypaJlbHOE YHCJIO. (Braoucnae Hoeuxog)

Pemenne. Munykius. Yucno 1 nanucano. [lokaxkeM, Kak moiy4uTh HaTypanbHoe N > 1, eciu ymeem
MOJIy4yaTh BCE MEHBIIIHE Yrcia. Ynucmo N mpeacraBuMo B ogHOM u3 TpEx BumoB: 3k — 1, 3k mmm 3k + 1, rae
k —marypamproe. 1) 2k—1 — 6k—2 — 3k -—1; 2) 2k — 6k+1 — 3k; 3) k —> 3k+1.

4. [5] lan MHOTOYTOJIBHUK, Y KOTOPOTO KaXble JABE COCEIHUE CTOPOHBI MEePHEeHANKYIApHbL. Ha3zoBéM
JIBE €r0 BEPIINHBI He OpPYI’CHbIMU, €CIIA OMCCEKTPUCHI MHOTOYTOJBHHKA, BBIXOMISAIIME W3 OTHX BEPINUH,
MEePICHIUKYISAPHBL. JIOKaKUTE, YTO IS JII000H BEPIIUHBI KOJTUYIECTBO HE APYKHBIX ¢ HEW BEPIINH YETHO.

(Muxaun Cronenxos)

Pemenne 1. PacnonokumM MHOTOYTOJBHUK TaK, YTOOBI €0 CTOPOHBI
OBLTH TOPH30HTAIBHBI M BEPTUKAIBHBL [1yCTh BEpTHKAIBHBIX CTOPOH K,
TOT/Ia TOPU30HTAIBHBIX CTOPOH TOkKe K. Bce BepImMHbI MHOTOYTOJIBHUKA
aenarcd Ha 4 tana: , 7, L4, [Tycts BepmmHa A umeet tum 2 (63
orpaHuyeHusi o0mHocTH). Toraa He ApyKHbIE ¢ HeW — BepIIMHBI TUMa |
u4.

Paccmotpum m100y10 TOpH30HTaIbHYIO CTOpOHY. EE€ neBblit KoHell
MOXeT ObIThb ToNpko THma | wumum 3. Bceero neBbIX BepmMH Y
TOPU30HTAILHBIX CTOPOH CTOJIBKO K€, CKOJIBKO JICBBIX CTOPOH, TO €CTh K,

OTKy/Zia CyMMapHoe 4uciio BepiuH tumna 1 u 3 paBHo K. [Tycts Beprumu
tuna 1 Bcero X, torma BepmmH THma 3 Bcero K — X. PaccmarpuBas
HW)KHUE KOHIbI BEPTHUKAIBHBIX CTOPOH, IMOJIy4YaeM AaHaJIOTH4YHO, YTO




BepmuH tuma 3 u 4 Bcero K, orkyaa Bepimun tuna 4 Bcero K — (K — X), To ects X. Ho Torma Bepurun tumna 1 u
4 Bcero 2X (4€THOE YHUCII0), @ 3TO U €CTh BEPUIMHBI, KOTOPBIE HE IPYKHBI C A.

Pemienue 2. PacronokuM MHOTOYTOJBHUK Tak, 4ToObl OuccekTpuca | manHO# Beprmubl A Obuia
ropusoHTanpHa. [IycTh Hekas TOYKa ABMXKETCS IO IEPUMETPY MHOIOYTOJIBHHUKA C IIOCTOSIHHOM CKOPOCTBIO,
HauaB W 3akoH4uB B BepmuHe A. Torma e€ mpoekuus Ha | Taxke JBMKETCS C MOCTOSHHON CKOPOCTHIO,
IPUYEM MPOCKLUS MEHSET HAalpPaBJICHUE IBUKCHHUS POBHO B T€ MOMEHTHI, KOI'Zla TOYKA IPOXOAMUT 4epe3
BEpILNHY, ApYKHYIO ¢ A, wiu uepe3 camy A. YuuThiBas, YTO BCErO0 BEPLIMH YETHOE YMCIIO, MOIYy4Yaem
Tpedyemoe.

Pemrenne 3. PacnonokxuM MHOTOYTOJBHHK TaK, 4YTOOBI €ro CTOPOHBI ObUIM TOPH3OHTAJbHBI H
BepTUKaIbHBI. [IOCKOJIBKY OHM uepenyroTCsl, YHCIO BeplIMH 4Y€THO (mycTh ux 2n). Ilpu sTOoM yriioBoii
kod(durmeHT 6ucceKTpuce paBeH 1 wim —1.

3aHyMepyeM BepIIMHBI IPOTUB YaCOBOM CTPEJIKH YKCIaMH OT 1 10 2N ¥ NOCTaBUM B I-if BEpIIMHE YHCIIO
ai, paBHoe 1, ecnm yron B Hel paBeH 90°, u —1, ecnm yron B Hel paBeH 270°. O0X0As MHOTOYTOJILHUK 1O
KOHTYpPY HpPOTHUB YaCOBOWM CTpEIKH, B KaxaoM yrie B 90° mbl moBopaunBaeM Ha 90° MpOTHUB 4acOBOH
CTpeNKH, a B KaxaoM yriie B 270° — Ha 90° mo 4yacoBoil. BepHYBIIMCh B MCXOAHOE IOJIOKEHHUE IMOCTE
IIOJIHOTO 00X0/1a, Mbl IOBEPHYJIUCH B UTOre Ha 360° MpOTUB 4acOBOI CTPENKHU, OTKY/1a KOJIMUYECTBO YIJIOB B
270° na 4 mMenbme, geMm B 90°, To ecTh paBHO (2N — 4)/2 =N — 2, mosToMy A182...820 = (—1)"2.

3aMeTuM, YTO HAIPaBIIEHUsI OMCCEKTPUC B COCETHUX BEPIIMHAX COBIMAAAIOT TOT/Ia U TOJIBKO TOT/IA, KOT/1a
YIJIBl B HUX pa3Hble. MOXHO CYHTATh, YTO YIIIOBOW KO3()(UIIMEHT OMCCEKTPUCHI B TIEPBOM BEPIIMHE PaBEeH
air. Torma mis kaxmoro i 3Hak b yriaoBoro koadduiienTa GUCCEKTPUCH B i-il BepIIMHE COBMAIaeT C ai,
ecnu i HeyéTHO, M COBNAjaeT ¢ —ai, ecau i uétHO. ITodTomy biba..bxn = aiaz..am(-1)" = (-1)**2 = 1.
CrnenoBaTeNnbHO, YUCIO «OTPHUIIATEIBHBIX) (2 TOTOMY H «IOJIOKUTEIbHBIX)») OUCCEKTPHUC YETHO.

5. [5] B xaxmoit kinerke mosocku mHbl 100 crout mo ¢uike. MoxkHo 3a 1 py0siab NOMEHATh MECTaMH
TMOOBIC JIBE COCeHUE (PUIIKH, a TAK)KE MOKHO OSCIUTATHO IMOMEHSITh MECTaMU JIOObIC TBE (QUIIIKH, MEXKITY
KOTOPBIMH CTOSIT POBHO 4 (uiku. 3a Kakoe HauMEHbIIIee KOINYeCTBO pyOiieil MOKHO MepecTaBUTh (PUILTKU
B 0OpaTtHOM mopsiike? (Eeop Baxaes)

Otger. 3a 61 pyOns. Pemenne. 3anymepyem ¢umku u kietku mno nopsaky ot 0 mo 99. becruarnas
olepalys He MEHSET OCTaTOK HOMepa KJIETKH IIPH JI€JICHUH Ha 5.

Oyenxa. MpICIIEHHO pacloyioKUM Kyukd Quiek no kpyry. CHavana kydka ¢uuiek ¢ ocratkoM 0, moTom
—c 1, u Tak nanee no 4. [InatHas omepauus nepecTaBiseT napy (QUIIEK U3 cOCeTHUX Kydek. DUk u3
HYJIEBON KYYKHU JIOJKHBI y4acTBOBAaTh XOTs Obl B OJIHOIM TakoM 3amMeHe, 4ToObl 100paThecs 10 YETBEPTOM
Ky4KH. AHAJIOTUYHO JUI (puiek u3 yeTBEPTON Kyuku. DUIIKK U3 MEPBOM KyUKH JOJDKHBI y4aCTBOBAThH XOTS
Obl B JByX 3aM€Hax, 4TOObl J00paThCs 10 TpPeThel Ky4ykdu. AHAIOTUYHO AJS TpeThell Ky4yKd. 3HAUMT,
notpelyercst xoTst 661 (20 + 20 + 40 + 40):2 = 60 py6useit. Ho ecnu 6yzaer notpadeHo tosbko 60 pyoGuei,
TO (QUIIKaM W3 MEpBON KyUKH MPUAETCA UATH Yepe3 BTOPYH KYUKy, MOITOMY XOTs Obl Oo/HA (HIIKa U3
BTOpOM KydkH OyZeT yuacTBOBaTh B 3aMeHax. Ciie/joBaTesibHO, Heo0Xxo1umo 6oinbiie 60 pyomeil.

Aneopumm. SIcHO, 4TO OECIIATHBIMU ONEPALUAIMU MOKHO PacCTaBUTh (DUIIKK BHYTPU KyUKH B JHOOOM
nopsiake. IloaToMy mpaBWIIBHO PAacCTaBUTh Bce (UILKM M3 HYJIEBOW M 4YeTBEPTOM KyueKk MOxHO 3a 20
pyOneil. PaccmoTpum ocraBuivecs: Tpu Kydkd. MBICIIEHHO OCTaBUM TOJbKO OJHY (umKy A BO BTOpOM
kyuke. [lomensem e€ c ¢umkoil n3 nepBoi kyuku. Kaxaslii pa3 OyzneM mnepeiBuraTh jAajiblie (UILIKY,
MIPUIIEANIYIO BO BTOPYIO KYUKY, 3a C4€T HOBOoU ¢umiku. Toraa 3a 40 pyOmneit Mbl iepeTammm Bce (PUIIKU U3
NIEPBOM KYyYKH B TPETBIO, @ U3 TPETbEW — B NEPBYIO KPOME OJHOI: OHA OCTAaHETCS BO BTOPOM KyuKe, HE
noas 1o nepsoil. [lomensiem ee ¢ A, 1 Bce PUITKHU OKaXYTCs B HY>KHBIX KydKax.

CJ10:KHBII BAPUAHT, CTApUINE KJIACCHI

1. [5] Muorounen P(X, y) TakoB, 4TO JJisi BCAKOTO 1einoro N > 0 Kaxaelid U3 MHOTOWIeHOB P(N, y) u
P(x, n) n100 TOXAECTBEHHO paBEeH HYJIIO, MO0 MMeeT CTerneHb He Bhiiie N. Moxer a1 MHOrowieH P(X, X)
UMETh HEUETHYIO CTETICHB? (Popuc @penxun)



OtBer. He Moxer. Pemenue. [lycTte HamOombIas cTemeHb, B KOTOPOM BCTpEYaeTcs X, paBHA M, a
HauOoJbIIass CTENeHb, B KOTOPOW BCTpewaercss Y, paBHa N, JIsg ONpEAENeHHOCTH IOJOXKHM
n > m. 3amumem muorouned P(X, ) B Buge A(X)y" + B(X)y" 1 + ..., rae A(X), B(X), ... — MHOrOUJIEHKI OT X.
IockombKy mpu Beex menbix 0 <k <n crenens muorounena P(K, y) = A(K)y" + B(K)y"™ +... mensme n, To
A(0) =A(1) =..=A4A(n—-1) =0. V mHorowieHa A(X) eCTb N pa3IUYHBIX KOPHEH, IOITOMY €ro CTCICHb HE
menbiie N. Ho ona He Oosbire M, 3Haunt, M = N. Ilpu 3ToM ogHowieH X'y" 3aBemOMO BCTpeyaeTcs B
npousseacHuu A(X)y" 1 He BCTpevaeTcs B OCTaIbHBIX MPOU3BeIeHHX, mosTomy deg P(X, X) = 2n.

3ameuyanne. MOXHO IMOKa3aTh, YTO YCJIOBHIO 34l YIOBJICTBOPSIOT BCE MHOTOUWICHBI CIICIYIONIETO
BUJAa U TOJNBKO OHHM: Co + Xy(Ci + (X — 1)(y — 1)(c2 + ... + (cx + (X — K)(y — K)Ck+1)...), Tme k —
HEOTPHIIATEIILHOE 1IEJI0€ YUCIIO, Co, ..., Ck+1 — KOHCTAHTBI.

2. [5] Otpeskn AA', BB’ u CC’' ¢ KOHIAMH Ha CTOpPOHAx OCTPOYrojibHOro TtpeyronbHuka ABC
nepecekaroTcs B Touke P BHyTpu TpeyronpHuKa. Ha KaK0M U3 3TUX OTPE3KOB KaK Ha TUaMETPe MOCTPOCHA
OKPY>KHOCTh, B KOTOPOU MEPICHANKYISIPHO 3TOMY JHaMEeTpy MpoBeIeHa Xxopaa yepe3 Touky P. Okazanocs,
9TO TPU NMPOBEIAEHHBIC XOPIbI UMEIOT OJIMHAKOBYIO JIUHY. JlokaxkuTe, 4To P — Touka mepecedeHus BHICOT

tpeyronbuuka ABC. (I". I'anvnepun)
C
Pemenune. Ilyctp 2X — npnuHa ykazaHHeix xopa. Ilo teopeme o
IpOM3BEIEHUN OTpe3koB xopa X2 = AP-AP = BP-BP = CP-C'P. TIlo
oOparHoit Teopeme Touku A, A, B u B’ nexxar Ha ofHON OKPY>KHOCTH. B’

3nauut, Z/AAB = ZABB.

Awnamormuno ZAA'C = ZAC'C, «ZBB'C = ZBC'C. CnegoBareisHo,
ZAA'B = ZAB'B = 180° - ZBB'C = 180° - Z/BC'C = ZAC'C = ZAA'C, T0 A
ectb AA’ — BoicoTa. AHamorundno BB'u CC’ — BBICOTEL A

c B

3. [6] Ectb 100 BHelIHe Hepa3IMYUMbBIX MOHET TPEX THUITOB: 30JI0ThIC, CEPEOPSIHBIC U MEIHBIC (KasKIbIi
THUII BCTpedaeTcst XoTs Obl pa3). Mi3BecTHO, UTO 30JI0THIE BECAT 10 3 T, cepeOpsiHbIe — MO 2 T, MeAHbIE — 1o 1
r. Kax Ha yameuHsix Becax 0€3 TUpeK ONnpeesuTh TUIl Y BCEX MOHET He Oonee yem 3a 101 B3BemuBanue?

(Braoucnae Hosuxos)

Pemenne 1. (4. [llanosanos) Ha3oBéM cutyaluio nobedHoil, eciiv mpoBeeHo He 6onee yem K + 1 B3Be-
IIMBaHKE U ONpeICICHbI Beca K MOHET, MpruéM cpeli HUX eCTh cepeOpsiHas WK JBE MEIHBIX. B mobeaHoit
CUTYyalluH, CPaBHUBAs HEM3BECTHYIO MOHETY C BECOM 2 T, Mbl OIPEJEIUM €€ BEC, YBEJINYUB YHCIO U3BECT-
HBIX MOHET U YMCJIO B3BEIIMBaHUM Ha 1 u Tak onpenenum Bce MOHETHI He Oosiee yem 3a 101 B3BemmBanue.

B kax/p1it MOMEHT OyJ1eM CpaBHHBATB YUCIIO 3amponymbix (Y4aCTBOBABIIUX BO B3BEUIMBAHHSX ) MOHET Z
C YMCJIOM B3BemMBaHUi V. CHavana BBIJEIUM OJIHY MOHETY M Oy/ieM CpaBHHBATh HE3aTPOHYTHIE MOHETHI C
Hell, moka He HalaéM MOHeTy apyroro Beca. [Iycts A — Gonee nérkas, a B — 6osee Tsokénast U3 3aTPOHYTHIX
MoHeT. [lanee cpaBHIBaeM HE3aTPOHYTHIE MOHETHI ¢ B, Moka cCHOBa He OJTy4YHM HEpaBEeHCTBO. Teneps y Hac
V=Z-1; ecTb OJIHAa WIM HECKOJIBKO MOHET OJMHAKOBOI'O Beca &, 0JIHA MJIM HECKOJIBKO MOHET JPyroro Beca
b >a u ogna monera C Beca C#b. CpaBuum C ¢ A. Bo3MOXHBI iBa ciiydasl.

1) c=a. Cpasuum B ¢ A+C, 10 ecthb b ¢ 2a. Bo3moskubl Bapuantel: b =3, a=1 (eciu b > 2a); b =2,
a=1 (b=2a); b=3, a=2 (b<2a). Bo Bcex ciyuasix curyanus nmobenHas: V =12+ 1, Beca Z MOHET
OIpeJIeJIEHB] U €CTh HyKHbIE MOHETHI (C OOLIMM BecoM 2).

2) ¢ # a. 3Hauwr &, b, C — Tpu pa3HbIX Beca, OHM Kak-TO yrnopsoueHsl (C>b>a,b>c>awmb >a>c),
MOATOMY OTpeIeTIeHBI OAHO3HAYHO. [Ipr 3TOM V = Z — cuTyanus modemHasl.

3ameuanme. MlHOr1a HEKOTOPHIE B3BEIIMBAHMUS MOXKHO HE MPOBOJUTH: Hanpumep, eciu C Tspkenee B, To
yke C > b > a; ecnu mpu MepBOM HEPABEHCTBE Y)Ke €CTh elIé MOHETa Beca a, €€ MOXKHO B3sTh 3a C.

Pemenue 2. (4. Psabuues) CHavana JOKaKeM 110 HHIYKIMH CIIEAYIOICe BCIIOMOTATEILHOE

Ymeepocoenue 1. Ilyctb ecTb K MOHET, cpei KOTOPBIX BCE TPH THIA MPEACTABICHBI, IPUUEM PO Mapy
MOHET A, a yke u3BecTHO, uTo A > a. Toraa MOXHO ONpeeuTh, Kakas u3 K MOHEeT Kakoro Tuma, 3a K — 1
B3BCIINBaHUE.

basa. Ecniu MOHET TpH, CpaBHUB OCTaBUIYIOCS MOHETY € A U ¢ @, Mbl YHOPSAA0YUM HX IO BECY.

llae. CpaBHUM Kakue-HUOYIOb 1Beé MOHEThl, kpomMe A u a. Ecim oHM paBHBI, TO OJHY MOXKHO



OTOPOCHTH (3alIOMHMB, C KaKOW OHA COBIAJAET IO BECY), U BOCIOIb30BATHCS MPEANOI0KEHUEM UHIYKIHH
mist K — 1 MoHetsl. Eciii oHM HE paBHBI, CKakeM uTO nojdy4dmiack mapa B > b. Teneps cpaaum A+a u B+Db.
Ecmu Beca map paBubl, To A=B u a=b, Tak 4T0 MBI MOKEM BBIKHHYTH B 1 b (3amoMHuB, 4TO OHM COBMAgAIOT
1o Becy ¢ A ¥ @), ¥ BOCIIOJIb30BaThCS PEAIONOKESHUEM UHIYKIUH Uit K — 2 MOHeT.

[Tycte Beca map pasnu4Hbl, 1Uis onpenenénHoctu, A+a > B+b. 3ameruM, uto Torna ods3zatensHo A =3 U
b = 1. Mownertsl B mape (B, a) umeror b0 Beca (2,1), mu6o (2,2), mudo (3,2). Utak, cpaaus A+b ¢ B+a, Ml
OJTHO3HaYHO BOCCTAaHOBUM Beca BCeX 4eThIpEX MOHeT. Cpenn HUX eCTh MOHeTa Beca 2, OyJieM CpaBHUBATb C
HEil BCe OCTaJIbHBIE MOHETHI, HA YTO YilIyT ocTaBmiecs K — 4 B3BemmBaHus. Y TBEepKIcHUE | TI0Ka3aHo.

Teneps BbIBeieM 10 MHIYKIMHU CIIEAYIOLIEe YTBEPXKICHHE, YCHIIMBatoLIee TpedyemMoe B 3a/1a4e:

Ymeepoicoenue 2. Ecnu ectb K MOHET, cpeay KOTOPBIX BCE TPH THIIA IPEICTABICHBI, TO MOXHO
OIpEeJIeNINTh, KaKasi MOHETa KaKoro TUna, 3a k e3seuusanui.

baza. Ecnmu MOHET TpH, TO, CPAaBHUB KXKIYIO C KQKIOU, MBI YIOPSI0YHUM HX TI0 BECY.

Illae. CpaBHUM Kakue-HUOY/b 1B€ MOHETHI. ECII OHM paBHBI, TO OJHY MOYKHO OTOPOCUTH (3alIOMHUB, C
Kakoil OHa COBIAJACT 10 BECy), © Mbl IEPEXOJAMM K ciiydaro K — 1 MOHETBHI, Cpelu KOTOPBIX BCE THIIBI
npencrasieHbl. Ecim OHM He paBHBI, CKaxkeM, 4TO oOpa3zoBajach mapa A > a U BOCHOJIb3yeMCS
YTBEP)KICHUEM 1.

3ameyanmne. MbI cienany Ha OJHO B3BELIMBAHME MEHbIIE, YeM MPEAINoJarajgoch B ycioBuu. Kpome
TOT0, MBI HCIIOJIH30BAIIM TOJIBKO TO, YTO CyMMa BECOB JBYX CEpEOPSHBIX MOHET pPaBHA CyMME BECOB METHOM
U 30JI0TOM; TOT (akT, YTO cepeOpsiHas MOHETa BJIBOE TsKellee MEAHOM, /Ul JAHHOTO PELICHUS He BaXKeH.

4. [10] dana Bo3pacTaroiias MOCIEA0BATEIbHOCTh MOJOXKHUTEIbHBIX YHACEIT
DLfao<aqg<ag<ar<az<..,,
OeckoneuHast B 00e cTtopoHbl. Ilycth Dk — HauMmeHbIlee 1e70e YHUCIO CO CBOWCTBOM: OTHOIICHUE CYMMBbI
M00BIX K MOApsAA MAyNIMX YICHOB JaHHOW IOCIIEAOBATCILHOCTH K HAWOOJbIIEMy U3 3THX K 4ieHOB He
npesbiinaet by. Jlokakute, 9T0 MOCIEA0BATEILHOCTD D1, D2, b3, ... MO0 coBmamaer ¢ HATYpalIbHBIM PSIIOM
1,2, 3, ..., 17160 ¢ HEKOTOPOT'0 MOMEHTA MOCTOSIHHA. (Msan Mumpogparos)

Pemenue. OueBnaHo, uto b1=1, a ipu K > 1 oTHoIIeHe U3 ycnoBus MeHbIe K, mostomy bk < K mpu Bcex
HatypaibHbIX K. Ecim nocnenoBarensHocTs D1, b2, b3, ... He coBnmagaer ¢ HarypanbHbIM psitom, To by <k — 1
npu HekoTopoM K. Torma aj + ai+1 +...+ Qirk-1 < (K — 1)@i+k-1 1u1s1 kakaoro uenoro I, otkyaa kai < (K — 1)ai+k-1.

k-1 .
O603HauuB t = e <1, nomyudaeMm @; < tai+-1 < tai+k Mpu Bcex Henbix I. CaenoBaTesbHO,

ai < t-aisk < Paivok < ... <thaige < ... ™

daxTryecku (Tak Kak (@) Bo3pacTaeT) Mbl JOKa3aJd, YTO €CJIM €CTh JIBa HOMEpa M u N, rae m > N, To

a a a
oTHOIIEHue —~ MeHbuIe 1, kormam—-n<k;, -2 <t xkormam-n<2k; —2<t? xormam-n<3k, ur.m1.
a

a
YTOOBI OLICHUTH CBEPXY NPOM3BOJILHOE Dn, OLIEHNM CBEpPXY OTHOILICHHUE

m m m

a.

1+n

+a +..+4a

i+l —

i+n-1 ai+n + a'i+n—l 4.+ ai+1 )
a a ai+n a‘i+n
B sroit CYMMC IICPBbLIC k CJIara€MbIX HE IIPEBOCXOIAT 1, CJICAYIOIINC k HC IIPCBOCXOOAT t, CJICAyromue k
He TipeBocxoaaT t2 u T.1. UTak,
a‘i+n + a‘i+n—1 +...+3a
a

i+n i+n

o< k(l+t+t2+..) = % = k2.
1+n

910 3HA4nT, uTo bn < k? mpum mo6om HatypansHOM N. TlockombKy mocenoBaTensHOCTS (Dn), odeBHIHO,
HE Y6BIBaCT, TO OHa CTa6I/IJII/I3I/IpyeTCH Ha 4YHuCJIC, HEC 0O0JIbIIEM k2.

5. Touka M 7neXuT BHYTpH BBINYKJIOro 4erbipéxyronpHuka ABCD Ha oaMHakoBOM pacCTOSHUM OT
npsimbix AB m CD u Ha ommHakoBoMm paccrossHuM oT npsmeix BC m AD. Oxazanock, 9TO IIIONIATH
yetelpéxyronsHuka ABCD pasna MA-MC + MB-MD. Jlokaxure, uyto yeTbipéxyroasHuk ABCD

a) [6] Briucannsiit; 6) [6] onucaHHBIH. (Haupu Ceopaxksn)



Pemenne. a) Onycrum mnepnenaukymipsl MP, MQ, MR, MT na mnpsmeie AB, BC, CD, DA
cootBeTcTBeHHO. Torma Saecp = Same + Semc + Scmp + Soma < (Samp + Sewp) + (Semo + Scmg) +
+ (Scemr + Spbmr) + (Soms + Samt) = (Samp + Scmr) + (Semp + Spmr) + (Semo + Spwmr) +
+ (Scmo + Samt). 3ametum, uTo npsMoyrojbHbie TpeyroiapHukn AMP u CMR umerot paBHbie KateThl MP u
MR, 03TOMY M3 HUX MOXKHO CJIOXHTbH TPEYTOJIBHUK A, Be cTOpoHbI KoToporo paBHbl MA n MC, a 3nauwur,
Samp + Scvr = Sa £ % MA-MC. Amanoruudo  Sgwp + Spmr < Y2 MB-MD, Semg + Spwms < %2 MB-MD,
Scmo + Sams < %2 MA-MC. CrnenoBatensHo, Sagcp < MA-MC + MB-MD. U3 ycrnoBust BUIHO, 4YTO BCE
MpeIbIIyIINe HEPABEHCTBA HA CAMOM JIENie SBISIOTCS PaBEHCTBAMU. OJTO 3HAYUT, YTO, BO-TIEPBBIX, TOUKHU
P, Q, R, T nexxaT Ha COOTBETCTBYIOUIMX CTOPOHAX YETHIPEXYTOJILHUKA M, BO-BTOPBIX, TPEYTrOJbHUK A
npsAMOyrosbHbIA, TO ecTh  ZMAP + ZMCR = 90°. Amnamormuno <ZMAD + ZMCQ = 90°, otkyna
/BAD + ZBCD = (£LMAP + ZMCR) + (£ZMAT + ZMCQ) = 180°, 10 ecTh 4eThIpEXYTOJbHUK BIHCAHHBIM.

6) 13 npsiMoyroipHOro TpeyronbHuka A (cM. a) BugHO, uto AP + RC = YMA?* + MC? . AHanoru4so
BP + RD = YMB?+MD?. Torma AB + CD = YMA?+MC? + VMB?+MD?. Bemuucias noxoxum
obpazom cymmy BC + DA, MBI MOIXy4HUM TOT K€ pe3yJIbTarT.

3ameuyanne. MOXHO JI0Ka3aTh, YTO TUIOMIA/h JIFOOOTO BIHCAHO-OMMMCAHHOTO YeThIpéxyroiapHrka ABCD
paBaa MA-MC + MB-MD, rne M — 1ieHTp BOUCAaHHOUN OKPYXHOCTH 4eThIpéxyronpHuka ABCD.

6. Ky6, cocrosmuii u3 (2n)® eIMHMUHBEIX KyOMKOB, HPOTKHYT HECKOIBKHUMHU CITHIIAMH,
napaieNibHeIMUA pébpam ky0a. Kaxkaas crnmia mpoThikaeT poBHO 2N KyOWKOB, KaXKAblii KyOWK HMPOTKHYT
XOTsI OBl O/THOW CTIMIIEH.

a) [6] Jdoxaxure, 4TO MOXKHO BHIOpPATh Takue 2N? CIHI, MIYIIHX B COBOKYITHOCTH BCETO B OJHOM HJIH
IBYX HAIpaBJICHUSX, YTO HUKAKKE JIBE U3 ITHX CIHIl HE MPOTHIKAIOT OJMH M TOT )K€ KyOUK.
0) [6] Kakoe HamOosbliliee KOJIMYECTBO CIHMII MOYKHO T'apaHTHPOBAHHO BHIOPATh M3 MMEIOIIMXCS TakK,
4TOOBI HUKAKKE JIBE BHIOPAHHBIC CIIUIIBI HE MTPOTHIKAIN OJUH U TOT XKe KyOuK?
(Huxuma I'naokos, Anexcanop 3umur)

Pemenue. (A. [llanosanos) Ilycts pebpa Kyda mapaiebHbl 0CIM KOOPIUHAT.

a) Pa3o0bém ky0 Ha ciou TommuHOW 1, mapamiensHble miaockocT OXy. PaccMOTpUM TONBKO CHMIIBI
Hanpasiennii OX m Oy. B kaxmom cimoe HaWaéM MakCHMyM 4YHCIa TaKUX CIHUI, WAYIIAX B OJHOM
HafpaBiIeHuU. TOYHO Takke HailiéM MakCHMyMBbI 4Mcia CHMII AJIS KaKAOro cios napauienbHoro OXZ u
napauienbHoro Oyz. [Tycts K — MuUHHMYM U3 6N 3TUX MAaKCHMYMOB.

Paccmotpum cioii K, roe makcumym paset K. B ciioe MmoxHo BeiOpate 2N — K ctpok U 2n — K cTon6ros,
yepe3 KOTOpbIe He TIPOXOAAT CIHUIEI ciios. Ha mepecedyenny BIGpaHHBIX psAA0B ecTh (2N — K)? Ky6uKoB, X
npoteikatoT (2N —K)? crum, nepnenaukynapubix K. TTokpacum sti (2n —K)? cnu B cunuit net. Bribepem
rpanb P ky0Oa, neprnenaukynspHyto cioro K. PaccMoTpuM ciou, napaiienbHble P U He copepkalliie CHHUX
cruil. VIx poBHO K. B Ka)J0M TakOM CJI0€ MOKHO BBIOpaTh HE MEHee K CITHIl OJIHOTO HAIPaBICHUS, BCErO HE
menee k? e, J]06aBuM K HEM CHHHE cHUIBL. [10 H3BECTHOMY HEpaBEeHCTBY

k2 + (2n —K)? > ¥ (k + (2n — k))? = 2n2,

6) Otser. 2n? cruil. BeigenuM B HamleM KyOe [Ba MEHBIIMX Ky0a CO CTOPOHOM N, TIPHMBIKAIONINE K
TIPOTHBONONOKHBIM BepiMHaM. OHH COCTOAT M3 2N° eIMHMYHBIX KyOUKOB. IIpOTKHEM  Kamblit
BBIICJICHHBIH KyOWK TpeMsl NEepIeHIUKYJISpPHbBIMU couiamu. Toraa ¥ Bce HEBBIJICICHHbBIE €IMHUYHBIE
KyOMKH TOK€ MPOTKHYTHI. 3aMETUM, YTO KaXKJ1asl CIMIIA IPOTHIKAET POBHO N BBIJCIEHHBIX KYOMKOB. 3HAUMT,
eCJIM CIUIIH BHIOPAHBI TAK, YTO HUKAKOH KyOHK He MPOTKHYT JBaKIbI, TO CIHUI[ He Gonee veM 2n°: n = 2n2,

7. [12] Hexoropsie u3 uncen 1, 2, 3, ..., N MOKPAIICHbI B KPACHBIH IIBET TaK, YTO BBIMOJIHICTCS YCIOBHUE:
ecnu Al KpacHbIX wmcen @, b, ¢ (He oOs3arensHo pasnuunbix) a(b — €) ngemmrest Ha N, To b = C.
Jlokaxxute, 4TO KPacHbIX Yucell He Oobine ueM ¢(Nn). (Anexcanop Cemernos)

JlemmMma. Hy'CTB D - HCKOTOPOC MHOKCCTBO PA3JIMYHBIX MPOCTHIX JenuTenei gucia N. KoauuectBo

1
HaTypaJbHBIX YHCEI, HC MIPEBOCXOASIIMNX N ¥ HE KPATHBIX HU OJHOMY YHCITy 13 D , PaBHO nH 1-—

peD p
Joka3zarenbcTBO. PackpbiB cCkOOKH, MoTy4yaeM (popMysTy BKIIOUEHUN-UCKIOYEHHH. ||



ITycts kpacHbIx umncen Oosbiie @(n). Torma HeKOTOpBIE KPAacHBIE YMCIa UMEIOT ¢ N OOMIMI MPOCTOM
nenutensb. [lycTs ( — HanOombIIee U3 TaKUX MPOCTHIX U & — KpacHOE YHCI0, KpaTHoe (. i mpoTHBOpEeYHs

. n
AOCTATOYHO HAUTH PA3JIMYHBIC KPACHLIC YUCIIA bu C, CpaBHMMBIC IO MOAYJIK0 —, a AJI 3TOTO0 JOCTATOYHO

n
II0Ka3aTb, 4TO (P(n) HC MCHBIIC KOJIUYCCTBA BO3BMOXKHEIX OCTAaTKOB KpaCHBIX YHUCECJI 10 MOAYJIIO —.

HYCTI) D — MHOXeCTBO Bcex IMPOCTBIX I[eJ'IPITeJ'Ieﬁ yycia n, a D' — MHOXECTBO €ro IMPOCTBIX ,I[eJ'IHTeJ'IefI,
MIPEBOCXOAAINX (. KpaCHHe qucCia HE ACIATCA Ha 4YHucCila U3 D', MMO3TOMY U OCTATKH OT ACJICHUA KPACHBIX

n '
qHCcell HA — TOXKE He Jaendrcsa Ha yncia uz D'

1 n
ITo nemme, @(n) = n | | 1-— |, a yka3aHHOE KOJIMYECTBO OCTATKOB HE OOJIbIIIE, YEM — I I 1-—
peD q peD, p>q p

1 n 1
HocraTouno gokas3arh, 4To N H 1-—|2>2— H 1-—
peD p q peD,p>q p

Coxpamiast Ha N ¥ Ha CKOOKH, B KOTOPBIX P>(, OTy4aeM

l—1 H 1—i > 1, YTO PaBHOCUJIBHO HEPABEHCTBY (—12> H L

q peD,p<q p q peD, p<q p_l
OHo BepHO, TOCKOJIBKY (—1 = q—_lq—_2§z
g-2 q-3 2 1



