TPUILATHIA TYPHIAP I'OPOJIOB 11 kJacc, ounslit Typ, 10 mag 2009 r.
Pemennga 3agaa

1. Ha docke nanucanv wucaa 1, 2, ..., 100. Paszpewaemcsa cmepemv 08a 4UCAG U HATUCAMD 8MECMO
HUT UL CYMMY usu ux npoudsederue. Karxoe HauboAbULEE YUCAO MOHCEM OCMAMBLCA Ha docke nocae 99

maxux onepayuti?
(H.H1.Bozdanos)

Otser: 2100!.

BaMeTuM cHavaJsa, 9TO i HATYPAJbHBIX ¢ U b HEpaBeHCTBO a + b > ab BBIIOJIHEHO €CJU U TOJBKO
ecit a = 1 wm b = 1. HeiicrBurebHo, ecym cKaxkeM a > b > 1, o a + b < 2a < ab. A eciu, Haupumep,
a=1,tol+b>b=1-b.

[IycTh HEKOTOpAsT MOCJIEIOBATEILHOCTD JEHCTBUI ITpUBe/ia K MAKCUMAJIbHOMY pesysbrary. Cpean Hux
POBHO OJTHO JIEfiCTBHE COMEPXKAJIO B KadecTBe aprymenta ejunuily. CoryiacHO jieMMe, Bce OCTajbHbIE Jeii-
CTBUS MOXKEM CUMTATh YMHOXKEHUsIMU. B caMoM Jiejte, eciin B pe3yabTaTe OJHOTO0 U3 JefCTBUH MOy InI0Ch
HE MEHbIIIee YHCJI0, YeM ObLIO, TO U PE3YJILTaTOM IIOC/IELYIONUX JeHCTBUil OyAyT Ynuciia, He MEeHbINe, YeM
ObLIM. AHAJIOTMIHO JIEHCTBHUE, CoJiepXKalllee eUHUILy, MOXKHO CUNTATh cjaoKeHumeM. llycTs enmHuia ObLIa
CJIOKEHA, C YUCJIOM 1. B mTore moyanTces Iucio "TH100! =1+ %)100!. [TockobKY MBI UIIEM MaKCUMYM,
n=2.

2. Xpomas radvsa 060UAG HACTD WATMAMHOT JOCKU, HAYAE CEOT NYMb

na xaemxe dd. Hzsecmmuo, wmo Hu Ha Kakot Kaemxke oHa He 6vLaa 08axicowvt, A A

nocemuaa 6ce uemuipe yaaa Jdocku, npuvem wa kaemxy al ona monaaa c

KAEMKU G2, HG KAEMKY a8 ona nonasa ¢ xiemku al u Ha xiemxy h8 ona
nonasa ¢ kaemxu h7. C xaxol xiemxu ona nonasa wa xaemxy hl?

(Xpomas aadvs xodum no eepmuKait U 20pU30OHMaIY Ha 1 Kaemky). .

(A.K. Toanwizo)

[Iycrs nagpsa monasia na kierky hl ¢ kiaerku h2. [locmorpum, B KakoMm
HOPsiJIKe OOXOAATCS YIJIbl JOCKU. [IpOTUBOIIOIOXKHBIE YIJIBI JIOCKH HE MOTYT

UJTUA IOJAPSJT B IIyTH JIQJbU — TOIIA COCAUHAIONINN UX IIyTh OTJAE/]AET OJUH

U3 ABYX APYTUX IPOTUBOIOJIOXKHBIX YIJIOB, U B 9TOT yIOJI JIaJbs IOIACTDH T ’}‘
HE MOXKET. 3Ha4UT, YIJIbl OOXOISTCs JIMOO IIPOTUB YaCOBOM CTPEJIKHU, JIMOO

o dacosoit crpesike. Cirydanm abCOIOTHO aHAJOIMYHBI, pa3dbepeM MePBLIil.
JocraTouno pazobpaTh BapUAHTLI, KOTJa MEPBBIH yros B IyTHu JjeBbiii. Ecim
NIEPBBIM MPOXOAUATCA JIEBBIA BEPXHUN yTOJI, TO IIYTh, COCIUHAIONINI IIepBbIe
TPH yIJIa, OTPe3aeT MOCAeTHUN YTIoJI — JIaJIbsd He MOXKET B HEro IonacThb. Ecym
IIePBbLIM IIPOXOAUTCH JIEBbII HUXKHUNU yT0JI, TO Y2Ke IIPOad Cile 1y oIyl yroJi, | |
MbI OKa3bIBae€MCsl OTPE3aHHBIMU OT OCTAJIbHBIX YIJIOB.

[Tosryaennoe mporuBopetne MOKa3bIBAET, YTO HA KJIeTKY hl j1aabs Moriia

II0ITIaCThb TOJIBKO C KJIETKHN gl

3. Jlanw n uysemos ¢ momepamu om 1 do n. [aa xascdoeo k om 1 do n nycmov fr(n) obosnauaem
KOAUMECTNBO cnocobos oKpacums Hamypasvhuie wucaa om 1 do n e nepsvie k ysemos (kaosrcdvd u3 amux
usemos dosoicen npucymemeosams). Aoxaostcume, wmo wucaa fi(n)+ fs(n)+ fs(n)+... u fa(n)+ fa(n)+
fe(n) 4+ ... omauvuaromes na 1.

(Packpacku, omauvarowueca nepecmanoskol yeemos, cuumatomesa pasnwomu. Hanpumep, f1(2) = 1 u
f2(2)=2.)
(M.A. Bepwmetin, I'A.Mepson)

O6ozuaunm cymmy f1(n)+ fa(n)+... gepes O(n), a cymmy fa(n)+ fa(n)+... gepes E(n). Hokaxkem
naykipeir mo n, aro |O(n) — E(n)] = 1. Jna n = 1 sro paseHcTBO cupaBeyinBo. Ilycrs oHO BepHO
JIJIs1 HEKOTOPOT'O JIJIsi HEKOTOPOT'O KOJIMYIECTBa I[BETOB N. 3ameTnM, 910 fr(n+ 1) = kfi(n) + kfr—1(n) npn
1 < k < n+1, nockoyibky 1006aBUB IUCIO N+ 1, MBI MOYKEM ITOKPACUTDH €0 B OJUH U3 UMEIOIIUXCs k I[BETOB,
€cJIM ocTasIbHBIE UHCTIA y’Ke PACKpalleHbl B Kk I[BETOB, JmbO, €C/IH OCTAIbHbIE UNC/Ia PACKpAlleHsl B k — 1



I[BET, IIOKPACUTD €r0 B OCTABINUiiCS u3 k MePBBIX IBETOB. 3aMeTUM Takke, 910 fri1(n+1) = (n+1)f,(n)
u fi(n+1) = fi(n). Torga

O(n+1) = fi(n) +3(fs(n) + f2(n)) +5(fs(n) + fa(n)) + ...,

En+1)=2(fa(n) + fi(n)) + 4(fa(n) + f3(n)) +....

Bbrunrast 071HO BbIpazkeHne U3 JAPyroro u HPOM3BOJIsl COKPAIIEHUs], Oy IUM, YTO
On+1)—E(n+1)=E(Mn)—0(n),

OTKYy/a CJeIyeT YTBEPXKIeHNe 3aa4uu AJis 1 + 1 11BeToB.

Kommernmapuii. Kak HI yIuBUTEIHHO, y 9TOM 3a/1a41 UMEETCsI U reoMeTpryeckoe pernerne. Jleo B Tom,
410 (J1s1 PUKCHPOBAHHOTO N) dncia fi(n) cyTh KoamdecTBa (n — k)-MepHBIX rpaHeii y HekoToporo (n — 1)-
MEPHOIO0 MHOT'OI'DaHHUKA — nepmymasdpa. Taxoit MHONOIPAHHUK MOXKHO [OJIY9UTh, B3SB B N-MEPHOM IIPO-
CTPAHCTBE BLITYKJIYIO 0001049KY N! TOYeK, KOOPUHATHI KOTOPBIX — YUCIa OT 1 710 N B KAKOM-JTM00 MOPsIJIKe.
Yro0b1 pazobpaThbCsa B 3TOM yTBEPKIECHUM, MOXKHO HAYATL C IMOCTPOEHUsI OMEKInM MeXKIy pedpamu mep-
MyTa’/Ipa U packpackamu MHOxkecTBa {1,...,n} B n — 1 nser.

Hamnpumep, KOJM4aecTBO BEPIIMH 3TOIO MHOTOYToJIbHUKA 1!, To ecTb paBHo f(n). (B kadecTse xoporiero
YIPasKHEHUsI MOYKHO MONPOOOBATH YCTAHOBUTH OUEKIMIO MEXKy pebpaMu IepMyTaeipa U pacKpacKaMmu
muoxecrsa {1,...,n} B n — 1 nser.)

s n = 2 mepMyTasap — 9TO MPOCTO OTPE3OK, AJd N = 3 — MIEeCTUYTOJBHUK, IJIsI n = 4 — yCe'ueHHbI
OKTa3p (CM. PUCYHOK).
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Taxum obpaszom, Jjid pelleHns 3aa4uu JJOCTATOYHO JI0Ka3aTh, YTO 3HAKOIIEPEMEHHAs! CyMMa, KOJIMYECTB
k-mepHBIX rpaHeil nepmyTasiapa pasaa 1. Ho dopmysia Ditsiepa rapaHTupyer, 9To Takas cyMMma paBHa 1
BOOOIIIE Jist JTI060r0 BBIIYKJIOrO (MHOIOMEPHOI0) MHOrOIpaHHHKa. Hampumep, jist TpeXMEpHBIX MHOTO-
FPAHHHUKOB 3Ta (popMyJsia mpeBpaiiaercs: B u3Bectuoe papeuctso V —E+F—1=1,rtne V, E u F — qucia
BepIuH, pebep u rpaHeil MHOTOrpaHHUKA, a cjaraeMoe “—1” cOOTBETCTBYET €ro BHY TPEHHOCTH; PABEHCTBO
KOJINYECTB BEPIIUH U Pebep MHOTOYTOJIbHUKA — TOXKE YaCTHBIN CIydail 910 pOpMyJIbL.



4. Cpepa xacaemces ecex pebep mempasdpa ABCD xpome peopa CD. Jokaosrcume, wmo cyuecmsyem
chepa, Komopas Kacaemes ecex pebep amozo mempasdpa kpome pebpa AB.
(B.B.IIpouseos08)

Jlemma. Cywecmeyem cepa, wacarowasca ecex pébep mempasdpa, 6vims moocem, xpome C D, ecau u
moavko ecau AC + BD = AD + BC.

[IycTb nckomasi cepa cymectByer. Torna Brnmcanable OKpy»KHOCTH TpeyroiabankoB ABC u ABD xa-
CAIOTCsI B TOYKe KacaHus JJaHHoil cdepnl ¢ pebpom A B. HaobopoT, eciin BIUCaHHBIE OKPYKHOCTH TPEYTOJIb-
ko ABC u ABD umeror ofliyo TOUKy (a 3HAUNUT, KAcaloTcsl), TO cojeprKalias ux cdepa — HCKOMas.
ITycts M1 n Mo— TOYKHM KacaHUs BIUCAHHBIX OKpYyKHOCTeH Tpeyronbankos ABC u ABD c pebpom AB.

Ilo msBecTHO! dopmyse s JJIUH OTPE3KOB, Ha KOTOPbIE Pa30MBAIOTCS CTOPOHBI TPEYTOJIHLHUKA TOUKA-

W u AM, = ABEAD—BD Y ,capue BOncanHbIX
AB+AC—BC _ AB+AD-BD
2 = 2

MU KaCaHMs BIIMCAHHON OKpyKHOCcTH, AM| =

OKPY2KHOCTEll 9KBUBAJIEHTHO ToMYy, YT0 AM; = AM>s, T0 ecThb
Ho paserctBy AC' + BD = AD + BC.

Bepuémcst k periennto 3a/iaun. Tak Kak CymecTByeT cdepa, KacaroIasicss Bcex PEdep Terpasipa, KpoMme
CD, to o memme AC + BD = AD + BC. U 1o Toit XKe JieMMe, IpUMeHEHHON K pebpy AB, mojydyaeM
uckoMyIio cdepy. Ocrajaoch HoKa3aTh, UYTO HoJydeHHas cdepa He Kacaercs Bcex pébep Terpasapa. Ilpen-
mosioxkuM potuBHOe. Torma oHa ObI mepecekasa miockocty ABC u ABD 10 BIHCAHHBIM OKPYKHOCTSIM

, YTO PABHOCHUJIb-

COOTBETCTBYIOIINX TPEYTOJIbHUKOB, TO €CTh UMeJia Obl JiBe 00IIre OKPYKHOCTH cO cepoil, TaHHON B yCJIO-
BHUH, & 3HAYUT, COBIaaJa Obl ¢ Hell.

5. Jan mmozounsen P(xz) ¢ payuonasvhvmu kosdduyuenmamu. Hzeecmmuo, wmo das xkadtcdozo namy-
paavnozo n natidemea makoe namypanvnoe k, wmo P(L) = 1. Joxaswcume, wmo natidymea maxue wucaa
cum, wmo P(x) =c-x™.

(C.Cnupudoros)

[Iycrs P(2) = ama™+- - -+a1z+ag. [Ipusenst apobu ayy, . . ., a1, ag K 06IeMy 3HAMEHATEJIIO ¢, 3aIUIIeM
P(zx) B BUZE
1
;(bm:rm + ...+ bz +by),
rae gucaa t, by, ..., by — meabie. BodbMeM & paBHBIM JIOCTATOYHO OOJILIIIOMY IIPOCTOMY YHCIy p. Torma
P 1 _bm+pbm—1+-'-+pmb0
p t-pm '

Eciu p > |by,|, To unciuresnb mosydeHHoi npobu B3auMuo 1poct ¢ p'™. C Apyroii CTOPOHBI, ecjin XOTs Obl
oH u3 KO3 DUIUEeHToB by, 1, ..., by OTJIMIEH OT HYJISI U P JOCTATOYHO BEJIUKO,

|bm 4+ pbm_1+ ... —i—pmbo‘ > ’t’,

OTKY/Ia YHUCJIATEh Halleil Apodu He MOXKET IMOJHOCTHIO COKPATHUTCH CO 3HAMEHATEJIEM, U 3HAYUT HYUCJIO
P(%) He UMeeT BHJa %, 9TO TpOTHBOpednuT ycjaoButo. lloatomy b,,—1 = ... = by = 0, u yTBep)IcHUE
3aJa4n TOKA3aHO.

6. Jl6ym pasymHbim MYPABLAM 3GPAHEE 00BABUAU, MO UL HOUDBIO 6BICAOAM 00HOBPEMEHHO 6 d8e Gep-
WUHDBL HAGTOOAULE20CA 8 HEBECOMOCTNU NPAMOY204H020 napasresenuneda 1 X 1 X 2 m. Mypasvu noasarom
MOALKO MO PEOPAM, UT MAKCUMAALHAA cKopocmb 1 m/mun. Mozym au onu dozogopumuvcs deticmeosamy
MaK, 4mobvl 2aPAHMUPOSAHHO BCMPEMUMBCA panee wem uepe3 9 munym nocae evicadku? (Mypaset sna-
em, CKOAbKO OH NPONoA3.)

(A.B.Illanosanos)

V napaJuiesienuieia ecThb JIBe KBa paTHble PPaHi CO CTOPOHOI 1 M — Ha30BeM UX MaJIbIMHU. 3a IE€PBbIE
TPU MHUHYTBI KaKIblii MypaBeil HAXOIUT MaJjyio T'PaHb: OH HIET 10 pebpy 0 KOHIIA, TOTOM II0 JPYyTOMY
— U TOrJia OH 3HAeT, Kakue pedpa obpa3yloT MaJjyio rpanb. lajgee BTOpoii OeraeT mo cBoeil MaJioif rpaHu
[IPOTHUB YACOBOI CTPEJIKH, & IEPBLIi ¢ Hadasa 4-# 1o KoHell 5-if MUHYThI 00X0auT 1Ba pedpa cBoeil Majoi
IrpaHu 10 49acoBoil crpeske. JImb6o OH BcTperuT BTOPOro, JubO 3aTeM 3a 2 MHHYTBHI Iepeiiger Ha APyryio
MAaJIyIo TpaHb, U TaM, UJIsl CHOBA IO 9aCOBOU CTpeJIKe, He TT03/IHee 9eM depe3 1,5 MUHYTHI BCTPETUT BTOPOTO.
Wroro makcumyM OyaeT morpadeHo 8,5 MUHYT.



