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1 BBenenne

Jammas paboTa OCBAIIEHA HCCISIOBAHNIO 331a4 O TTOBEICHNH poOOTOB B jJabupuaTax. CeKTp MOm00HBIX
3a/1a9 TOBOJIBHO ODIITMPEH W 3aTPAruBaeT KJII0YeBbie acmeKThl Teopernydeckoit Computer Science. Koned-
HO, PeIlleHre TAaKUX 33189 HE 03HAYAET ABTOMATUIECKOE PEIeHne CI0KHBIX IIPOOIEM TEOPHUH CJIO2KHOCTH.
Tem He MeHee PACCMOTPEHWE JAHHBIX BOMPOCOB MOXKET TOJIOXKWUTETHHO CKA3aThCS HA MOHUMAHWUM CY-
T Teoperndeckoit Computer Science. EcTth Hame:kma, 9To moBemeHre poOOTOB C JAOHPUHTAX SABJISETCS
XOpOoIIeii MOIEbIO [IJIsi HETPUBUAJIBHBIX TEOPETUKO-MHMOPMAIMOHHBIX 33/1a49, U OTPAOOTKA METOIOB U
MIOIXO/0B K MCCJIEOBAHUIO ITOBEIEHUS POOOTOB macT Oojee cepbe3Hble Pe3yabTarhl ¢ Oyayiiem. Takxe,
CTOUT OTMETUTH, UYTO MOJOOHBIE 339U U B YACTHOCTH 3339 U3 ITOIM CTATHU, MOTYT OBITH MHTEPECHDI
JJIs ITKOJIbHUKOB, WHTEpecyonmxcs Teoperndeckoit Computer Science, n ux yuureei.

OCHOBHBIM JIEACTBYOIIUM JIUIIOM UCCIIeAyeMOil 0bsacTu siBisgercs pobor (HEKOTODbI KOHEUHBINH aB-
Tomar), apuraiomuiicst B cpeje. Cpeoii MoKeT siBasieTcss HeKOTOpbIit rpad, vacro 3o rpad Kenmm neko-
TOPO# IPyNIBI, ¥ OCHOBHOM 3a/1a9eit pobOTa SBJISIETCS MOCEIeHNe BCeX BepIuH 3Toro rpada. 1oBonsHO
HOJHBIA 0030p MOMOOHBIX 3aja4 MOXKHO Hajitu B 9roii kuure [1]. HacTo B cpeie MOMEINAOTCS HEKOTO-
pble IBUKHMBIE OOBEKTBI, KOTOPbIE MBI OyIeM HA3bIBATH KAMHSIMH. POOOT MOXKET B3amMOIEefiCTBOBATD C
KAMHSIMU, OIIyINas uxX u apuras. [1omo0HOe B3anMOmeicTBIE CYIIECTBEHHO Pa3HOOOPa3uT HAeiicTBrE pOo-
oora. CrammaprHas GhOpPMYyJIUpPOBKA 33Ja9M B JAHHOM CJIy9ae — ITO OMPEIEIUTH KAKOE MUHUMAJIHHOE
KOJIMYIECTBO KaMHell HeoOxoanMo poboTy mjisa obxona cpeabl. HekoTopbie mpuMephbl MOI00HBIX 3349 pac-
cMarpuBaiorcs 3z1ech [2]. Takzke J10BOJIBHO MHTEPECHBIMU MOXKET OKA3aTbCs PACCMOTDEHHE [IOBEIEHUs
pobota ¢ ciayuaitnoii cpeme. [IpobieMbr TAKOTO PO TPEIIOIATAIOTCA K UCCIETOBAHUIO B MOCIIETY FOIIIX
paborax. /TobaBaeHne BO3MOKHOCTHA POOOTY MOTb30BATHCA JATINKOM CIYIaNHBIX OMTOB MOXKET CIIyKUTH
Xopoluleil uiIIoCTpaueil 3Ha4UMOCTU CJIyYaiHOCTU B aJITOPUTMUYECKUX 3a/1a4aX.

B nmammoit poboTe GyayT pacCMOTPEHBI BOIPOCHI TOCTPOEHUST TIOJTHHOMHUAIBHBIX 10 BPEMEHH aJITOPUT-
MOB 006x071a poboToM mpocrpamcTa ZF. Bamada obxoma poGOTOM MpocTpancTBa ZF mosHoCThIO permena,
TO €CTh U3BECTHBI AJITOPUTMbBI C MUHUMAJIbHBIM KOJIMYECTBOM KaMHEH /i BCeX kK M M3BECTHO, YTO OHU
onruMmasbubl. g k = 1 meobxomumo 2 Kamusd, ajisg k > 2 3. Tem ne menee npu k > 3 onTuMasIbHbIE AJI-
FOPUTMBI MCTIOJB3YIOT SMYJIANNI0 ManHbl MUHCKOrO [3], 9T0 MpUBOANT K WX OY€Hb MeJIEHHOI paboTe.
COOTBETCTBEHHO, BCTAET BOIPOC MOCTPOEHHE OBICTPBIX alrOpUTMOB 00x0na ZF. BeicTpora MOMKeT ObITH

BBIPAyKEHA CJIEAYIONMM 00pa3oM: pOOOT C1es1aeT MOJIMHOMUAATIHLHOE OT MAKCAMYyMa, MOIYyJell KOODIAMHAT



KOJIMIECTBO XOIO0B, ITOOBI IIOCETUTH TOYKY C TAKHUMHU KoopmumHaTtamu. /s ManeHbKuX k 3a7ada mMeeT
W3BECTHBIE PEIeHNsT B 9aCTHOCTH Ajs k = 1 mHeobxomumo 2 kamus, mias k = 2,3 C.ByHbkoBOil moka3aHo,
YTO JOCTATOYHO 3-X KaMHeil. AJIrOpuTM, IIpeICTaBIeHHbIA B 9T0il paboTe, JeIaeT 3TO ¢ KCIOIb30BAHAEM

4-x KaMHEeH.

2 IlocranoBka 3aga4n

Hauném ¢ 6osee popMasbHOrO OMUCAHUST MOIENN, B KOTOPOil MBI OymeM paboTarh, W 3aa4u, KOTOPYIO

MBI XOTHM PEIIUTD.

2.1 Ba3zossle ompeaeaeHUs

B pamkax mamHOi paboThl, CPEIOii, B KOTOPO# ABUKETCs POOOT, OyIeM canTaTh HEKOTOPYIo rpymmy. Torma

HAITy MO/JIeJIb MOYKHO ONHUCATh C MOMOIIHIO CIEAYIOMINX OIpeaeeHni.

Ounpenenenne 1. Cucmemots aabupurm-pobom nasweaemcs L = (G, R,n, D), 2de G — nexomopas epyn-
na, R - Konewnwll asmomam cneyuaibrozo euda, n - neompuyamenvroe yeaoe wucao, D — nodmmoorce-

cmeo G.

Ounpenenenune 2. Koneunwii asmomam R = (Q,qo, ) naswvieaemcs asmomamom poboma. Q — muooice-
€cmeo cocmoanull agmomama, qo € Q) — HavaavHoe cocmosnue asmomama. 6 ¢ Qx{0,1}" - Q — dynryus

nepea:odoe 6 asmomame.

Sameuanmne 1. [leperodn, 6 asmomame R = (Q,qo,d) ocywecmsasromes no 6umosvim 6eKmopam AU

n.

Onpenenenne 3. Cocmosnuem cucmemv, Aa0upunm-pobom nazveaemes 1abop (a,s1,82,...,84,q), 2de
a€G, s;eG, qe@Q. Bydem nasweams a — pacnososcenuem poboma, s; - PACNOAOHCEHUAMU KAMMHET.
Havaavuvim cocmosnuem cucmemss aabupurm-pobom 6ydem (e, e e, ....e,qo), 2de e — netmpasvruiili sae-

menm epynnot G.

Ounpenenenue 4. {dy,ds,...,d,} = D Ha3616a10mca NePerooHbLMU SAEMERMAMY CUCTEMYL AGOUPUHM.-

pobom.

Onpegenenune 5. Xodom 6 cocmoanuu q € Q naswsaemca (d,p), 2de de D, p e {0,1}", npuuém ecau 8

cocmoanue ecmb nepexod no eexmopy p', 6 xomopom i~ 6um 0, mo 6 p i-1i 6um doascen Govmy 0.

Ounpenenenune 6. Pesyasvmamom xoda poboma 6 cocmoanuu cucmemss (a,S1, 82, ..., 8n,q) 6ydem cocmo-
anue (a', 8], 85, ...,50,,q") co caedyrowumu ceoticmeamu. ITycms (d,p) coomeememeyrowut cOCMOAHUIO
q; o’ =ad, s; = s;d, ecau i-wii 6Gum p pasen 1, unaue s; = s;; w € {0,1}", npuvem i-wG bum w pasen 1,

4

ecau a’ = S;, uHaGY“E 0,’ U3 COCMoAHUA q 6 asMmMomame R no 6EKMOPY W €eCcmb nepex00 6 cocmoaHue q,.

B menom cucrema mabupuaT-poboT L paboraer Tak. Haunnaem ¢ HauagbHOTO COCTOSTHUS, W TTOOYEPETHO
MU3MEHSIEM COCTOSIHUS COTJIACHO XomaM pobora. To ecTh, MOXKHO CKA3aTh, UTO JAHHASI CUCTEMa, TEHEPUPYeT

HOCTIEJOBATEIBHOCTD COCTOAHMUI {l); }2], COMIACHO BBINICOMMCAHHBIM IIPABHIIAM.

Jlemma 1. Iycmo cucmema, HATOOUMCA 8 COCMOAHUY

Ik = (a, 81,82, ...,8n,q), u q coomsememsyem (d,p). Tozda, ecau i-wii 6um p pasen 1, mo a = s;.



JlokazaTesbcTBO. B Ha9a/bHOM COCTOSHUN 9TO BBIMOJIHAETCS, T.K. IJIsI JI000r0 ¢ a = S;. Jlokaxkem mjis
MIPOU3BOJILHOTO COCTOAHUSA (@, 81, 82, ..., Sn, q). IIycTh g coorBercTByer (d, p), TOTA €C/IH i-blii OUT p paBeH
1, TO, COTJIaCHO OMpEIEsIEHNIO, BCE BEKTOPA, 10 KOTOPHIM €CTh MEPEXO/Ibl B ¢, UMEIOT i-blii OUT paBHBIM 1.
CrieioBaTeIbHO, TI0 ONPEIETIEHUIO PE3YIbTATa X0Aa PODOTA st COCTOAHUS )1, 4 = S;. [

Bosiee HarsisiHo BCIO 9Ty KOHCTPYKIUIO MOXKHO TIPEJICTAaBUTH Tak. Vmeercs: poboT, KOTOPOMY COOTBET-
CTByeT KOHEUHBIH aBroMar R, n kamueil u cam jabupunt (rpynmna G). B kaxapiit MoMeHT BpeMeru poboT
¥ KaMHU HAXOAWTCHA B KAKOM-TO, 3jieMeHTe rpynnbl G, a U S; COOTBETCTBEHHO. TakKe B KaXKIbIil MOMEHT
BPEMEHHU OLPEJEEeHO cocTosgnue apromara g. Kaxmomy cocrosuuio ¢ coorsercrsyer xoi pobora (d,p),
rae d KaKoi-TO 3JIEMEHT TPYIIbBI, P — HOMEPa KaMHEll, KOTOphIe HEOOXOANMO MOABUHYTh. B KaxKabIii MO-
MEHT BpEeMeHU PODOOT JIIaeT X0/, T.€. XOAUT CaM U JBUraeT HEKOTOPbIH Habop KaMHel (BO3MOXKHO I1yCTO# )
B HampaBeHun snementa d. [Ipu aToMm, corracHo ieMMe, MOTYT JIBHTATHCST TOJBKO T€ KAMHU, C KOTOPBIMEI
pobor umeer onuy nosunuio. Ilocie caenanHoro xoqa poboT MOHUMAET, KAKHE KAMHHM HAXO/SATCA C HUM B
OJTHO TIO3UINH, U B COOTBETCTBUM C ITUM 3HAHUEM M3MEHSIET COCTOSIHME CBOETrO aBTOMATA.

OrmMernM, 4TO € OOOHBIM OIIPE/IeIeHNeM He COBCEM y/I00HO paboTaTh, HOCKOIBKY TOCTPOEHNE KOHEY-
HOTO aBToMaTa R MoyKeT ObITh TEXHUYECKHU CJIOXKHOI 331a4eii. Ilosromy Mbr Oyaem mpeacTaBiasgTh podora
CKOp€ee KaK HEKOTOPYIO IPOrpamMMy, HOJIb3YIONLyOCsd KOHEYHON MaMAThI0. AHAIOraMu IEPEXO/I0B B ABTO-
Mare OyIyT CrenuajbHble WHCTPYKIIUK «CIEJATh XOJ, B TAKOM-TO HAIMPABJIEHUHU B3AB C COOOIl Takme-TO
KaMHU». 9TU WHCTPYKIHUU OYyIAyT BO3BPAIIATH HAOOPHI KAMHEl, ¢ KOTOPBIME POOOT HAXOAUTCS B OTHOM
no3uiuu. Bosiee MeHee MOHATHO MOYEMy TH JBa onpejesenus Oyayr skBuBajieHTHbI. C OJHON CTOPOHBI
KOHEUYHBIH aBTOMAT MOXKET CIMYJIMPOBATH TAKYH MPOTPAMMY, B3SB 33 COCTOSTHUS TEKYIIEe MeCTOIOJIO-
JKEHME B IIPOrpAMMe U COCTOsiHUE €€ maMaTu (MX KoHedHOe KOjudecTBO). C Apyroit CTOPOHBI JI0BOJIBHO
JIETKO MOXKHO HAMKMCATH TPOrpaMMy, KOTOpasi peaTn3yer KOHeYHbIH aBroMar. TeM He MeHee B XOJe HAIIUX
paccyzKieHuit, 1o J00HbIE POrPAMMbI, PeATH3yIOIIue HEOOXOAMMY IO HAM JIOIMKY, Mbl HE Oy/I€M OlUCHIBATD

SIBHO, TIPOCTO OyJeM TOBOPUTD, UTO OHU CYIIECTBYIOT.

2.2 IlocranoBKa 3aja4u B 00I1IEM Ciiy4ae

3aaun, KOTOPhIE TPEJIAraeTCs PeliaTh B CBA3W C CHCTEMOI pOOOT-TabUpPUHT, MOTYT OBITH OMUCAHBI B
caenytomem kiode. [lycrs 3adukcupoBana rpymnma GG, HampasjieHus Xom0B D, n KOIMYeCTBO KaMHE.
Bomnpoc, cymecrsyer sin Takoit pobor (aBromar R), koTopbiii cmoxker 000fiTu Bee nementor G, T.e. Jist
moboro a € G Oyzer cymecrtBoBarh k, Takoe, 4To Il = (a,...). Emg Gosee mHTEpECHBIM BOMPOCOM MO-
KeT ObITh CJIEeIYIONMUil: KAKOBO MUHHUMATBLHOE KOJTMYECTBO KaMHell n mpu (DUKCHPOBAHHBIX rpymnie G,
HAIPABJIEHUIX BO3MOXKHBIX XO/I0B D, IIPU KOTOPBIX CyIIecTByeT poboT obxoasmuii G.

Bwibop rpymmer G u mHOXKecTBA D MOXKeT ObITH pa3nudabiM. OOBIYHO MHOXKECTBO [) COCTOWUT u3
TMTOPOXK JAIONINX JJIEMEHTOB TPYIIBI U uX 00parubix. Hampumep, aj1a cBo00AHOIM rpynnbl Fy MOPOXK IEHHOM
a,b, MmEOZKeCTBO D OrmYHO B3sTH 0, b, a” ', b1, Coywaii, koTopeii GyaeM u3ydars Mbl, 910 caydaii ZF. B
9TOM CJIydae MHOXKeCTBO D Oy/er coCTOATh u3 OA3MCHBIX JIEMEHTOB U X OTPHUIAHMII.

Takzke MOXKeT CTaTh WHTEPECHBIM BOIPOC KOJUYIECTBA XOIOB, KOTOPOEe moTpedyercd mjis obxomza. B
ciaydae GECKOHEYHBIX IPYIIT €r0 MOXKHO BBIPA3UTHh B CJIEAYIONIAX TEPMUHAX: KAKOE KOJUYECTBO XOIOB
norpebyercs Jyisi TOro, 4robbl 060iTH Kakoe-1ub0 1moaMHoKecTBo G (MHTEpecyeT HpexK/ie BCero 3aBUCH-

MOCTH KOJIMYECTBA XOJOB OT PACTIONOXKEHUs, PA3MEPa U IPYIUX XaPAKTEPUCTUK TTOJMHOKECTBA).



2.3 IlocranmoBka 3ama4dm B ciaydae ZF

B cayuae Z* MuHMMaIbHOE KOJTMYIECTBO KaMHEHT, HEOOXOIMMBIX [JIst 06X01a, 3aBucuT ot k. B cayqae k = 1
HEOOXOAMMO 2 KaMHsl, B CJydae B OCTATBHBIX CJIYYasX M3BECTHO, 9TO MOXKHO OOOUTHCH 3-M$sI KAMHSIMHU.
IIpu 3TOM 3TH OUEHKHU TOYHBI, TO €CTh U3BECTHO, YTO C MEHBIIUM KOJUYECTBOM KaMHEH 3TO CJIeIaTh
Hesb3st. OHAKO B M3BECTHHIX PEIIEHMSIX ITOH 3a1a4m, B caydae k > 3 ms obxona ZF poGor smymupyer
Mammuay Mwuackoro. HecmoTpst Ha TO, 9TO BBIYUC/IUTEIbHAS MOIIHOCTb MAIUHBI MUHCKOTO M MAITHHBI
ThIOpUHTra OJIMHAKOBDI, PEATU3AIUs JAXKe CAMBIX TPOCTBIX AJITOPUTMOB TPEOYeT SKCIOHEHIHATBLHOTO OT
pasmepa Bxoza Bpemenu. [losromy pobor, ncnosp3yomuii Mamuny Muuckoro mis o6xona ZF, norparur
KaK MUHMMYM SKCIOHEHIIHAJIHHOE BpEMs JIJIsi e€ MoceleHus. TeM He MeHee XOUeTCs MPEIbIBUTh KaKue-
760 MOJIMHOMHUAJILHEIE 00XOIbI IpH Beex k. POpMasIbHO 9TO MOKHO OIMHCATh Tak. Beeném ma ZF cucremy

KOODJIMHAT, TOT/IA, OIPE/IeJIEHIe TTOJTHHOMHUATBHOCTH OYIeT CIeayIOInM.

Oupenenenune 7. [Iycmv pobom navunaem dsuzamovca u3 navara xKoopourwam u T(d) smo nomep xoda,
Kozda enepevie pobomom nocewena xaemxa d. Tozda 06T00 cuumMaemcs NOAUHOMUGALHMBIM, ECAU CYULE-
cmeyrom xkoncmanmo, C,r makue, wmo daa aobot d T(d) < Cp(d)", ede p(d) — marcumym modyaet

xoopduram d.

Hns k = 1,2 crasgaprabie 06xoabl (€ 2-Mst 1 3-Ms KAMHSMH) U TaK SABJIAIOTCH MOIMHOMUAATLHBIMHE).
Hns k = 3 TakKe W3BECTEH MOJIMHOMHMAIHHBIN 00X0 MCTOAB3yonuil 3 KaMus. s 60IhIIX pa3zMepHo-
creit MOXKHO 00001UTH 00X0 71 k = 3, ¥ IOy IUTh TOJUHOMHUAJIBHBIE O0XOIbI UCIOJIb3YONIne k KaMHEH.
Co6GeTBEHHO, ¢ yIydIlieHneM TOCTIeIHUX OIEHOK CBsI3aHa JaHHas pabora. B eé pamkam GyaeT mpeabsaBieH
MMOJTMHOMHUAJILHBIN 00X0/1, UCIIOMb3yomuit 4 KaMHs, u paboraroruii ajis1 000 pa3zmeprocta k > 1.

Obmrast cxema TOKa3aTeIbCTBA CYIIECTBOBAHUS TAKOro 00Xoa ciefdyioinas. Jlyis Havasa moka3biBa-
€M, KakuM 00pa3oM MOXKHO IOJIyYUTh JBOUYHOE IPEICTABICHUE YUC/IA U3 BHENIHEH naMsTh (BHeIIHeHl
[HaMSATHI0 MOYXKHO Ha3BAaTh HEKOTOPYIO CIElUaJbHYI0 KOH(MUIypanuio Kamueli B npocrpancrse). [lorom
uperbasiseM 06xox ZF (B sanHOM ciryuae 06X0z1 910 HEKOTOPbIHA 1yTh Ha 7ZF , 06xousiiumii BCé 1pocTpat-
CTBO), TIPU TOM OMUCBHIBAETCS CIIOCO0 MOJIyYeHNUs HANPABJICHUs X0 TI0 ero Homepy B mytu. lajee omu-
ChIBaeM caM 00Xom: poboT 6ymaer o6xoquTh ZF 1Mo mOCTPOeHHOMY HAMH IIyTH, XPAHS BO BHEINHEH TaMSITH
HOMED TEKYIIEro XOAa. Y MEHHEe y3HATh JBOMYHOE IIPEJACTABJIEHNE HOMEPA XO/1a IIO3BOJIUT HAM y3HABATH

HEOOXOINMOe HAITPABJICHNE IBUKCHUSA.

3 IlIpoctbie aaropuTMbl 00X0aa ITPU PA3JIMIHBIX K

Ilepes TeM KAk IPeCTABATH OCHOBHOMN PE3y/IbTAT PAbOTHI, PACCMOTPUM HIPOCTHIE AITOPUTMBL 00x01a ZF
IIPpU Pa3JUYIHBIX k, PO KOTOPbIE NOBOPUJIOCH BbIle. B dacTHOCTH OyIyT OMUCAHBI AJTOPUTMBL s k =
1,2, cemeiicTBO MOIMHOMUAJIBHBIX AJTOPUTMOB IS OOJIBIINX PA3MEPHOCTEH M aJrOPUTM IMYJIUDPYOIIHA

MamwmHy MWHCKOTO ¥ UCHOSB3YONuil 3 KaMHS.

3.1 Cayuait k=1

Cnyuait k = 1 ecrectBenno cambiii ipoctoii. s obxoma Z poboTy JOCTATOYHO HCIOIB30BATH BCETO 2

kamus (A u B). Ilpu onucanuu 6ymeM CYUTATh, 9TO HA Z €CThL CHCTE€Ma KOODAMHAT, U POOOT W KAMHU



PACIHOJIAraloTCsd B TOYKaxX (KJIETKAX) C COOTBETCTBYIONMMU UM Koopaunaramu. Cxema ajaropurma o6xona
B BHUE IeficTBHiT poOOTa TPEICTaBIeHA HUXKE.
Hauvannuasa koHdurypamus: kamau A u B u pobot B Touke 0.

l: TUKA  // DOBTOPSTH GECKOHETHO

2:  TepeIBUHYTH KAMeHb A B MOJOXKHUTEIbHYIO CTOPOHY

3:  UATU B OTPUIATEILHYIO CTOPOHY JI0 BCTpedu ¢ KamHeM B

4:  TIEPEIBUHYTH KaMeHb B B OTPUIATEIHLHYIO CTOPOHY

5:  WIATH B MOJIOXKUTEJIBHYIO CTOPOHY 0 BCTPEYd ¢ KaMHeM A

OueBuHO, 9TO B pe3y/IbTaTe WCIIOJHEHWS TOJ00HOI0 AJrOpuTMa J0bas KJeTKa Z OyaeTr IMOCEIIeHa

KazKj1ad KJIeTKa, IPUYeM JIerKo IOCYHTATh, 4To i n > 0 morpebyercsa 2n? — n X010B, 4TOOLI IIOCETUTD

KJIETKY C KOOPIHHATOM n, a masa n < 0 2n? + n X010B.

3.2 Caywuaii k=2

Asropury™ 06xo/1a TpocTpancTsa Z2 6yIeT HCIoIb30BaTh 3 KaMHs. OJIMH U3 BAPHAHTOB MOCTPOEHUS 3TOTO
JITOPUTMa, — ITO UCIOJIb30BaHME 00X0/Ia BCEX KJIETOK MPAMOYTOJBHOIO PABHOOEIPEHHOTO TPEYTOJIHHUKA,

¢ cTOpoHO 1 ¢ ucnosnb3oBanueM 3-x Kamueii (A, B u C). Cxema 31010 00X0712 HIXKE

Havanpuaasi koudurypanusa: A, B u podor B rouke (0,0), C' B Touke (n,0)
Kouneunas koudurypanus: A, B B touke (n,0), C B Touke (n,n), Bce kaerku tpeyroabunka (0,0),
(n,0), (n,n) nocemens
1: IUKJI
2:  mepenectn A B mHanpasaenun (1,0)
3:  mepeiitu Hanpasjgenun (—1,0)
4:  wmarw 1o kaMHsA B B Hanpasierun (0,1)
5:  nepenectu B B nanpassenun (1,1)
6: wmaru 10 Kamada A B Hanpasienun (0,—1)
7. ecsm A u C B OIHOH KJIETKE TO
8: BBIXOJ M3 IUKJIa
9: momensitb Mectamu B u C
Jlerko ybeaurhcs, 9TO MOMOOHBIN AJITOPUTM JE€HCTBUTEIHLHO UCIOIHAET TpebyeMoe, IIpu 3TOM OH BbI-
nonaaeTcs 3a O(n?) xomoB (Kaxkmas KJIeTKa TPEYTOJBHUKA TOCEITAeTCs He OOJIbITe KOHCTAHTHI pa3, B
OCHOBHOM 2 DPa3a,).

Teneps MOXKHO JIETKO MPEIbABATH AJTOPATM 0OXOIa KBaAPATa CO CTOPOHOM Nn.

Havanpuasi koudurypanusa: A, B u podor B rouke (0,0), C B Touke (n,0)
Koneunas koudwurypanus: A, B u potor B Touke (0,0), C' B Touke (n,0), Bce KIeTKH KBagpaTa
(0,0), (n,0), (n,n) (0,n) moceuieHbI
1: oboiitu rpeyrosbuuk (0,0), (n,0), (n,n)
2: oboiitu Tpeyroasuuk (n,0), (n,n), (0,n)
3: oboiitu Tpeyromsuuk (n,n), (0,n), (0,0)

4: oboittu Tpeyroasauk (0,n), (0,0), (n,0)



Anasornuno acummroTtuka 3toro aaropurma O(n?). B mtore o6xom Beeit Z? MOXKHO COBEPITHTD CJie-
JLYIOITIM 00OpPA30M.
Havanbuas koudurypanusa: A, B, C u po6or B Touke (0,0)
1: nepeasunyTh C' B Hanpasjexuu (1,0)
2: umKa [/ i-as mrepanusi, A, B B Touke (—i+1,-i+1), C' B rouke (i,—i +1)
3:  oboiitn xBampar (—i+1,-i+1), (i,-i+1), (¢,4), (-i +1,7)
4:  mepensunyTh A u B B T0uKy (—1i,—1)
5. poiiru 10 Touku C' u nepeapunyTh B (i + 1,—17)
6: BepHyrbcs B (4,—1+ 1)
TnaBnast upes ajaropurma — 00XOQUTH KBaJAPAThI, KOTOPbIE PACIIUPSIOTCA HA KAaXKJOi MTepaluu Ha
O/IHY KJIETKY B KaxK/Iyl0 CTOpOHy. Tak Kak Ha KaxK/lyl0 UTePALMIO TPATUTCH KBAJAPATUUHOE OT €8 HOMepa
KOJIIIECTBO XO7IOB, J/Ts 06X0/Ta BCeX KAETOK ¢ KOOPMHATAMH TIO MOTYJTIO MEHBITIMH 1 IoTpebyercsa O (n?)

XOJIOB.

3.3 Cayuait k> 2

Js1 HA4UaIa MpenbsaBAM aJropuTM obxomza Z° ¢ mcmosnb3oBammeM 3-x kammeil. Obmas cxeMa 06x01a
TaKkoBa: OyIeM MOOYEPENHO OOXOMUTH TPAHUILI BIIOXKEHHBIX APYT B Apyra KyooB K, ¢ auaroHajsMu
(-n+1,-n+1,-n+1) (n,n,n), nauunaa ¢ n = 1. Cpanuipl Takux KyGOB NPEACTABIAIOT co00i 6 KBaI-
pATOB, MO3ITOMY WX MOXKHO OOOHTH € MOMOINBIO OOXOIOB KBAJIPATOB, MPEJACTABIEHHBIX BbIle. TodHOE
JIOKAa3aTeIbCTBO TOrO, 9TO 9TO MOXKHO IIPOJIETATH C IIOMOIIBI0 3 KaMHel 371ech nepeBoauThb ue oymaem. Q-
HaKO 3aMeTUM, YTO TPAHUILy KaxKI0r0 K, B TAHHON cXxeme MOXKHO 00OWTH 3a KBAPATHIHOE IO 7, BPEMS,
mosToMy 00xof, meteix K, Gyger sanumarh 0(n?) Bpemenn.

st mpon3BObHOTO k anropurMm OyaeT OCHOBAH HA TOM »Ke maee, n OyJeT WCIOIb30BaTh k KaMHeil.
Byaem 06xoaurh rpanunst k-mepubix Ky6os K, ¢ quaronansyu (-n+1,...,-n+1) (n,...,n). Tpanuupt s1ux
Ky0OB cocTaBjenbl u3 2k k — 1-mepHBIX KyOOB, OITOMY HaM HEOOXOAUM AJITOPUTM 00x01a k — 1-MepHOro
Ky6a €O CTOPOHOI N. ITOT ATTOPUTM OYIAET COCTOATH B CJAEAYIONEM: MyCcTh k—1 HAXOAUTCS B OHOM TOUKE,
U ewé OAMH KaMeHb Ha paccrosuuu 1 or Hux, Haiupumep (0,...,0) u (n,...,0) (Bexropbl miunoi k — 1).
Byzem obxoauTs mpocTpancTBo ZF! ¢ momormsio k — 1 KaMHsI, TOJTBKO B TOJIOKATEIHHBIX KOOPIMHATAX
(mns 3Toro Ky6nl K, Hy:KHO pacIIupaTh HE 1O BceM 2k — 2 HampaBjeHusM, a no k — 1) 10 Tex mop 1o
He HATKHOMCs HA yIAJTeHHBII KaMeHb. JI0Ka3aTesbeTBO TOro (hbakTa, 9T0 ¢ MOMOIIBI0 MOXKHO 060iTH ZF

3/1eCh MPUBOIUTH HE Oy/1eT, OJHAKO OTMETHM, YTO ACHMIITOTHKA I0I00HOr0 06x01a Oyaer G(nk)

3.4 O6xon ¢ MoMOIIbI0 MaUIMHBL VMuHCKOro

Kaxk rosopmsiochk pambire jo6oe ZF moskHo o6oiiTn, ncnons3ys seero 3 kamust. st 910 poGoTy HEOGXO-

JMMO COMYNMpoBaTh MamuHy Mwunackoro. Mammua MuHCKOro npeicrasiisier co00il KOHEUHbBIH aBTOMAT U

JIBa, CIETUNKA, KOTOPBbIE MOXKHO MHKPEMEHTHPOBATHL M JeKPEMEHTHPOBaTh. [lomobHast cucTemMa mMeer Ty

YK€ BBIYUCJIUTEIHHYIO MOIIHOCTh, 9TO W MarmwHa ThiopuHra. PoOOT MOMKeT TOBOJIBHO JIETKO COMYJIAPO-

BaTh MAIWHY, /I 9TOTO €My JOCTATOYHO XpaHuTh KaMun B u C' Ha PACCTOSHUN 3HAYEHUI CUETINKOB OT
A 6 i it ZF 6 it ZF

kamusg A. JIaa obxoma Takoi KOHCTPYKITHEit MOXKHO HCIOJIb30BATh MYyTh OOXOIATITNM (manpumep,

TAKOW KaK Mbl OLMIIEM HUXKE), TO €CTb HEKOTOPYIO GECKOHEYHYIO OCJIEJI0BATENbHOCTD HAIPABJICHUI,



pUYeM (-O€ HAIPABJIEHUS AJITOPUTMUIECKH BBIYUACIUMO 1O ¢. Torma pobor Oymer XpaHWTb B MallWHEe
HOMEDP TEKYIIEro HAIMPaBJIEHNs, BHIYUCIATH €ro CABUTATH MO 3TOMY HAIPaBJIEHWIO BCIO MAITUHY W yBe-
JINYUBATH HOMED Ha eIUHUILYy. KC/IM cauTaTh 94To <«IEHTP» MAIIUHBI 9TO KaMeHb A, TOTIa B XOI€ TaKOro
anropurma A 060iiér Bce npocrpancTBo. OTMETHM, 9TO TPUMEPHO TAKON YKe CXeMO MbI BOCIIOIb3yEeMCs
B HAIIEM AJITOPUTME, TOJIBKO JIjisi CIMTBIBAHUS HOMEpa, OyJeT UCHoIb30BaThesd 4 KaMHsi. DTO MO3BOJIAT

HaM n30aBUTCSA OT BKCHOHeHI_[HaJIbHOfI ACUMIITOTUKU.

4 IlosydyeHue ABOUYHOTO MPEACTABJIEHUS YHCJIIA

IlepBbiM pe3yabraToM MPUOIUZKAIONIEM HAC IO IMOCTPOEHHUIO MOJUHOMUAAIBHOIO 00X0/1a, OyIeT aJiroOpuTM
TTOJIyYeHUST TOJIYUYE€HNE JBOUIHOTO TIPEICTABICHUST YUCAa. [Ipeamoso)um, 9To0 pobOT UMEET BO BHEITHEH
MaMaTH HEKOTOPYIO WHMOPMAINIO, K mpuMepy ducao n. Cambril mpocToii crrocod XpaHeHus 1 — 3TO pac-
MOJIOXKUTH J[BA KaMHsI TaKOM paccrosgauu. Q4ueBuIHO, 9TO J7id 00paboTKu Takoi uadopMalun Tpedyercs
HETPUBUAJIbHAS JIOTUKA, T.K. BHYTPEHHss [aMsATh poboTa orpanndena KoHcranTou. Crocob obpaborku
9TOil MHMOPMAIINK MOXKET CYIIECTBEHHO 3aBUCETh OT 331a49M, KOTOPYIO0 HEOOXOINMO BBIMOJHUTH POOOTY.
B pamkax mamreit 3a7a4un HeOOXOIUMO MOy YUTh JBOMYHOE MIPEICTABIECHUE YUCIIA 71, HAYHHAS C MJIJIIIIe-
ro 6uTa J0 CAMOTO CTAPIIEro eIUHUIHOr0. Bojiee KOHKPETHO 9TO O3HAYAET, ITO POOOT MOTydaeT OUTHI B
TIOTOKOBOM PEXKHUME, T.e. MOBTOPSET JBa JACHCTBUS: Y3HATH CJEAYIONINH OUT 9nCiia, eCiu TAKOBOW MMe-
€TCsl, MPOJIEJIaTh KaKyI0-Iub0 BHYTPEHHIO JIOTuKy (06paborarsh 3ror 6ut). Ilokazkem, 4To CyIIecTByeT
ObICTPBIN (HOJIMHOMMAJIBHBIA OT 1) AJICOPUTM IIOJYYEHUS YUCJIA 7 TAKUM CIIOCOOOM, UCHOJIb3YOMuUil 2
JOMOJTHUTEIbHBIX KAMHS.

IIycts nmerorcst kamuu A u B 3agatomume n, Oy1eM CIYUTaTh, YTO OHU HEMOABUKHBI. TakKe ecTh 1Ba
BcomoraTesbubix KaMusa C' u D. B pamMkax JaHHOTO aJropuTMa BCe KAMHU OyIyT HAXOAATCS HA OTHON
MPSAMOM, /I yI0OCTBA BBEAEM HA HEll CHCTEMY KOOPIMHAT.

s Hadasia upebaBAM AJICOPUTM JEeJIeHUs OTPE3KAa JJIMHbL K II0II0JIaM M IIOJIyY€HUEe OCTATKA IPU
srom gesennn. CxeMa aJropuTMa MPUBEIECHA HUKE.

Havanbuasa koadurypanusa: kamuu C' u D B Toukax ¢ koopauaatamu 0 u k, pobor B Touke 0
Koneunas koudwurypanus: C, D u poGoT B ToUke |k/2]|, B naMaTh 3amMCaH OCTATOK TIPH JIEIEHAN HA
2

1: IUKJI

2: WATU B TOJOXKUTEIHHYI0 CTOPOHY 10 KamHusi [

3:  MepeaBWHYTH KaMeHb D) Ha OJHY KJIETKY B OTPHUIATEHHYIO CTOPOHY

4:  ecqm kamuu C' u D Ha 0IHOHI KI€TKe TO

5: 3ammMcaTh B MaMATh, YTO OCTATOK paBeH 1

6: BBIXOJ, U3 [UKJIA

7:  WATH B OTPHUIATEIBHYIO CTOPOHY 10 Kamus C

8:  mepenBWHYTH KamMeHb C' HA OIHY KJIETKY B MOJIOKUTEIHHYIO CTOPOHY

9:  ecymm kamau C' u D HaA OIHOM KJIETKE TO

10: 3ammcaTh B MaMATh, YTO OCTATOK paBeH ()

11: BbIXO/J N3 ITNKJIAa

Jlerko BuzeTh, 4ro mocie d wreparyii nukia koopauHarsl kamueir C' u D 6ynyr d u k — d coorBer-



CTBEHHO, MO3TOMY TP YE€THOM Kk ANTOPUTM 3aBEPIIATHCA MOCHTE k/2 TUKIIOB ¢ HYKHBIM PE3YJTbTATOM, a
mpu HewéTHOM Tocae [k/2] nukIIoB.
Teneps MOJIb3yACH JAHHBIM JIEJIEHUEM, TIPE/IbSBUM AJITOPUTM ITOJIYIEHHs BCEX OMTOB YHCIIA 1 HAMHHAS
€ MJTAJIIIETO.
Havanbuasa koudurypanusa: kavuau A, C, D u pobor B Touke 0, B B TOUYKe N
Kouneunas koudurypanus: kamau A, C; D u pobor B Touke 0, B B TOYKE N, B MAMATH IO0YEPETHO
3aIMUCAHBl ONTHI YMCIA N HAYWHAS C MJIAJIIIEro
1: WATHU B MOJIOKUTEJIbHYIO CTOPOHY € KaMHeM D 1o kamust B
2: BepHYTbCA B TOUKY ()
3 AR |/ i-asg wrepanus, C B Touke 0, D B Touke |n/207! |
4 BumMoOTHUTH fenenwe aas xkamueir C u D // C u D B toure [n/2¢]
5:  3alUCcaTh OCTATOK MPHU JICTICHUH B MAMSITh
6:  BBIIOJHUTb BHYTPEHHIOIO JIOTUKY // 9Ta 4acrTb 3aBHCHT OT IPHMEHEHHs aJIOPUTMA
7. ecam C' n D naxomsrcs B Touke 0 To
8: BBIXO0/I, U3 [UKJIA
9: wWHa4Ye

10: nepenectu C' B Touky 0

BameTum, 4TO B X0Jie i-0if MTEPAIMH [UK/Ia TPOUCXOMUT Je/eHne orpeska aunoit [n/2°7!|. Ocrarok
NIPU 3TOM JIEIEHUH COOTBETCTBYET i-OMY OWTY 4WuCia 1 (€Cau MJIaamuii GUT TPUHATH MEPBBIM ), TIOITOMY
AJITOPUTM OYIeT 3aIMChIBATH B MAMATDH ACHCTBATENIHLHO TpebyeMblii pe3yabTar. Temepb ocTanoch JoKa3aTh,

9TO AJrOPUTM PabOTaeT 3a JIOIyCTAMOE BPEeMs.

Jlemma 2.  Aaneopumm NOAYUEHUSA bumos YUCAG n pabomaem 3a 8pems

T(n) = O(n?).

HoxkazarenabctrBo. [locuantaem 71 HagaIa CKOJBKO XOIOB TPATUTHCSA HA, KAXKIYIO OMEPAIUIO TEICHS.
[Iycts mHaganabuoe paccrogaue mexay C u D pasuo k. Torma k X010B MOTpATUTCS HA CABUTH KaMHEH, a

k .
Ha IIPOXO/IbI MEXK/ly KaMHsAMU Oy/1eT IoTpadeHo y.,_; 4. FIToro Bcero Xo/i0B Ha OJIHO JiejIEHHE IIOTPATHTCS:

(k+ Dk _ (k+3)k
2 2

k
k+Yi=k+
i=1

OueBnHO, 9TO B XO/E ANropuTMa OyJeT BBIMOJHEHO nejenue ducaa n, noyromy 1'(n) > (n + 3)n/2.
sl OMEHKW CBEpXy MOCYMTAEM KOJIMIECTBO BCEX XOMOB B anroputme. CHagana GyneT BBITOJIHEHO 7
XOZIOB, TIOTOM JIJIsl KaZK/JIOH OTEpanuu JeIeHus aucia k GyJeT BBIMOJIHEHO K JOMOJHATENBHBIX XOIO0B 1
cama omepaius jgenenust (Bcero (k +5)k/2). Ilycrs 2° — 1 HanMeHblee YUCIO0 TAKOTO BHJIA, KOTOPOE HE
menbiie n. B anropurme ansa 2° — 1 u n OQMHAKOBOE KOIMHYECTBO jAejeHHil ($), HO KazKI0e Ie/eHHe B
anroputme mas 2° — 1 3aHMMAET HE MEHbBIE BPEMEHHU, I€M COOTBETCTBYIONIME JENeHue st n. [losromy

BEPHO CJIeIyIOIIee:
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Taxum o6pazom BepHo n2/2 < T'(n) < 8n + 4n? orkyma ciemyer Tpebyemoe. [

5 Ilocrpoenme myTu obxoma ZF

CyImecTBeHHas YacTh aJTOPHTMA TTOTHHOMUAIBHOrO 00x01a poboTom ZF — 910 mocrpoenne myTu 06xo01a
ZF. O6xom, KOTOpBIA GyIeT MOCTPOEH HAMH IOCTPOEH, MPOHIET Yepe3 KasKIylo KIETKY MPOCTPAHCTBA
poero 1 pa3. Ob6mwmit noAX0/I K €ro MOCTPOEHUI0 TAKOB: CTPOUM CeMEHCTBO OOXOM0B k-MEpPHBIX KyOOB €
JJIMHAMY CTOPOH DPABHBIMHU CTEMEHSM JBONKHW, TMOTOM HA OCHOBE THX OOXOIOB TOJyYaeM 00XOJ, BCEro
npocTpancTBa. OnuireM OCHOBHBIE TEPMUHBI, B KOTOPBIX OyIeM MPOU3BOIUTH MOCTPOECHUE.

Ha Z* ectb 2k BO3MOMKHBIX HAIIPABJICHHI IBHKeHNs. ECIH eCTh HAPAB/IeHNe ABUKEHHS |, IPOTHBO-

IIOJTOZKHOE HaIpaBjeHne OyaeM o003HaYaTh —i. BBeaém onpeseseHue myTu.

Onpenenenue 8. I[Tymv — ynopsdovwernvili HaOODP, KOHEUHbT UMY OECKOHEWHDIT, HANPaBAeHUl dsudice-
nus. Ecau m — nyms, mo m[i] — nanpasaenue deusicenue i-020 xoda smoezo nymu. Hymepayus xodos

eedémca ¢ eQUHULDL.

Omnpegenenne 9. Ilycms m = ajas...a, — nyms, moada:
1. -m=-a1—as...—asg
2. m= arpag-1...0a1
3. =m — 06x0d nymu m 6 0bpaMmHY CMOPOHY.

3ameuanne 2. Koueunvie camonenepecexaruuecs nymu dauns, k 3ampazusatom k + 1 xaemxy npo-

cmpaHcmea.

3ameuanne 3. Umobv. nosywums cdeuz mencoy HaUaALHOT U KOHEYHOT MOYKOT NYMU N0 HANPAEAEHUIO

i, HYHCHO NPOCYMMUPOBATL 6CE T00bl 6 HANPAEAEHUUY 1 € NANOCOM U 8 HANPABAEHUY -1 c MUHYCOM.

OCHOBHBIM MHCTPYMEHTOM IOCTpOeHus obxoma Oyuaer rpymna Gp, AefiCTByIOIIas Ha HAIIPABJIEHUIX
nemkenns. OHa Oymer neiiCcTBOBATH TaK: €CIu 3jIeMeHT ¢ € (G, MEePEeBOAWT HAMPABJIEHUE | B j, TO OH —i
nepeBeser B —j. D1a rpyuna usoMopdua Sk xZax...xZg (Zs - k pa3). TpuBuaibHO onpeensiercs neficraue
STOI IPYIIIIbL HA [y TAX OAUHAKOBON aiuHbL: g(ajas...ax) = g(a1)g(az)...g(ax), rue g € G, ajas...ax - 1yTh

JUIMHBL K.

5.1 O6xox k-mepHOTO Kyba CO CTOPOHOII CO CTOPOHOI 2

st mocTpoenHust 00X01a BCErO MPOCTPAHCTBA HAM MOTPEOYIOTCs 0OXOAbI KyOOB ¢ Pa3TUIHBIMA JTAHAME

cropor. Haumém ¢ mocrpoenus obxoma kyba co croponoit 2. Ha camom mene, moCcTpOeHHBIN HaMu OOXO.T



SKBHUBAJICHTEH OOXO/y MOJIyYeHHOMY ¢ nomoupio KouoB ['pes [4]. Tem ne menee HeoOGxoaumo onmcarhb
MOMOOHBIN OOXO, B HAINNX TEPMUHAX.

Paccmorpum k-mepHbliit KyO co cToponoit 2, k > 1. O0x01 Takoro Kyba MOXKHO MTPEICTABUTH KAK CaMO-
HEeMepeCceKaroNuiics MyTh JITHHbI 2k _ 1. IToctpoum cemeiictBo M}, TaKux 0OXOIOB CIIEAYIONIAM OOPA30OM:
NpebaBUM OIUH 00XOJ, a OCTAJIbHBIE MOJIYIUM KaK opouty jeiicrBus Gy HaJ STUM 0DOXOIOM. 3aMETHUM,
9T0 m060it g € G} COOTBETCTBYET KAKOMY-TO IBIKEHWIO B MPOCTpaHCTBe ZF mosromy mpm meficTBum
smementamu G Ha 00x071 KyOa, Oymer mo/ydarcs Takke 00Xoz Kyoa.

O603Ha9nM HAPABJIEHUS JIBUMKEHUS L1, —L1, L2, —L2, L3, —L3.... PACCMOTPHUM IIOCJIEI0BATETLHOCTD ITy-

Tefi {m;} TTOCTPOEHHYIO TIO CIEYIONMEMY PEKYPPEHTHOMY TMPABWILY: my = 1, m; = M1 2;—m;_1.

JIemma 3. IIymo my ¢ navwarom 6 xaemxe (0,0, ...,0) ob6zodum kyb ¢ duazonaavio (0,0,...,0) (1,1,...,1)
S — S — S —

k k k
(nomepa Koopouram cOOmMEEMCMEYM HOMEPAM HANPABACHUT).

JokazaTesbcTBO. Bynem mokaszwiBarh mo naayKiun. s k = 1 mokaszareabcTBO oueBuAHO. IIycTh mis
k =i -1 ¢dakr Bepen. Hokaxkem st k = i.

Bamerum, m;_; — 00xo1 KyGa ¢ muaronansio (0,0,...,0)(1,1,...,1,0). Xox 1o HaIpaBIeHUIO T; TIEPe-
BOJIUM HAC B TOYKY C NOCJEJIHENl KOOPAUHATOU paBH(Z)ﬁ 1. TaKZ KaK MMyTb —m;_1 OOpaTeH MyTH M;_1, B
MPOEKITHs Ha MepPBbIe ¢ — 1 KOOPAUHATY MbI BEPHEMCS OOPATHO, TOYHO TAKAM K€ IIyTEM KAK W IIPHUIILIA.

CrenoBaTeIbHO, YYUTHIBAS XOI B HANPABJIEHUU T;, C TIOMOIIbIO —1M;_1 MbI 000iIéM KyD C AUATOHAJIBIO

(0,0,...,0,1)(1,1,...,1). Bamerum, cHauaIa Mbl OOOILIN «HUKHIOIO» IIOJIOBUHY Ky6a, MEPEeILId B «BepPX-
N— N——

i-1 i
HIOIO» 1 ODOIILIN €€ TaKKe KaK M «HUKHIOI0», TOJHKO B 00paTHyio crpony. IToro kaxmaas KiaeTka Kyda

¢ quarouanbio (0,0,...,0)(1,1,...,1) Gbuta mocemena. [
—_——— ——

i i
Paccmorpum Teneph mpou3BOALHBIN dgemenT m € My. Tak kak My — opOuTa 3/1eMeHTa 1My, MpHu Aei-

crBuu rpynibl G, M MOXKHO [IPEJICTABUTDH B ciedytomieM Buiae m = g(my), g € Gy. JlokazkeM HECKOJIbKO

JIEMM.

Jlemma 4. HauaavHas U KOHewHAs MOYKU NYmMu m cocednue, npuvém 4mobv, nepetimiu u3 Hauaia 6

KoHey, Heobrodumo notimu no nanpasasenuro g(xy).

okazaTesbcTBO. /locTaTOYHO MOKA3aTh ITOT (PAKT [JIs M) W HANPABIEHHUS Xk. llocumTaem caBur mo
KaXKJIOMY HATIPABJIEHUIO. 3aMETHM, 9TO KAyKIOMY HAITPABJIEHHUIO B MM )_1 COOTBETCTBYET TPOTHBOTIOJIOKHOE
HaIpaBJIeHNe B —My_1. 1109TOMY CABUTH 1mMig_1 U —Mj_1 KOMIEHCUPYIOTCsS. Takum 00pa3om ocTaércst OnuH

X0, B HanpaByeHuu . Orciofa cieayer Tpedyemoe. ]

Oupepenenue 10. Bydem nasweams nanpasaenue g(ry) ocrosnowm nanpasaeruem m = g(my). Pebpo

MeNHCIY HAUAALHOT U KOHEWHOT KAEMEOT maxoce bydem Ha3bE8aMd 0CHOBHDLM.

Onpenenenune 11. Ilycmo ¢ — kaemka kyba C, xomopol ob6xodum nyms m. Tozda bydem 2060pums,

YMO HANPABAEHUS A1, a2, ...a) Pebep Kyba C' 6br00Auur ud ¢ 3a0at0m Kiemry npu obxode m.

JIemma 5. Hauwanvnas xaemra 06zxoda m sadaémes g(x1), g(x2), ... g(xg), xoneuwnan g(x1), g(x2), ...,
9(@p-1), 9(=zk).

JoxkazaTeabcTBo. [l q0Ka3aTEIHCTBA JOCTATOYHO MTOKA3ATh, YTO HAYAIHHAS U KOHEUHbIE KIIETKH 1Mk

3a7AI0TCA L1, L2, ..., LTk U L1,L2,... — Tk. JLefiCTBUTEIbHO, IPU MIOCTPOCHUH My}, HATAIbHAS KIeTKa ObLia 0,

10



a BeCb Ky6 JIe2KaJI B HeOTpHILaTeJ’[bHOﬁ 9aCTH IIPOCTPaHCTBA. A koHeunas Kierka JOJIZKHA TOJIBKO OJHHM

HATPABJIEHUEM OT HAYAJILHOM, M 3TO HANPABICHUE Tk (3AMEHATCA HA —Tk). [

Jlemma 6. Koauuecmeo nymeﬂ us3 Mk UMENUWUT 00uHAK0B0E OCHOBHOE HanpasaAeHue U 00UHAKOBBLE

HANPABACHUA, 300AI0UUE HAUANLHYIO KAEMKY (caedosamenbro u konewnyro) pasro (k—1)!

JokaszaresbcTBo. 2¥ BapnanTos BEIOpATH HAIPABICHHS /s HAYAIBHON KJIETKH, I3 HIX BBIOPATH OC-
HOBHOE k BapuanToB, utoro k2F Bapmamros. Bee Takue xomdurypanun pasHosnadnsr. Mommocts My, —

k2% cnemomarensro oter k!2F/(k2F) = (k- 1)! ]

5.2 O6xoxn k-mepHoro Kyba co cropoHoii 2"

Tenepr mocTponm MHOMXKECTBO Mj, ,, 00X0m0B k-MepHOTO Kyba co cropoHoit 2", ana k > 2,n > 1. OcroBHOe
CBOUCTBO, KOTOPOE Mbl XOTUM PeaIn30Barb B My, ,, — 9TO TO, YTO HAYAIbHAA U KOHEUHAH KJIETKU OyayT
BeplIrHaMu Ky0a, JieXKalluMy Ha OIHOM pebpe. AHajiorudHo OyjeM Ha3blBaTh 3TO PedpO U HalpaBJIEHHE
€My COOTBETCTBYIOIlee OCHOBHBIMU. [locTpoenne OymerT MpOBOANTHCS TAKKe KAk U Jyisad My: cHagasa mo-
CTPOUM OHOTO DA30BOT0 MPEICTABUTEIS JAHHOTO MHOXKECTBA, & OCTAJIBHBIX Oy/IeM MOIy4aTh Kak OpOuTy
npu [efiCTBUU HA 3TOro npeacraputess rpynmnoit G. To 9ro B mrore mbl moctpouM Oyaer o0o0IeHneM

kpusoit ['wibepra (Ileano) na k-mepubiit cayuaii [5, 6, 7).

5.2.1 O6mmmit cay4dait ob6xoga

s My, 1 mocrpoeHre 09eBHIHO, IPOCTO MOJOKUM My, 1 = M.

Has My, o nocrpoenue 6yner menee rpusnasbubiM. Obmuil Bu 6a30B0ro myru my 2 Oyler ciemyio-
mum: 8, k, g-r(=$). IIpu 3TOM ¢_j, MEHSIET MECTaMHU L) U —T, S — ITO MOCJIEIOBATEIHHOCTD CJIELYIOIIAX
x0moB g1 (mg), mi[1], g2(ms), me[2], ... , m[287L = 1], gor-1(my), T€ g; € G HEKOTOpBIE HTEMEHTHI
rpynmbl. ITOCKOMBKY My = Mg 1T —Mg_1 U B M_1 HET XOJOB IO HAMPABIECHUAM T U —Xk, IO APYTOMY
M2 MOXKHO TTPEJCTABNThH KaK 2F yHOpSIIOTeHHRIX 37eMeHTOB 13 M), TTpIUeM MeyKIy MapaMm COCEIHIX
ecTh XombI U3 My, (mx Kax pas 28 —1). dpyrumu ciosamm g1 (my), mi[1], g2(ms), me[2], ... , mp[2F - 1],
gor (M), TA€ Gi = §-kG-Ggor_is1, g- TIEPEBOTUT BCE i B —i.

Feomerpudecku 31OT 9TOT 06XOM BBHINIAAUT caeiyonum obpazom. Hamr k-meprbiit ky6 C' MOXKHO
MpecTaBuTh Kak Kyo C cO CTOPOHOM 2, y KOTOPOro KJeTKu — KyObl co cToponoit 2. Ilycts 3Tu kimeTku
C1,C5, ...,Cyr 3aHYMEpPOBAaHBI B TAKOM MOPSIIKE, B KAKOM 0a30BbIil myTh my, 0oxomuT kyd Cy. Torma, myrs
my 2 oboiiner moodepéano Bee Cy,Cy, ..., Cor, nenas mepexonst or C; K Cjy1 B COOTBETCTBUH € My (TO
€CThb MPOCTO JesIas X0/, B HAIPABJICHUN My [1]).

IMocMoTpuM, Kak KOHKPETHO HeoOx0auMo oboiitu C; (Wiu ApyruMu CJIOBaAMU 33JaTh ¢;), YTOOBI MyTh

MOy 9nJICs KOPPeKTHBIM. [ Hadgama JOKaXKeM JeMMy.

Jlemma 7. ITycemo C; u Ciiq cocednue kyom 6 Cy, a d xaemxa 6 C;. Tozda cywecmsyem nyms m € My,

0bzodawut C; maxol, wmo xaemra d Ha%asbHas, 0 KoHewnas kiemka xacaemes Ciyq.

HokazaTesbcTBo. Tak Kak HadalbHAsA KJIETKA IMyTH yKe 3aduKcupoBaHa, HEOOXOINMO IIPABUIHLHO BbI-
Oparh OCHOBHOE pebpo. 3amerum, 9To B cuiry mocrpoenus C; u C;1 umeror o011yt k—1-MepHyI0 IpaHuILy.

Ectp mBa cnydas: d Kacaercs 3To# TpaHuIbl U d He KacaeTcs. B mepBoMm ciaydae ecthb k — 1 BapuanToB
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BbIOpATh OCHOBHOE PEOPO TaK, 4TOObI KOHEYHAs KJIETKA TOXKE JiexKaJsa Ha 3Toii rpanuie (Bce pébpa uiy-
mue u3 d KpoMe MapaJjule/ibuo rpanure). Bo Bropom ciiydae Takoe pebpo TOMBKO OJHO — PeOpo Beaylee
u3 d neprenaukysipaoe rpanute. C GpUKCHPOBAHHBIM OCHOBHBIM PEOPOM ¥ (DUKCUPOBAHHON HAYAJIHHON
kjerkoii ectb (k —1)! nyreit. Takum obpaszom, B omHom ciyuae ectb (k—1)(k - 1)! noxxonsimux myreii,

B npyrom (k- 1)L [

Jlemma 8. O6xod C| ecezda umeem 0CHOBHOE HANPABAEHUE X7 .

doka3zaTesbcTBO. Ilepexon, 3 Ch B Cy TTPOUCXOTAT Mo HaITPaBJIEHUIO
mg[1] = x1. Haganbnaa xierka C) 3aJa€TCd HANPABJIEHUAMU L1, X2, ..., Tk, HOITOMY BBIIOJHIETCS
NEePBBIil cay4ail U3 JI0Ka3aTe/IbCTBA JIEMMBbI, CJIeJ0BaTeIbHO OCHOBHOE HallDABJIEHUE 1. ]

Teopema 1. Cyuwecmeyem nabop g;, ¢ Komopvmu my o deticmeumendvho obzodum xy6 C.

Jloka3aTeabcTBO. 3aMeTuM, YTO B CHJIY [MOCTPOEHUS IIyTH, BTOPAas MOJOBUHA — 3TO HEPBasi, OTPAYKEH-
Hash OTHOCUTEIHHO THUIMEPIIIOCKOCTY MEJIsINeil KyO MOmoJjiaM ¥ MepIeHInKyJIsIPHON T W MpPONIeHHasT B
obparmyio cropomny. Taknm 06pa3om, HaM HeoOXOIUMO 3aduKCHpoBaTh 06X016! B TepBbix 2°7! Maenn-
KuX KyOOB TakK, 4TOObI Mbl JONUIM U3 HAYaabHOU TOUKU 10 rpaHulbl Cor-1 U Cor-1,, (OHA JIEKUT HA
LPEbLAYLIEH TUIEPILUIOCKOCTH).

B ky6Ge () u3BecTHa HAYAIbHAS KJETKA. DTO HAYAIbHASA KJIETKA BCEro MyTH (eé MOXKHO 3a/aTh Ha-
MPABJIEHUSIMUA T1, L2, .., Tt B O0bIIOM Kybe. Boibepem 06xom B 9TOM Kybe Tak, 4TOObI KOHEYIHAS KJIETKA
kacamack Cy (3TO MOXKHO crenarh cormacuo gemme). Temeps momken mpomsoiitu xom my[1]. Ilocne mero
MBI AeficTBuTENbHO B Kybe Co, Tak Kak cefiaac HaXOMuMCsl Ha IPAHUIE ITHX KyOoB u my[1] neprnenmuky-
JISpPHO €€ 1o mocTpoennio. Teneph HaM W3BECTHA Hada/IbHas KiaeTKa B Co. AHAJOIMYHO MOCTPOUM TYTh B
C u Ttak nanee, 10 Cor-1 BKIIOYUTEIBHO, B UTOTE TIOTYy9IaeM TPEOYEMBIi My Th. [ |

3amerumM, 9TO B MOCTPOEHHOM HAMHU 0DXO/€ HAYaJIbHAS W KOHEYHAs KJIETKU HAXOIATCS B BEPIITHHAX
kyOa C, mpuyeM HAYAIHHASA KJIETKA 33a6TCA HATPABJIEHUSMU T1, L2, -.., Tk, & OCHOBHOE HATIPABJIEHWE
Tk-

ITocrponm Temepsb My, 5, a TOYHEE OTHOTO €rO TPEJACTABATENH My . 1IONTOXKHEM ero ciemyfomum:
gl(mk,nfl)a mk[l]a gZ(mk,nfl)a mk[2:|7 et mk[2k - 1]7 gok (mk,n—l) (gz € Gk: TaKMe 2Ke KakK u JiJjid mk,2)-

Taknm 06pazoM my, ,, BEIPAXKAETCA PEKYPCHBHO T€PE3 Mk 51 -

Teopema 2. Ilymv my,, obxodum k-meprut £y6 co cmoponol 2", npuvem HAYGALHAA KAEMKG NYMU

3000émcea HANPABAEHUAMU T1, T, ..., Tk, G OCHOBHOE HANPABAEHUE T .

MokazaTesbcTBo. Jlokaxkem mo nuuaayknuu. s n = 2 3T0 yTBep:KIeHNE MBI y2Ke JoKa3aau. Ilycts dpakr
BepeH i n — 1, JoKaxKeM Jjisd n.

3aMeruM, UTO €CIU B IMyTH My, 2 BCe 00XOAbI MaaeHbKUX KyOoB C; (oHE 00X0msaTCs myTamu g;(my)),
3aMEHHUTEH HA IMyTH §;(Mk 1), C OAHOE CTOPOHBI HOJYYIAETCS LMyTh My, (OH IO ONPEIETEHUI0 TaKOB).
C apyroit croponbr 06x0apl MaleHbKuX Ky6os C; 3aMeHminch Ha obxoabl Ky6os pasmepa 271, npuuem
HATPABJICHUS 33JAI0NME HAYAILHBIE U KOHEUHbIE KJIETKH HE W3MEHWINCH (B CUJIY TPEINOIOYKEHUS WH-
nykiun). Crie1oBaTeibHO, MEPeXobl MeXK Ly KybaMu OCTaIuCh KOPPEKTHBIMU (€c/i KoHeuHas kjerka C;
ObLTa cocemueil HadaIbHON KieTKu (41, TO B HOBBIX Ky0ax OHM TOXKe OYIyT COCeTHUMU, IPUIEM TEPEXOT,

MeXK/ly HUMH Oy/IeT UMETh TaKoe ke HanpasieHue my[i]). HaganbHble 1 KOHEUHbIE KJIETKH BCErO MyTH
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AQHAJIOTHMYHO OCTAJUCh X1, L2, ..., Lf U T1, T2, ..., —Tk. 1aKUM 00pa30M My, ,, AEUCTBUTEIBHO IOOYEPETHO

obxomuT 2F kyGor pasmepa 27!, To ecTh Ky6 pazmepa 27. [ |

5.2.2 IIpumep BbBIOOpa g;

Kak Obwu1o nmokasano Bblle, CymIECTBYIOT TaKHE (1, 2, ..., ok, IPU KOTOPBIX IYTH M} , OOXOZAT Ky-
OBbI COOTBETCTBYMIOIIUX pas3MepoB. [Ipw 3TOM, B JOKA3ATEILCTBE JOMYCKAJIOCh B HEKOTOPBIX CUTYAIUSIX
BLIOMPATH MPOM3BOILHOE OCHOBHOE pebpo, T.e. g;(k) Obuio He durcuposano. B 3Toil yacTu Mbl TIpeIb-
ABUM KOHKDeTHbIH BbIOOD g;(k), npu Koropom 06x0z Gyzer KOPPEeKTeH. DTO 3HAHUE HAM HeoOA3aTebHO
JTsl TAIbHERIIero MOCTPOEHUsl AJITOPUTMA, [MOITOMY MOXKHO €r0 PaCCMATPHUBATH KAK JIOMOJHUTEbHYIO
nHMOPMAIIHIO.

Bynewm, crpours 3navenus g;(k) Ha ocHOoBe X0I0B B myTu my. llonoxum gy (xg) = 21, gor-1(xg) = xg,
924(xk) = g2g+1 (k) = mi[2¢], rae g or 1 1o 2F=2 1 (moxxno 3amarh nepsbie 2871 ocrasbuble nosnyuaiorcs
u3 cummerpun). [Ipu 9TOM KeTaTenbHO 3HATH HANPABJIEHWs, 33IAI0NINE HAYANbHYIO KJIeTKy ¢;(mg), TO
€CTh Te HANPABJIEHUS Ky E€PEXONAT L1, Lo, ... Tk IOJ HelicTreM ¢; (He 00A3aTebHO 3HATH YTO KYyIa
KOHKPETHO IIEPEXOMUT, MOXKHO OIPEIEJIUTh IPOCTO MHOKECTBO). OUeBUIHO, Y4TO JJisd ¢ 9TO MHOXKECTBO
U eCTb T1, X2, ... Tf. Lemepb mycTb i ¢; 9TO MHOKECTBO H3BECTHO W PABHO a1, G2, ... ,Ak (@ — 3TO UIn
T; WM —2;), TONAA €CIIM i YeTHOe, TO JIS g;;1 OHO OCTAHeTCs TaKMM ¥Ke, MHAYe a1 W (g, (5, ) 00paTarcsa

(eciu ¢ = 1, TO OpU ITOM HUYETrO HE UBMEHUTCS ).
Jlemma 9. Ilpu eviwe onucannnls g; 06x0d kyba My 2, G 3HAYUM U My n, KOPPEKEN.

JokazaTeabcTBo. PaccmMoTpum mpon3BObHOE g; C MHOXKECTBOM HAMPABJIEHUN A1, G2, ... ,Ak. BCam ¢ —
98THOE, TO OCHOBHOE peOpo B o0xoze Kyba C; mMeer HampapieHue mpyi]. 3HAYAT €M U3 HAYATBHON
kyeTkn C; MBI MArHéM B HATIPABJIEHNHU my[i] MBI monazeM B KoHewHyio Kiertky C;. Ecan marunem emg
pa3, mMbl monaaém B KyO Cjyq, IPUYEM B KJIETKY C TAKAMHU 3aJAIONMMU HAPABICHUSIMA KaK ¥ HAYAJIb-
Hag kjaerka C;. 3amerum, 4To 310 HadaibHasa Kierka C;,1, nodromy nepexon u3 C; B C;,1 KOPPEKTEH.
Amasornano, MOXKHO JOKa3aTh Mjs cirydad 4 = 1, T.k. mg[1] = 1.

Ecnu i — meuéTHOE, TO JOKA3ATEIHLCTBO OyIeT AHAJOTUYHO MPEIBIAYIIEMY MYyHKTY, TOJIHKO IararTh
HAJI0 CHavaJla B Haupasjenuu g;(xy ), npu 3roM obparurca nanpasienue g;(xy) (craner —g;(x)), 10TOM B
Hampasienun my[i], (craner manpasmenne —my[i]). T.x. Bce mewérnbe my[i] mubo 1, mbo -1, KIETKA,
KOTOPYIO MBI MPHUIITN Gy/IeT 3a/1aBaThCA HAMPABICHUAMU —A1, 42, ---;~0g, (z)s -0k, 9TO COOTBETCTBYET
HadaabHOM KiteTKe Cj 1, ONATH MOJY9IAEM, UTO MMEPEXO], KOPPEKTEH.

Ecm i = 2871, 1o B cuny cuMMeTpHE HOCTPOEHHS o1 = §ok-1_1, TIOITOMY 3/€CH CHTYyaIus Oyaer
AHAJIOMYHA YETHOMY CJIydaro. ]

Takum 006pa30M MBI TOJYYUIN HADOD ¢; C SIBHO 33JJaHHBIMYM OCHOBHBIMU HAMPABICHUSIMU. 3aMETHM,
YTO JAXKe B 9TUX YCJIOBUAX KAXKJIOE€ ¢; MOXKHO BbIOMpATH 110 pasHomy, a umenHo (k—1)! cocobamu (3ToT
dbakr MbI noKa3piBanK panee). [IpuBenéM siBHbIE IPUMEPHI HOCTPOCHUS My, n, AN k = 2, 3.

B cayuae k = 2 cymecrByer Bcero ogus Habop g; 00Pa3yIUX KOPPEKTHBIH 1y Th. DTOT HAOOP CJeiLy-
[OIUii: g1 IEPEBOAUT T — T, Ty —> L1, g2 = J3 TOXKIECTBEHHBI, ¢4 TIEPEBOIUT T —> —T3, To — —r1. Camu
M2, MOKHO yBHJIETb HA PHCYHKE.

Ipu k = 3 KaxKAYy1O ¢g; MOKHO BBIOPATh KAK MUHEMYM 2 Coco6aMu, Ipu 3TOM ¢; (23) PABHBI CIIEIyTO-

UM HAMPABIEHUAM X1, Lo, T2, T3, T3, —L2, —T2, —T1. LI[pUMEpPHI HA PUCYHKE.
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5.3 O6xon Z*

Iocrpoenne myTn 06x01a Ky6a co CTOpOHO#H 2" HaM ObIIO HEOGXOIAMMO ist OCTpoiikn obxomna ZF. Ham
O0OXOJ TIOCETUT KayKIyI0 KJIETKY OAWH pa3, MPUYeM YHCIO0 XOI0B HEOOXOMMMOe I MOCEIIeHHsT KJIETKN
OyIer MOJMHOMHUAIBHBIM OT €€ KOOPINHAT.

Hauném mocrpoenne 06xoma ¢ BBEIEHUS CIEIUAILHOTO djeMenTa gy € Gi. gy Oymer meiicTBOBAThH HA,

OCHOBHBIE k HATIpABJIEHMUIT CIEAYIOMUM 00pA3OM: T1 = —T1, Ta — —Tk, Ti = Ti—1, A4 i > 2.
Jlemma 10. ITopadox gy pasen 2(k —1)

JokazarenabcTBo. JIerko BuaeTh, 9TO Mpu AeHCTBUE ¢y 00pA3yeTCs IBa MUKJIA: T1 U —T'1, BCE OCTAJIHHBIE
nanpassenud. Jnunabl nukiaos 2 u 2(k — 1), orkyzna mosydaem Tpebyemoe. [ |

Teneppb ompenenum PeKypPCUBHO CJEMYIONHN GECKOHETHYO MOCIEN0BATEIBHOCTD Ty Tei {hy, oo, hy =
My, by = hpo1gy t(1), tae 1 — smo my[1], ga(mun-1), me[2], - » mg[2% = 1], gor (Mp.n1), TO ecTnb

g% (my.n) 6e3 obxona nepsoro Kyba co croponoit 2",

Teopema 3. IIymov h, — 2mo 06100 k-meprozo kyba co cmoponot 2", npuwém KoneuHas Kiemra 00x0da

- amo eepwiuna KYyba 3adannan nanpassenuamu gy (—x1), gy (x2), ..., i (zr).

okazaTeabcTBo. /lokaxkem mo maaykmuu. [Ipum n = 1 mocTtaTodHO MOKa3aTh, UTO KOHETHAS KJIETKA
uckomas. JeicTBuTeibHO B 06X0/1€ M), KOHETHAs KJIETKA 331a€TCA HAIIPABICHUSAME X1, L2, ...,—Lk. JI€FKO
BuzeTh, uro g (—-x1), gu(x2), .., gu(xr) Te XKe caMmble HANPABJICHHUS.

IIycts dakr Bepen mis n — 1, qokaxem aas n. Paccmorpum maimm ky0, kak Kyosr Cp,Cy, ..., Cyr co
CTOPOHOI o1, Samerum, 410 Ay - 3TO gz’l(mk,n,l) ¢ 3aMeHoil 06xoza Kyba Cy Ha hy,_1. [Tokazkem, 4ro
3aMeHa, TTPOM3BEIEHA KOPPEKTHO, MIJIS 3TOTO JTOCTATOYHO JOKA3ATh, UTO TOCIEIHAS KIETKa HOBOTO 00X0Ia
hy-1 u craporo o6xona g% (g1(my.n-1)) Ky6a C coBnajaior.

Bamernm, 4To mpu JOO0M BbIGOpe HAbOpa ¢;, OCHOBHOE HalpaBienwe craporo obxoga kyba Cp —
g% (21). Caenosaresbio, ero Koneunas KiaeTka 3ajaérces nanpasienusvu g% (-z1), g% H(z2), ...
g%t (x1) (mavanbnas sanaéres gy (1), g% (22), vy gy H(zk))- o TpeaNONOKeHNIo MHAYKIMN aHa-
JIOTMYHBIMY HAIIPABJIEHUAMH 3a1a€TCs IMOCIeI s KIeTKa 06xona h,_ 1.

Ocranoch HOKa3aTh, 9TO KOHEYHAs KieTKa M, 310 gf(-x1), g% (z2), ..., 9% (zr). Koneunas kier-
Ka 00X07la — TO KOHewHas KjeTka TyTH g% (my ,-1). Koneunas kiaerka g% ' (my,,-1) Takas e Kak
KOHEYHAsST KJIeTKa g}}‘l(mk), a g Heé 3TOT (PaKT OUYEBUIACH JOKA3ATEILCTBA, IJId 1 = 1. [ |

Temeps Ha OCHOBE ITOM MOCTEIOBATETBHOCTH moCTPpouM 00x0x ZF. HauuéM 06x0/ u3 Hy1eBoil TOUKH 1
OyaeM uary 1o cieiyouemy beckoneanomy wwytu: hy, hoNhy, hgNha, ooy by Nhp_q ... (vae by Nhioq 06xon by
6e3 MepBoii YacTH KOTOpasi COBMAIAET C h;_1). DAKTHUECKHN ITO «IIpEe» MOCJAeIOBATETLHOCTH { Ay Foo {,
modTOMY OymeM 0003HATATD €10 Mo, . HacTu ho, cOOTBeTCTBYyIOMNE i-bIM OyIeM HA3BIBATH dTAIAMU 00X0IA

MIPOCTPAHCTBA.
JIlemMma 11. Beckoneunwili nyms ho, He umeem camonepeceserud.

JokazaTeabcTBO. HeiicTBuTenbHo, MyCTh IIPOU30IILIIO caMoIepecedeHue,
TOT/IA OHO MPOU3OIIIO HA 1-OM ITAlle MOCTPOEHUsI Moo, MPU 3TOM HBBECTHO, 4TO h; OOXOAMT COOTBET-
cTByOImn emy Kyd 6e3 camonepecedenwuii. [loygaem mporuBopeune. [ ]

Temeps mepeiéM K OIMHUCAHUIO TOTO, TaK Mo, 3amosHseT mpocTpancTso. Ilycrs K, — Ky0, KOTOpbIif

00X0UT Moo IO 3aBEPIIEHUH N-OTO ITAIIA.
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Puc. 3: Pacraxenus ky6os B ciyuae k = 2. Hanpasiienue x; — BJIeBO, HAlIPABJIEHUE To — BBEPX

- |

Puc. 4: Pacrsaxenne KyOoB B ciydae k = 3, MTPOEKIWS HA HANPABJIEHUS Xo,T3. HampaBieHue To — BJIEBO,

HaIIpaBJIeHUE T3 — BBEPX

JIemma 12. Ky6 K11 MootcHo noaywums pacmagicenuem xyoa K, no nanpasaenuam g (1), gi(z2),
s G (xg).

HokaszaresbcrBo. 3amernM, IT0 K, 9T0 nepBblil MalTeHbKuit Ky6 npu 00xo/1e K41 ¢ TOMOIIpbIo gy (my p ),
a 3HAYUT OH COOTBETCTBYET BEPIIUHE ¢ HANpaBIeHusIME pébep g7 (1), gi(x2), ..., g (zk). Iloaromy eciu
pactsaayTh K, [0 3TUM HAIPABICHUAM MOJYIATCT Kpy1. [ |

Takum 006pa30oM YaCTh MTPOCTPAHCTBA, KOTOPYIO OOXOAUT flop, PACTET C TOMOIIBIO PACTSXKEHUN KyOOB
B pa3/invHbIe CTOPOHBI B 2 pasda. Tak gy umeer nopsaok 2(k — 1) mampasjeHus pacraykeHuil OymayT
HOBTOPATCA C TAKON 2Ke 4aCTOTOM.

Paccmorpum, kakue rabapursl OyayT umerb Kyobr K. s sroro Oymem mccaeaoBaTh UX MPOEKITUN
Ha Kaxkylo u3 k map nanpasyenuii. Ha mepBom srane Bce npoekiuu OyayT orpeskamu [0, 1]. zmenenue
9TUX OTPE3KOB OyIeT 3HAYUTETHbHO OTIUYAETCS sl HAMPABIEHUN T1,—X] U BCEX OCTATBHBIX. Bynem
0603Ha9aTh 32 [, ¥ 7, KOOPJIUHATHI JIEBOTO ¥ IIPABOIO KOHIIOB OTPE3KOB HA N-OM JTAlle, & 33 d;, MUHUMYM

UX MOIYJIdA.

Jlemma 13. Ilpu npoexyuu K, He nanpasienue —xri, 1 6biNOAHEHO Ay > %(2" -1).

dokazaTesqbcTBo. B cuity BboIOOpa ¢p, pacTsa:KeHWs B HAMPABICHHUSX T1 U —X1 OYyIAyT UepeaoBaTHCH,
TpuYéM Tepexozie oT 2q — 1-omy K 2¢g-oMy 3Tamy OymeT pacTsrKeHue mo —1, a ph TIepexosie oT 2¢-oMy K
2q + 1—0My 9Talry 110 1. COOTBGTCTBGHHO B IEPBOM CJIyd9a€ N3 KOOPAWHATHI JIEBOT'O OTPE3Ka HaJ0 BHIYECTH

22¢-1 o BropoMm K KoOpamHATE mMpaBoro mpubasuts 22¢. Mroro:
L 2i-1 2 L 2 4
i- . - - i_
logo1 =lag==),2%"" = —5(4’1—1),% =roge =1+ 2% =1+ g(4‘1—1)
i=1 i=1
Temepp JIETrKO MPOBEPUTD, ITO W JJIA YETHBIX, U JJIsl HEIETHBIX N, |l,| u 7, HE MeHbITE Yem %(2” -1). =
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. (2% _2)(2n~2(-1)_1)
Jlemma 14. IIpu npoexyuu K, na nanpasaenue —x;, ; (i >1) evnoaneno an > 35—

Hoxka3zatesberBo. 3amerum, 4ro 3a 2(k — 1) noapsan uaymux pacrsizkenuil o k — 1 pacrszkenuto Gyer
B HANPABJICHUSAX T; U —I;. Paccopum 3ran n cremyromme 3a mum 2(k — 1) sran. Tak Kak mo KaxkaoMy
HaIpaBJeHnuo0 ObLI0 k — 1 pacTsizKeHnii, KOHIIbI OTPE3Ka, B KAXKIYI0 CTOPOHY CABUHYJIUCH HE MEHbIIE UM
Ha Zf;ll 27+i=1 (31a penmumHAa, KOT/IA BCe paCTaKeHHs ObLTH B Hadase). Torma A2 (k-1)g+1 MOYKHO OTICHHTD

CJIEIYTONIAM CIIOCOOOM.

M=

A2(k-1)g+1 2

2

k-1 q k-1
Z 22(k—1)(i—1)+j _ Z22(k—1)(i—1)( Z 2j) _
1j=1

i=1 j=1

q ) 2k _ 2)(22(k—1)q _ 1)
_(9k _ 2(k-1)(i-1) _ (
(2 2) i§=1: 2 22(k-1) _ 1

Torga s MPOU3BOILHOIO @y, MOXKHO BAIMCATD, YTO Gp 2 Go(k-1)g+1; TA€ 2(k — 1) + 1 nanGombiuee

YHUCJI0 TAKOrO BHUA, MeHbIee n. Torma:

(2k _ 2)(22(k—1)q _ 1) (2k _ 2)(2n—2(k—1) — 1)
ap 2 A2(k-1)q+1 2 22(k_1) -1 2 22(k_1) -1

Teopema 4. [Tymo ho, nocemum Kadxicoyro xiemxy d, NPUYEM eCAU D — MAKCUMAALHBLE MOJYAD KOOD-

dunam kaemxu, mo xoruvecmeo xodos T(d), xomopvie mor npowan do neé, 6ydem O(p*).

Joka3zareabcTBo. Tak Kak a,, [Iid BCeX HAIPABJICHUH CTPeMATCS K OECKOHEYHOCTH, HA, KAKOM-TO TAIe
BCe OHUM CTaHyT OOJIbINE p, CIEIOBATENHLHO HAIA KJeTKa, OyAeT jeXaTh BHYTPH Kyba, 0DO#mIeHHOrO K
TOMY BPEMEHH.

Ilycts d € K, 5O He d € K,,_1, TO eCTb MbI IOCETUM KJIETKY d Ha n-oM 3Tare. Torma CyIecTByer mapa
HAILIPABJIEHUHN —T;, T;, JJI KOTOPBIX Gy—1 < p. TOrma U3 Ipeapliyniux ABYX JEMM CJIEAYeT, 94To log, p > n+c,

re ¢ Kakas-To KoHcTanta. 3amerny, aro T(d) < 2" (uncno kzerok B xy6e K,,). Torga,
T(d) < 2¥n < 2Ueg2p=c)k _ gck )k

Takum o6pasom mogydaem Tpedbyemoe. [ ]

6 Omnpenenenne HAITpaBJIEHUS X0Ja MO €r0 HOMEPY

Temeps KOrIa, B HAIIEM PACTIOPSIZKEHAH MeeTCs 00x01 ZF | HaM HyskeH HHCTPYMEHT JJIsl TOCTPOEHMST €10
JIOKAJIHHO. Hampuwmep, OBLITO OBl HEILTOXO
YMEThb OIpeJIeisiTh HAIPABIEHUE XOJIa O ero HoMmepy. ljis 9Toro nocTpouM CJIeIyoIy0 KOHCTPYKIUIO:
KOHEYHBIH aBTOMAT, KOTOPOMY Ha BXOJ MOJAETCS MOCIeI0BATENRHOCTE midp 2F-nanoro npencraniennst
HOMepa X0/1a, HAYMHAasl C CAMOI'0 MJIAJIIIEr0 Pa3psiia, Ha BBIXO/IE MTOJIYYAeTCsl COCTOSIHIE COOTBETCTBYIOIINE

HaIIPaBJIECHUIO JIBHU2KEHUA.

6.1 Omnwucanme aBTOMaTa B OOIIEM CJydae

IMocrpoum komeuneli apromar Ay, ¢ 4k? — 2k — 2 cocroamuamu. Cpeau Hux ectb 10 2k — 2 cocTOgHMS

I Kaxkaoro w3 2k manpasnenuii nemxenns (Oymem mx obosmadarb (d,i), rae d - HampaBienue, i -
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KaKOR-TO ocTaToK npu nesenuu Ha 2k — 2) u 2k — 2 cocrognuii Jyis pa3jMuHbIX cremneHeil gy (nopsimiok
snementa gy B Gy pasen 2k — 2). Tlepexobl B aBTOMATE YCTPOEHBI CIEAYIOMUM oOpa3oM. [Ijia KasK10ro
cocTosiHns ecTh 2F Tepexos0B COOTBETCTBYIONMX OCTATKAM Tpu aesiennn Ha 2F. Y mo6oro cocrosmms
(d,i) 3 MepBOro MHOXKECTBa Tepexobl BeIyT B cocTomume (gt gas1 g2y +74(d),i+ 1), Tae a octaTtok npm
k . ..
sesienun Ha 27 (31ecb U Jasiee Bropoil mapamerp cocrosHust 6epérca 1mo moayiio 2k — 2). Y uo6oro
COCTOSTHUS W3 BTOPOTO MHOYKECTBA, COOTBETCTBYIOIIETO (f;, €CIN OCTATOK a pasHsAeTcsa 0, mepexon OymeT
i+1

B ¢!, unave nepexon Gyzer B cocrosuue (g4 (my[al),i+1).

ﬂOKa}KeM OCHOBHO€ CBOMCTBO 3TOI'O aBTOMAaTA.

Jlemma 15. ITycmo na 6x00 aemomamy Ay, nodaww. ocmamsy npu deaenuu wa 2F a1, as, ... ,an, maxue,
PE— k

YMO G Gp_1---G2G1 = P KaxK 2" -unnoe wucao (nepsvie yudpv. mozym ooumo nyasmu). Tozda, 6 xKonye aemo-

MAM. OKAACEMCA AUDO € COCTNOARUY GFy, ecau ece ocmamky 0, Aubo 6 cOCOARUY, COOMEEMCMEYI0ULEM

nanpasaeruto (g% (my.n[p]),n)-

JokazareabcTBo. Bynem mokaseBarh no magyknmu. Ins n = 1 yTBep:KIeHWe OYEBUIHO: €CJIHA P =
0, To mepexoz GyJeT B COCTOfHHE, COOTBETCTBYIOMEe gr. Ecmu p # 0, To nepexon Gyser B COCTOSHUE
(g% (malp]). 1) = (mpa [p],1).

IIycts yTBepKIaeHme BepHO AJId N = ¢, JOKaXKeM Jjd n =1 + 1.

ITycTh mepsble 4 0CTATKOB OBLIM HyJIH, TOTJA TIOCJE MPUHATUS STHX OCTATKOB MBI OKAXKEMCS B COCTO-
auun g, Ecm a1 = 0, T0 Kak u Tpebyerca Mbl mepeiijieM B COCTOHEE ¢h' MPOCTO MO MOCTPOCHHUIO
asromara. Ecin a4 # 0, To Mbr mepeiinem B cocroguuu (g (m[aiz1]),i + 1). Paccmorpum nampasite-
HHE JIBUXKCHAS gfq(mk,iﬂ[p]). 3aMeTuM, ITO P JeJUTCs HA 2°, CIeI0BATETHLHO XOI My i+1[p] cooTBeT-

CTByer mepexomy Mexiy «ManenbkuMmu» Kybamu Cy,,, u Cy,,,+1 npu obxone my 1. CirenoBaresibHO

i+1
My is1[p] = mi[aiz1]. Otcioma caenyer, uto gty (my.iv1[p]) = g% (mlais1]), crenoparensro Kak u TpeGo-
Bajloch Mbl Tiepeiizie B cocrosmue (gt (my.iv1[p]), i+ 1).

Temepp mycTh cpean mepBbIX ¢ ndp ObLIH HEe Hyau. Torma [0 mepexoia Mo ;.1 Mbl HAXOIWMCS B

cocrosnnn (g7t (my i[pi]),4), Tae p; - "ucio, cocrasaennoe us nocaepuux i wacbp p. Hocmorpum Kyaa

HAC TTPUBEIET TIEPEXOJ, IO a;4+1. HampaBieHne n3MEHUTCA Ha CIETYIONIee:

91909895 (Mei[pi]) = 95 Gare, (Mii[pi])

Takzke 3aMETUM, ITO B CUITY IIOCTPOEHHUST My, ;1 EMEET MECTO My, i+1[P] = Ga,, (Mk,i ) [p:]. HeficTBuTenbHO,

My,i+1[p] HaxoquTes B «MamenbroM» Kybe Cy, ., 41 (0OXOAUTCS ¢ HOMOMIBIO gq,,, (M ;)), IPHIEM B 9TOM
. . i ,

Kybe 310 p;-biif x0a. 3Hauut, cocrosnue, B Koropoe Mbl nepeinem Oyzer (gi (mgiv1[p]),i + 1), uro n

TpebOBAIOCH JTOKA3ATH.

Teopema 5. ITycmt na 6x00 aemomamy Ay, nodarv, ocmamuu npu desenuu na 28 a1, ag, ... ,an, maxue,
WMO Uy Gp1.-.02a71 28 -unnas sanuce wucaa p 6e3 nesnavawur nyiet. Tozda 6 KOHUE G6TMOMATN, OKANHCEMCA

6 cocmoanuu (d,n), 2de d = heo[p].

JokazaTeabcTBO. 3aMeTuM, 4To d, - He pasen 0, 103TOMY COIIACHO NPEbILYILEH JIeMMe Mbl OKasKeMCst
B cocroarun (g% (my.n[p]),n). B cuny nocrpoenus hy,, xompt hy, u gyt (my.,) ¢ Homepamu ot 2" ! j10
2" — 1 opmHAKOBBI. 3ameTum, 4To 271 > p > 2" — 1, nosToMy heo[p] = hy[p] = g% (min[p]), uTO HAM U

Tpebdyercs. [ |
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Puc. 5: nyts hy. Hanpasjenne x, — B/I€BO, HAIIPABJIEHNE To — BBEPX

Takum o6pa3om, mocjie IpuHaThs Hudp ducaa p aproMar Ay OKazKeTcss B OJHOM U3 COCTOSHHI COOT-
BETCTBYIONIUX HAIPABICHUIO P-OTO XOJa 00X0Ja Moo, TO €CTh B HAIIMX PYKAX UMEETCs WHCTPYMEHT JIJist

«JIOKAJILHOTO» TOCTpOeHust obxona ZF.

6.2 YacrHsbIil cayyaii: k=2

Jnst 6oJIbIIeit HATTISAHOCTH B TOM CEKIIMH IIPEICTABIM 00X0/ Z2 U aBTOMAT, KOTOPHIH €ro CTPOUT.

Ha kaprTuake mpencraBiaeH 00xos, he,, TOUHEe ero 9acthb hy. s k = 2 gy mepeBoaur 1 B —%1, T2 B
—x9, 03TOMY KybObl (TOuHEe KBaaparbl) K; pacryT 1O OAHOI JuaroHasu B pasuble croponbl. [loxobuoe
TOBEJIEHNE XAPAKTEPHO, TOIBKO I ciiydas k = 2. B OOMbIIX pa3MepHOCTSX poCcT KyOOB OOjIee CI0KHO
YCTPOEH.

Takast mpocroTa II03BOJIIET HEMHOI'O YIPOCTUTH Ao, 6e3 morepu ero nejeBoro cpoicrsa. JIns Kaxk-
JIOrO HAIIPABJIEHUS JIOCTATOYHO HMCIOJIB30BATH 110 OJHOMY cocTosHuio. HOBbIf aBrOMaT MOXHO yBUIETH
Ha pucyske. [lomo0HOe yrpoIeHne CI0XKHO CAejiaTh B OOBITNX PA3MEPHOCTSAX, T.K. gy U ¢; HE BCETIa
KOMMYTHUPYIOT B rpynie Gg. VIMEHHO 1109TOMY NPHILIOCH Jjisi KaxKA0ro Harnpasjienus seectu 1o 2(k—1)

COCTOSIHHA.

7 OOmIuit aJaropuTM IOJIMHOMHUAJLHOTO 00x04a C 4-MsA KaMHAMMU

Haxkomer B HaImx pyKax UMEIOTCs BCE WHCTPYMEHTHI [IjIsi OMUCAHUS UTOTOBOTO TOJIMHOMUAJIBHOTO AJI0-
puTMa 06xX01a Vi poborom, ucnoab3ytomum 4 kamus. Obmas cxema 00xonga Takosa. PoboT Ha KaxKaoi
WATEpALMU [PUBS3aH K KAKON-TO Tekyiei kierke. OH JepKUT OJIMH KaMEHb B 3TOI KJIETKE W €IIé OJuH
Ha paCCTOSHUU M OT Heé B HampasjeHuu ri. C MOMOIIBI0 AJTOPUTMA, MOJYUYEHUsT OUTOB, OH MOJIYJAET
OMTBLI YKCIa N, arperupyer B 6J0Ku 1o k, u gaér Ha Bxox aBromary Ayg. Korma OMTHI 3aKaHUYMBAIOTCH,
pobOoT onpeessieT KAKOMY HAIPABIEHUIO COOTBETCTBYeT Tekyiee cocrogaue Ay. Ilo aToMmy HApaBI€HITO
OH CIBUTAET MAJbHUI KAMEHb W TEKYIIYIO0 KJIETKY BMECTe C KAMHSIMU HA HEfl W yBEJIMYHUBAET DPACCTOS-

Hue Mexay KamuaaMu Ha, 1. [loToM mepexomuT Ha CIEAYIONLYI0 UTEPAIUI0. 3aMETHM, 9YTO B TAKOW CXeMe
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MIOCTPOEHUST TEKYIHE KJIETKU OyIyT U3MEHATCA B COOTBETCTBHUHU C 0OXOIOM Hoo.

KonuuecTBo kKameneil KOTOpoit OymeT MCHOab30BAThH POOOT — 4: IBA, KOTOPHIE MBI OMUCAJIA — OCHOB-
HBIE, U JIBA BCIIOMOTATE/IHHBIX [IJIs1 TIOJyIeHust ONTOB Yucja. [lpw 3TOM, CTOUT 3aMETHUTH, YTO TMOMOOHBIH
AJITOPUTM MOXKET OBITh Pean30BaTh HA KOHEYHOU MaMsaTH. BO-MEPBBIX B KAXK/IbI MOMEHT MbI XPAHUM
He Gosibiie k GUTOB YUCJIa M, BO-BTOPLIX Pa3Mep aBroMara Ay 3aBHCHT TOJIBKO OT Kk, M €0 MOXKHO CIMY-
JINPOBATh HA KOHEYHOM mamsaTu. Temeps omurinem 60jiee mOAPOOHO AJTOPUTM.

Hauvanbuasa koHdurypamus: podor u 4 kamuas A, B, C, D B Touke 0
1: TIepeHeCTH KaMeHb B B HANPAB/IEHUN X1 W BEPHYTHCH
2: MKy // n=1,2...,00, a — TeKylas KJIeTKa
3:  MHUIMAJIM3UPOBATH aBroMar Ay
4:  WITW B HANPaBJEHWN X1 ¢ KaMHeM D 110 Kamust B // HadumHaeM BBIIOJIHATH CYATHIBAHIE OHTOB
5:  BEPHYTHCS B KJIETKY @

6: 1wmKya [/ i-as nrepamsa, C' B kierke a, D B krerke a paccrosmamm |n/27 | or a

7: BBITIOJIHUTD Jiesienne 1yist Kamueit C' u D

8: 3amucaTh OCTATOK MpH JejeHnd Ha 2 (6UT) B maMsTh

9: ecJIm 1 Jejurcd Ha k To

10: arperuposarh nocjaeaHue k nojydennbix 6utos B 6,10k (ocraTox mpu jenenun na 2F) u nepe-

narh asTomary AF

11: ecau C u D naxonsarcs B KJIeTKe a TO

12: BBIXO/I, U3 UAKJIA

13: uHaYe

14: meperectu C' B KJIETKY @

15: €CJIA OCTAINCh HeoOpabOTaHHbIE OUTHI TO

16: JonucaTs Hyjiesbie 6uTol B 610K 1 nepegars apromary AP

17: MOJIy9uTh U3 aBToMaTa Ay HampasieHue d

18: Joiitn 10 B, ¢IBUHYTH B HAIPaBJeHWN d W B HAIIDABIEHWN X1  // JUIs yBeJIHIeHUS N
19: BEPHYTBHCS B @ U CABUHYTH BCE KAMHU B HAIpaBIeHUH d

IlocunTaem Bpemsi, KOTOpoe POOOTY MOHATOOUTHCSA, YTOOBI TOCETUTD KIETKY @, Y KOTOPO# p — MOIYJIb
MaKCUMaJIbHON KOOpAWHATHI. [Ij1s 9TOTO OymeM mocunTaeM, KOrga KJIETKa ¢ CTAHET TEeKYIIeH, I KaKoi-

TO WTEpAIUU AJrOpUTMa, (B ITOM CjIydae poOOT eé TOUYHO MOCETHT).

Teopema 6. [lycmov a kaemka, y KOmMopot p — MOOYAL MAKCUMANLHOU KOOPIUHAMBL, T0206 A M02o,

wmobw, ona cmaaa mexyweti xiemxot aszopumma, nompebyemes T(p) = O(p**) zodoe arzopumma.

okazaTesbcTBo. IlycTh a — TekyInas Kierka n-oif ureparun. Byaem caurarh, 9TO HA i-yI0 UTEPAITATO

2 XOJIOB, IJIE ¢ — KOHCTaHTa (J1efCTBUTEIBHO, CAMOE TPYJOEMKOE JIEHCTBIE 3TO

TpaTuTCcsa HE OOJbIIE Ci
HoJIyYeHre OUTOB YMCIA 4, & OHO KBAAPATUYHO O BpeMenu). Toraa BCero KOJIu4ecTBO XOJI0B ajIfOPUTMA
3a TepBbie N uTepanuit He GOJIBIIE YeM CTOTHKO:

n

i’ = %n(n +1)(2n+1) <cnd

i=1

rae ¢ — apyrast KOHCTaHTa.
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I3 Teopembl 0 acUMITOTHKE IyTH he, m3sectHo, uro n(p) = O(p*). Torma nonyuaercs cieyionias
curyanms: T(p) < ¢'n(p)? = O(p®F), uto wam u TpeGopamoCh. ]
B urore mosiyuaeM, 4To B pe3yiabTaTe paboThI aJrOPUTMa KarxKaas Kierka ZF Gymer mocerena, mpu

9TOM B BP€Msi, KOTOPOE Jjisi 3TOTO MOTpedyercs OyAeT MOJIUNHOMHUAIBHO OT KOOPAWHAT TOYKH.

8 HwuxHue onmeHKHN AJid ONITHUMAJbLHOT'O YMCJIa KaMHel

Hapasre ¢ 3amaqeit HaXO0XK/IEHUS AJITOPUTMA, HUCIOIb3YIONEr0 MUHAMAJIBHOE KOJUIECTBO KaMeHe, Bce-
rJa CyIIecTByeT 3aa4a TOKA3aTebCTBA TOTO, YTO MEHBIITUM KOJUIECTBOM KAMHEH HeJb3s OOOUTHUCH.
Jlnist 331847 POCTOro obxona ZF HIpKHIE W BepXHHe ONEeHKH KOJIMYecTBA KaMHeH coBmanaror. OIHAKO
ec/ii MBI OyZeM PacCMaTPUBATD 331a9y MOJHHOMHAILHOTO 0OXOa, CUTyalnsa He Takas pamyxkHad. s
k > 3 HUKHME W BepXHUE OIEHKW WMEIOT 3a30D B OJIMH KaMeHb: HUXKHSAS OIEHKA TOBOPUT, UTO 2-X KaMHeH
HEIOCTATOYHO, & BEPXHSsI, UYTO CymecTByeT 00xom ¢ 4-xkamusmu. [Ipw 3TOM CcOKpalnenne 3Toro paccros-
HUS TIPEJICTABJISETCS JIOBOJIBHO TPYIOEMKOM 3a/1adeil, TOCKOIbKY C OIHON CTOPOHBI JIOKA3ATEILCTBO, YTO
3-Msl KAMHSIMU HEJIb3s ODORTUCH JOJIZKHO 110JIb30BATHCH OIMHOMUAJIBHOCTHIO 00X0/1a (IIOCKOJIbKY 9KCIIO-
HeHIIHAIbHBIE 00X0Ib ZF cymecrByior). C 1pyroii CTOpOHBI IPULyMaTh NOJUHOMUAILHBIA 00X07, ¢ 3-Mst
KaMHAMH TOXKE HE ITPOCTO.

B sToTr cekmumm OymayT NpWBEIEHBI OKA3ATENLCTBA CYIIECTBYIONNX HUXKHHUX OIEHOK. B wacTHOCTH,
OyJeT TOKa3aHO, YTO OJHOTO KAMHS HEIOCTATOYHO s 00X0ma JTHO0ro ZF u, To uro 2-yx KaMHel HeJo-

crarodHo my1st obxoma ZF k> 1.
Teopema 7. Odnozo xKamms nedocmamouno oas obzoda Z .

JokazarenabcTBO.

IIpumepnas cxema moKa3aTeabCTBA TaKOBa. IIyCcTh KOIMYECTBO PA3IMYHBIX COCTOsSHUI POOOTA PABHO
s. Jomyctum, 9T0 poOGOT CMOT TIPUITH B KJIETKY d Ha PACCTOSHUM MHOTO DOJIBIIEM § OT KAMHS (PaCCTOSTHIE
Oynem cuurarb B L1 MeTpuke). PaccMoTpuM, Kakue COCTOSTHUS TIPUHUMA POOOT OT MOC/IEJIHEr0 KACAHUs
JIO IPHUXOJA B 3TY KJIETKY. DTU COCTOSHUS BBIMJISIEIN TaK: CHAdaua 1 < § KAKUX-TO COCTOSIHUUN, MOTOM
COCTOSIHMSL HAYUHAIOT HOBTOPATCH C 1epuoaudHoctbio ' < s. Toryia orHOCUTEIBHOE PACIIOJIOKEHE pOdOTa
B MOMEHT BpeMeHU 7 +11 +¢, ¢ < I' MOXKHO BBIDA3UTh BEKTOPOM @4—@'5 (rme puHA @ He OoJIbITie 25 M1JTst
moboro ¢ < T, u ajmna b e 60s1bine s u He Hysesas). Toraa HaYMHAs C KAKOTO-TO | TO BEKTOp HUKOIJIA HE
craner paBabiM (), caemoBaTeIbHO POOOT HE BEPHETCsS B KAMHIO, & TAK K€ HA HUKOI/A HE MOCETUT KJIETKU
—ib 17191 KakoTo-T0 Gosrbioro 4. CleIoBaTeIbHo, POOOT BCETIa BHIHYKICH HAXOINTCA PAJOM C KaMHeM.

IIycts F' — MHOXKECTBO BCEX BO3MOYKHBIX OTHOCHUTEIHHBIX KOHMUTyparwii poboT-kameHb. Kak Mbl
TOJIBKO ITO TTOKA3AJIH, OHO TOJI?KHO ObITh KOHEIHO. IIycTh f, — KoHUrypamums B MOMEHT N, ¢, — COCTOSTHIE
poboTa B MOMEHT n. 3aMETHM, 9TO HAYMHASA ¢ KAKOTO-TO MOMEHTA Tapbl (fn,qn) 3aUKIaTCa (TaK Kak
MHOXKECTBO F' x () KOHEYHO M KasKas mapa OJHO3HAYHO ONpeiesseT ciaeayiontyio). Ilycrs 3a oqun muk
KaMeHb CJBUHETCS HA BEKTOp @, Torja ecau a = (0, TO O4EeBH/IHO, UYTO KaMeHb HA CIABUHETCS JAJIEKO
OT HAYAJILHOTO IOJIOZKEHUsI, & CJIEIOBATEILHO POOOT HE CMOXKET MOCeTUTh Bce kierku. Ecau a # 0, To

OYEBHTHO, 9TO POOOT HE CMOXKET IMOCETUTb KJIETKHA —ia I JTOCTATOTHO OOJIBIIUX f.

Teopema 8. Jleyzr xammeti nedocmamouno oasn obxoda ZF k> 1.
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JokazareabcTBo. [IpuMepHas cxema J0Ka3aTebCTBa TakoBa. IlycTh cyliecrByer Takas KOHCTAHTa C,
Y9TO CyIieCTByeT 6eCKOHe‘IHO MHOTO MOMEHTOB BPEMEHU KOT'/Ja KaMHU HAXOOATCA Ha PACCTOAHNUN MEHBIIIE C.
Torga xakas-To B3anMHas KOHMUTYpaLns KaMHel, poO0Ta U ero COCTOSHUS CAYyJIaeTCs XOTs ObI IBA pa3a.
CrenoBareabHO 1MOA00HBIE KOH(DUIYPALMH 3alUKIUBAIOTCS. AHAJOMMYHO NOKA3ATEILCTBY IJis OIHOIO
KaMHs, MOXKHO ITOKA3aTb, YTO 3a TAKOH NMHUKJ 00a KAMHS CIBHUTAIOTCS HA KAKOW-TO BEKTOP, a 3HATHUT
poboT He 000UIET MaéKMe KJIETKH MPOCTPAHCTBA, B MPOTUBOIMOJIOKHOM 3TOMY BEKTODPY HAPABJICHWH.
IIycTb mist 11000i KOHCTAHTHI ¢ CYNMIECTBYET TAKO MOMEHT, HAUMHAs C KOTOPOrO KAMHU BCErIa HA Pac-
CTOAHUN 6OJ'IbHJeM C. By,D;eM pacCMaTpUuBaTh IIOBEACHHUE po60Ta Ha4YnHad C TaKOI'O MOMEHTa JJId KOHCTaHTbIL
¢ MHOTO GOJIbINeil § ($ KOIMUeCTBO cocTostHmii pobora). TloBemerne poboTa MOYKHO OMUCATE CJIETYOITAM
00pa3oM: podOT KaK-TO B3aUMOIEHCTBYET C MEPBBIM KAMHEM, TIOTOM MTEPEXOAUT KO BTOPOMY KaMHIO, B3aH-
MOEHCTBYeT ¢ HUM, EePEeXOauT OOpaTHO K MePBOMY U Tak masee. Ha30BEM OmuH TaKO# MUK HTEpaITHeil.
IIycts poboT mocienuuii pa3 KacaeTcs MePBOro KaMHsS B COCTOSTHUM ¢ IOTOM HAET K KAMHIO 2 W MEPBBIi
pa3 Kacaercs ero B COCTOSTHUU (2. 3AMETHUM, UTO MOCJIE TOTO KaK pOoOOT MOCIEIHU pa3 KOCHYJICS MEPBOro
KaMHsI, He 0Ojiee 9eM 9epe3 S XOI0B COCTOSHUS HAYHYT U3MEHSITHCH [MUKINIECKHU, TPUIEM JIJIMHA TTUKJIA

He OOJIbIIe S. TOF,Z[& BEKTOD MEXKJy KaMHAMHU MOXKHO 3alliCaThb TaK:

v=r(q1) +ia(q1) + p(q2)

rae 7(q1) BEKTOpP, KOTOPBIH MPOXOAUTCA 10 Hadasa [UKJIA, a(g;) BEKTOp MpOXoauMbli 3a 1mukJ, p(gs)

BEKTOD orBevamomuil 3a (asy npu npuxoze Bo Bropoit kamenb. Juunbt r(q1), p(q2) u a(qr) we Gosbiie
s, ¢ > 0 T.K. ayuHa U mHOro 6ospme s. Ilycrs f(ZT) — 910 BEKTOp, Iie BCE KOOPAMHATHI KOOPIMHATDHI
T B34Thl 1O MOIymio s!. 3amerum, uto 10 g1 U f(U) MOKHO OIHO3HAYHO ONPEJE/UTH COCTOSHUE (3,
TIOCKOJIbKY KOOPJAWHATHI BEKTOPA m He mpeBocxoadr § mo Monyso. Takum obpasom no ¢ u f(0)
MOKHO OIPEJIEJIATH G2, TI0 G2 MOXKHO OJHO3HAYHO OIPEJIETUTh KaK podOT Oyler B3auMoJeiiCTBOBATH CO
BTOPBIM KAMHEM, 3HAYUT MOXKHO OJHO3HAYHO OMPEIEIUThH COCTOSHIE POOOTa (3 MPH MOCJIEIHEM KACAHUN
CO BTOpBIM KaMHell, u BekTop f(U), rae U — BEKTOp MeXKJy KaMHSMHU B 3TOT MOMeHT. I1o 3TOMy BEKTOpDY
¥ @3 AHAJIOTMYHO MOXKHO OJHO3HAYHO OMPEIETUTD (4 — COCTOSTHUE TPU MEPBOM KACAHUHU TTEPBOTO KAMHSI.
ITo BekTOpy f(U) M COCTOSHUIO G4 OMHO3HAYHO ONPEENSIOTCS HOBBIE cocTogHuE ¢ U BeKTOD f(U). Takum
00pa30M M0 COCTOSTHUIO g1 U BeKTOPY f(T) Kakoif-1umbo uTeparyu, MOXKHO ONPEIEIUTD ITU JKe COCTOSTHUE U
BEKTOp JJIs cjemyromieil nrepanuu. Tak Kak COCTOSHUN U MOAOOHBIX BEKTOPOB KOHEYHOE UUCJI0, B KAKOM-
TO MOMEHT OHH 3AIUKJIATCH. ITO OyIeT 03HAYATH, YTO 3AIUKJISATCS COCTOSHUS G2 U (4, & CIEJTOBATETHHO
BaIUKJIATCA CABUTH 000mX Kamueii. [lycTh 3a Takoil MUK OJUH KaMEHb CIBUTAETCS HA BEKTOD § IPYroi
Ha BekTOp h. Torma eciim BeKTOPBI KOJIITMHEAPHBI, TO MYCTh W TEPIeHINKY/ISPEH UM, TOTa POOOT HIKOLIA
HE TIOCETHUT KJIETKY ¢ KOOPAMHATAME W, T § JOCTATOIHO Oosbinoe. MHadge pobOT He MOCETUT KIETKY C
koopmunaTamu —i(g + h), rae i gocrarodno 60/bIIoe.
[
Takum 00pa3oM MbI OJIyYaeM TpeOyeMble OIEHKH. 3aMeTHM, 9TO B 000MX [T0KA3aTE/IbCTBAX MBI JIeii-
CTBOBAJIU CJIEYIOIIAM 00pa30M, OPAid HEKOTOPYIO XapaKTEPUCTUKY COCTOSHUSI TIPOIECCA, U TOKA3BIBAIIH,
9TO ITA XaPAKTEPUCTHKA 3AUKINBaeTCsA. HampuMep, MOXKHO 3aMETHTH, YTO B CAy4ae JIByX KaMHeEHl Cy-
MIECTBYET TAKOE UMCJIO, YTO KOOPAUHATHI KAMHE 110 3TOMY MOIY/II0 IMUKJINIHBI. ECIH MbI TOCMOTPUM HA
CHCTEMY C TpeMsi KaMHSIMU, MOJO0HYI0 MUKIUIHOCTD BPsJI JIU MOXKHO OymeT OOHAPYKUTH, TAK KaK yIiKe

B LPOCTBHIX ajropurma (Haupumep 06X0j, IJIOCKOCTU) HOA0OHOI nuKandHOCTH He Habionaercs. Tem He
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MeHee y TOCJIeOBATEeIbHOCTH 15l KOHKPETHON XapaKTEPUCTUKU COCTOSHUS MOXKHO CMOTPETh He TOJIBKO
Ha €€ MUKJIUYHOCTD WJIM AIWKJIWYIHOCTH, HO W Ha, JIPYyTHe CBOWCTBA, HAMpUMep WHMOpMAIMOHHBIE. B03-
MOXKHO TIOUCK W PACCMOTPEHME IPYTUX CBONCTB MOMOOHBIX TOCIEI0BATETBHOCTEN SBIISIETCS KJIFOYOM K

JOKa3aTeNbCTBY HEBO3MOXKHOCTHU O6X0/Ia 3a IIOJTMHOMHAJIBHOE BpeMd C TpeMA KaMHAMH.

9 3akJjrudyeHue

ITo pesynbpraram pabOThI HAMHU TIOJYUEHO CYIIECTBEHHOE YMEHBIIIEHWE KOJIMYEeCTBA TPeOyeMbIX KaMHEN
JUIS TIOJIMHOMHAJIBHOTO 00x071a 1o ZF cpasrennio B 6asoseivu asropurMamu: 4 nporus k. Takwke cront

OTMETUTb, 9TO Hpe,H,CTaB.HeHHbeI HaMH aJITOPUTM HE CHUJIbHO MeEJIEHHEE aJITOPUTMOB HCIIOJb3YIOMIUX k

kamnueit: O(23%) nporus O(2¥). B pacemarpusaemoit 3aate 0cTaéTest HEKOTOPDIIT 3a30p MEK Iy BepXHeit

W HUXKHEH OIEHKON B ONWH KaMeHb. Pasperienmwe JaHHOTO BOMPOCA TOKA BUIAUTCS CJIOXKHON 3ajadeit,
TaK Jinb0 Tpebyercs: MPUBECTU TO-BUAUMOMY JOBOJBHO HETPUBUAIBHBIN AJITOPUTM PAOOTAIOMINIA C TPeMs
KaMHSIMU, JIHOO JOKA3aTeIbCTBO HEBO3MOXKHOCTH 00X0/1a ¢ 3 KAMHSMU, BO3MOXKHO TPEOYIOIee [T0BOJIHLHO

CepbE3HOI TEXHUKH.
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