A7. Cioso ¢ nepuogoM (a) MOXKHO 3aJIaTh 3alPETOM CJIOBA b, P 3TOM
MEHBIIE YeM OJIHUM 3aIIPeTOM OOOWTHCH, OUEBUHO, HE YIaCTCs.

Jljist Bcex KOHEYHBIX CJIOB U, COCTOANMX u3 OYKB a u b, onpenenum p(v) mo
caeytomemy npasmiy: ¢(a) = ab, p(b) = a, p(aias ... an) = (a1)e(az) ... o(ay).
Mupykimeit 0o k HECI0KHO JIOKA3aTh, YTO Ugt1 = P(U),), L€ U), — IUKINIeCKHil
CJIBUT CJIOBA Uj Ha OJIHY OYKBY.

Jlemma. Tycers nepuon (v) # (b) 3amaéres k 3anperamu u He 3amaérest k — 1
zanperoM. Torga nepuog (¢(v)) samaéres k 4+ 1 3anperamu u He 3aa8TCs k.

O 1. Hycrs nepuos (v) 33a8TCa MUHUMAJIBHOM CHCTEMOI 3aPEIIEHHBIX CJIOB
V1,02y...,Vk.

IMocrpoum cucremy 3amperoB st ¢(v). Bo-niepBbix, BkiounmM Tyaa bb. Bo-
BTOPBIX, KayKJI0€ CJIOBO BUJIA ¥; IIPEJICTABISETCA B BUJIE w;a win w;b. B mepsom
cJlydae BKJIIOUHM B CHCTeMY 3anpeToB ¢(w;)ab, a Bo BropoM ciydae — ¢(w;)aa.

CiroBa, He cozepxkaiue bb — 3T0 B TOYHOCTHU T€ CJIOBA, KOTOPHIE IIPEICTAB-
Jsorest B Bujie () st HEKOTOPOro HECKOHEYHOIO . 3aMETHM, UTO & MOXKHO
OIIPENIENTUTH OJTHO3ZHAMHO.

CioBa, He conepskammue bb u p(w;)ab — 9T0 B TOTHOCTH BCE CJIOBA, IPEJICTAB-
JISTIOTIMECs] B BUJIE ¢(X) TIPU YCJIOBUU, UTO & HE COJEPIKUT W;d.

CuoBa, me cogepxaimue bb u o(w;)aa — 370 B TOYHOCTHU BCE CJIOBA, KOTOPbIE
[IPEJICTABJISIOTC B BUEe ©() IPU yCIIOBUU, 9TO & HE COIEPKUT w;b.

BHauuT, CI0Ba, paspelaeMble HOBOW CHCTEMON 3aIPpeTOB — B TOYHOCTH Te,
KOTODbIe [IPEJCTABISIOTCS B BUJIE ¢(X), Tle & He COIEPXKUT CJIoBa 13 Habopa v;,
TO ecTb UMerT BUI (p(v)).

2. TTokazkem, aTo morpebyercst XoTst 661 k 3ampeTos. [lycTh ecTh HEKOTOpAsT
MHUHHMAaJIbHAs CHCTEMa 3alpeToB, 3aaaolias (¢(v)). B 910ii cucreme J0/1KHO
6bITh cstoBo Buma b”. Ecim n > 2; To cucrema He MUHMMAJIbHAS, TAK KaK 9TO
CJIOBO MOXKHO 3aMeHHUTh Ha bb (Tak Kak bb He BCTpedyaeTcss BO BCEM CJIOBE, U
3/1€Ch MBI HCIIOJIB3YEM, ITO 3alpeTa b Her).

Torpa ciosa, 3ampemniaemMbie CJIOBOM bb — B TOYHOCTH Te, KOTOPbIE IIPEJICTaB-
Jgores B Buge o(x).

Hukaxoii u3 ocTaBIUXCs 3aIIPETOB HE MOYKET OKAHIUBATHCA Ha ba, WHAYE y
HEro MOYKHO OTOPOCUTH IOCJIETHIO OYKBY.

Eciu kakoii-To U3 3aIpeToB HauuHaemcs Ha b, TO Tepes HUM MOYKHO Hallu-
caTh a — IOJYYUTCsI He MeHee CHJIbHAsi CUCTeMa 3aIPeTOB (Ha 9TOM Iare Mbl
OTKA3bIBAEMCS OT MUHUMAJILHOCTH ). TOraa KaxKIblit U3 HUX UPEJCTABIACTCS Ol
HUM 13 JIBYX BHJIOB: p(w)aa nan @(w)ab.

ITosropsiem paccyKjieHust: caoBa, He cogepzkamue bb u p(w)ab — 310 B TOU-
HOCTH BCe CJIOBA, IPEJCTABJISIONINECH B BUjie ¢(Z) IPU YCJIOBUH, YTO I HE CO-
JIEPKUT WG,

CiroBa, He conepxanme bb u p(w)aa — 310 B TOYHOCTH BCE CJIOBA, KOTOPBIE
[PEJICTABJIAIOTCS B BUe ¢() IPU YCJIOBUHU, YTO & HE COIEPKUT wb.

Jljist KaxKJI0ro U3 3alpeInaionux cJaoB (Kpome bb) cTpouTCs HEKOTOPOE CJIOBO
V3, 1 MI3BECTHO, YTO CJIOBA, N30ETAIOIINE 3AIPEIIAIONIUX — 3TO B TOYHOCTHU Te CJI0-
Ba, KOTOPBIE NIPEJICTABIISIIOTCS B BUIE ¢(x), TIe & He CONEP:KUT CJIOB U3 HAabopa
v;. C IpyTOii CTOPOHBI, 3TO TI0 YCJIOBUIO BCE T€ CJIOBA, KOTOPbIE MTPEJICTABIISIOTCS



B BUjie (), TJIe & TIEPUOAUYHO C MIEPHOJIOM U. 3HAYUT, HAOOp {v;} OJHO3HATHO
3a/1a8T CJIOBa C IIEPUOJIOM U, TO eCTh uX He MeHee k + 1, a Bcero He menee k + 1.
|

U3 sieMmbl 1 HAGJIIOJEHN S, YTO CI0BA (0(U) ) ¥ U4 ABIAIOTCS IUKIMIECKAMU
CJIBUTAMU JIPYT JIpyTa, cjieayer orseT k + 1.

C4. JTokazKkeM, 9TO JJTHHA IIEPHOIA He MOXKeT ObITh Gosee 28~ 1. Paccmorpum
B OECKOHEYHOM CJIOBE ...G_1A103 ... k=1 41 IIOJICJIOB JIIuHBI kK — 1, 1IepBbIe
OYKBBI KOTOPBIX uMeroT HOMepa 0, 1, 2, ..., 2k=1 Tlo npuHIuy Jdupuxie cpenn
HUX €CTb JIBa OJIMHAKOBBIX. IIyCTh 9T0 C/I0Ba, HAYMHAIONIUECS] C TIO3UIWIA § U j.
Torna cioBo (a;a;41 - . . a;—1) nMeeT mepuos He Gosbimit, wem 2" 1. Tak Kak Bee
€ro CJIOBA JIMHBI K SIBJISIFOTCS MTOJICJIOBAME HUCXOHOTO, TO OHO HE 3aIIPEIIeHO.

IokaxkeM, 4TO CyIIECTBYeT MEPUOIMYHOE CJIOBA C JJIMHOI IIepuoja POBHO
2k=1 Takoe, 4TO B €ro MmEpPHOJE BCTPEUAIOTCS BCE BO3MOMKHBIE IIOJICIOBA, [IIH-
vbl k — 1 mo ognomy pasy. Torma B KadecTBe 3alpeIIéHHBIX BO3BMEM BCe HE
BCTPEUAIOINIHECS] B TIEPUO/IE CJIOBA JJIUHBL k, U 9TU CJIOBA OYIYyT OIPEIEIISITh e~
pHO/JT CJIOBA, TAK KaK MBI KYyCKY JUIHHBL k — 1 Bcerjia MOXKHO OyzeT omnpeesinTh
CJIETYIONILYIO OYKBY.

Wrak, npumep. PaccMoTpuM opreHTUPOBaHHBIN I'pad Ha BepiuHe. Ero
BEPIIUHBI — 3TO CJIOBA JJIUHBI k — 2, OHU COEJIMHEHBI CTPEJIKOi, eC/iu IepeceKa-
foTcs 1o cyioBy jumHbl k — 3. [lpumep: k = 7, u3 Bepruabt abbab BexyT pédbpa B
bbaba u bbabb.

O1oTr rpad CHILHOCBSI3€H U HCXOJSIINE CTEIEHN BCEX BEPINUH OJMHAKOBBHI.
CiiesioBaTesIbHO, CYIIECTBYeT IUKINIeCKuil 06xos ero pébep (Ditmepos 06xox).
Paccmorpum 6€CKOHEUHBIH 1TyTh, MOBTOPSAOIINAN 3TOT 00X0/I. DTOMY IIyTH COOT-
BETCTBYET MCKOMOE CJIOBO C JUIMHOMN mepuoma 281,

A7. The word (a) can be defined by forbidden word b. It is obvious we can
not use empty set of forbidden words.

For a finite word v, if it consists of letters a and b, define ¢(v) according the
rule

2k—2

p(a) = ab;p(b) = a;p(araz . .. an) = plar)p(az) . .. p(an)

. We can prove (induction on k) that w1 = p(u},) if u), is the one-letter cyclic
shift of wuy.

Lemma. Suppose (v) # (b), this word can be defined by k forbidden words
and can not be defined by k — 1. Then the period (¢(v)) can be defined by k+1
f.w. and can not be defined by k.

O 1. Suppose vy, va, ..., vk is the minimal system of f.w. that defines (v).

Construct system od forbidden words for (¢(v)).

The first word will be bb. For each v; we take a forbiden word as follows:
if v; has form v; = w;a, we add ¢(w;)ab. In other case (i.e. v; = w;b) we take
p(w;)aa as a forbidden word.

The set of words y that do not include bb is exactly the set of words that can
be expressed as y = (z) for some infinite . Notice, that x is defined unique
by y.

Words without subwords bb and ¢(w;)ab are all words of form ¢(z) with
condition “z has not the factor w;a”.



Words without subwords bb and ¢(w;)aa are all words of form ¢(z) with
condition “z has not the factor w;b”.

So, the set of words that are not forbidden is exactly the set of words of
form ¢(x) for x that has not words v; as subwords. And such words have period
(p(v)).

2. Now we’ll prove we need k forbiden words. Let set {v;} be a set of forbiden
words that defines (¢(v)). This set forbids (b) so it includes a word b™ for some
n. Case n = 1 is not interesting. If there is forbiden word b™ for n > 2 then we
can change this ford by bb, and the system will forbid the same set of infinite
words.

The set of words y that do not include bb is exactly the set of words that
can be expressed as y = ¢(x) for some infinite .

Suppose the set contains a forbiden word u and u ends by ba. Then we delete
the last letter of v;, this this operation will not change the set of allowed infinite
words (because we also have bb).

If some v; has its first letter b, we change v; by av;.

After these operations we get the same number of words, and they forbid
the same set of infinite words. Each of v; has form ¢(w;)aa either ¢(w;)ab for
some w;.

As before: words without subwords bb and ¢(v;)aa are all words of form ()
with condition “z has not the factor w;b”.

Words without subwords bb and ¢(v;)ab are all words of form o(z) with
condition “z has not the factor w;a”.

Each of {v;} (besides bb) defines a word w;. Infinite words without {v;} are
exactly the words of form (), where x has not any w; as a factor. From the
other hand this is the set of periodic words with period (¢(v)). It means that
the set {w;} defines the period v and there are at least k of them, and there are
al least k + 1 words in {v;}. O

This lemma and the fact before the lemma imply that the answer is k + 1.

C4. At first we prove the period can not be larger then 2*~1. Conside in a
(not forbiden) infinite word ...a_jajas ... a set of 2°~! 41 subwords of length
k — 1, (these words start at positions 0, 1, 2, ..., 2°~1). Dirichlet principle: there
are two equal among them. Suppose these two words start at positions i and j.
Then the word (a;ai41 ...aj—1) is periodic with period equal or less then ugem
27~1. Since all its factors of length k are factors of ...a_jaias..., it is not
forbiden.

Now se prove there exists a periodic word with period of length 2¢~! that
contains all possible subwords of length k—1 (one occurence each). Then forbiden
words of lenght k are all words that are not in period. These words will define
the period, because every pattern with length at least £ — 1 is prolongable right
unige way.

How we construct such a word? Consider oriented graph on vertices
and 2F~1 edges. Vertices are words of length k — 2, two words are connected
with an arrow iff they overlap by a word of length k£ — 3. Example: k = 7, vertex
abbab has outdegree 2 and edges from it go to bbaba and bbabb.

2k72



This graph is strictly connected and all outdegrees and indegrees are equal
to two. It follows the existence of a cyclic path that goes each edge once (Eurler
circuit). We turn this path to a periodic one repeating is infinitly manu times.
Last letters of vertices on this path form a periodic word we want.



